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Preface

The 25th International Workshop on Graph-Theoretic Concepts in Computer
Science (WG’99) celebrated the anniversary of the workshop series at the Centro
Stefano Franscini on Monte Verità, Ascona, Switzerland, from June 17 to 19,
1999. It was organized by ETH Zürich, sponsored by ETH, the Centro Stefano
Franscini, the Swiss National Science Foundation, and Swissphone.

The workshop looks back on a remarkable tradition of a quarter century, with
predecessors organized at various places in Europe. WG’99 has been an inspir-
ing mix of questions from theory and practice, and of 74 young scientists and
established researchers from all over the world, including Bangladesh, Belgium,
Canada, the Czech Republic, France, Germany, Israel, Italy, Japan, Korea, the
Netherlands, Russia, the Slovak Republic, Spain, Sweden, Switzerland, the UK,
and the USA.

Four invited lectures reflect the history, theory, practice and this year’s set-
ting. Hartmut Noltemeier as the only one of four founding members of the WG
series who served on the program committee throughout the entire history of WG
talked about past achievements and future challenges of WG and of the field.
Susanne Albers lectured on the theory of online algorithms. Thomas Lengauer
presented practical packing problems from the textile and car manufacturing
industries, as well as their solutions. A workshop held at the Centro Stefano
Franscini traditionally offers a talk that is open to the general (Italian speaking)
public – Nicola Santoro delivered this Stefano Franscini talk by reporting on
computer science, school, and community, as seen from the eye of the storm.

At the age of 25, WG is healthy and strong. The number of submissions
continues to be high, and the selection process continues to stricktly filter out the
highest quality papers. Out of 64 submitted papers from two dozen countries, the
program committee selected 33 for presentation at the workshop. The program
committee consisted of

H. Bodlaender, Utrecht (NL) A. Brandstädt, Rostock (D)
M. Habib, Montpellier (F) J. Hromkovič, Aachen (D)
M. Kaufmann, Tübingen (D) L. Kučera, Prague (CR)
A. Marchetti-Spaccamela, Rome (I) E. Mayr, Munich (D)
R. Möhring, Berlin (D) M. Nagl, Aachen (D)
H. Noltemeier, Würzburg (D) S. Olariu, Norfolk (USA)
F. Parisi Presicce, Roma (I) O. Sykora, Bratislava (SK)
G. Tinhofer, Munich (D) D. Wagner, Konstanz (D)
P. Widmayer, Zurich (CH)

and worked as a wonderful team: It punctually produced at least four reviews
per submission, and it discussed quite a few papers in great detail. Comments
and discussion at the workshop have been taken into account by the authors in
the papers in this volume.

It is my pleasure to thank many people for their contribution in making
WG’99 a memorable event: the authors of papers for submitting their work
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and for presenting all accepted papers at the workshop; the invited speakers
for delivering fascinating lectures; all members of the program committee and
all reviewers for their careful and timely evaluations, and in particular Andreas
Brandstädt, Juraj Hromkovič, and Dorothea Wagner for coming to Zürich for
the final discussion; Stephan Eidenbenz and Gabriele Neyer for organizing the
workshop autonomously and with full responsibility (since I managed to escape
into a sabbatical at the right time), and for taking care of the logistics, before,
during and after the workshop, including the preparation of this volume; the
Centro Stefano Franscini, represented by Christian Stamm, Claudia Lafranchi,
and the team at the Monte Verità for hosting us; ETH Zürich, the Swiss Na-
tional Science Foundation, and Swissphone for sponsoring the workshop; and,
obviously, the participants for their active interest that continues to shape our
thriving field.

Zürich, August 1, 1999 Peter Widmayer
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J. Ebert
S. Eidenbenz
G. Fertin
I. Finocchi
P. Franciosa
W. von Gudenberg
Y. Guo
D. Handke
B. Haverkort
R. Heckel
P. Horak
F. Imhoff
R. Klasing
B. Klinz
T. Kloks
E. Köhler
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Silver Graphs:

Achievements and New Challenges

Hartmut Noltemeier

Department of Mathematics and Computer Science,
University of Wuerzburg,

Am Hubland, D-97074 Wuerzburg, Germany

Abstract. The following text is a written version of the dinner speech,
which was given by the author at the occasion of the 25th Workshop
on Graphtheoretic Concepts in Computer Science (WG ’99), Ascona,
June 18, 1999.

Dear participants, dear friends and especially dear Peter Widmayer,
thank you for inviting me and giving me the opportunity to talk a little bit about
the history, the achievements and challenges of this series of 25 workshops, we
can celebrate today.
After listening to a great variety of exciting talks and hiking in the beautiful
Valle Verzasca, I am sure, you will be very hungry – as me too – , thus, I promise
you, I will be very short.

First let me give you some remarks on the origin and starting events of these
workshops. The first workshop took place in Berlin 1975 and was organized by
Uwe Pape; to be more precise: originally it was the third meeting of the German
chapter of the ACM, devoted to Graph-Languages and it was a combination of
a tutorial on “Graph Languages”, presented by Victor Basili, and a workshop
on “Graph Manipulation Systems”, extending this tutorial.

The real starting point for this successful series of workshops however was,
when Jörg Mühlbacher, Uwe Pape and me met at a conference in Bad Homburg
near Frankfurt in autumn 1975. As there seemed to be very promising problems
and applications in the field of Algorithmic Graph Theory, I suggested to install
a series of workshops on “Graphtheoretic Concepts in Computer Science” and
we agreed to try to realize this idea with enthusiasm and much effort.
Thus, as a first consequence, the ACM-meeting was additionally defined to be
the first workshop in our series, too, and the proceedings got the title “Graph-
Languages and Algorithms on Graphs”. The publication was done by Carl
Hanser-Publishing company in Munich, which had some connection to the Ger-
man chapter of the ACM.

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 1–9, 1999.
c© Springer-Verlag Berlin Heidelberg 1999



2 Hartmut Noltemeier

Now, initiating such a series of workshops, of course we had some goals in mind.
First, we wanted to realize a real workshop within a familiar atmosphere, which
allows a lot of social contacts, and with some special social events, too. (I remem-
ber very well some exciting sports events, e.g. a basketball competition (1985),
a soccer tournament (1989), or some very fine concerts: Miriam Makeba, Berlin
Philharmonic Orchestra, organ concert etc.).
Secondly we would like to have this events not twice at the same location, but
everytime at a new beautiful place - as here in Ascona on top of Monte Verita,
for example.
Third and our main goal:
we wanted to have a high-level event, which may cover many facets of this fasci-
nating field, but should focus on most promising lines and potential applications
of Graphtheoretic Concepts and Graph-Algorithms.
Additionally we soon got aware of another goal, namely we should try to ensure
some kind of independence, independence from societies as well as from specific
institutions and industries and take the burden of preparing and organizing the
workshops and take care for the publications within a small group of responsible,
very interested colleagues.
To give you an idea of this topic, let me mention only the following:
We asked people from the ACM and the German Society for Computer Science
(GI) for cooperation. Immediately there were at least five special interest groups,
which would like to incorporate our activity or to participate at least in the pro-
gram selection process.
This showed us, that we were focusing on a central issue of widespread interest,
but on the other hand showed us, too, that we would be immediately a minor-
ity within this setting and probably could not realize our specific idea of these
events.
Thus the next workshop was the first workshop following our specific ideas; it
was organized by me at Göttingen University in 1976. Jörg Mühlbacher contin-
ued with the third Workshop in Linz/Austria in 1977.
At that time we had no explicit program committee. Thus the three organizers
were responsible for the quality of the contributions, at least in the following
sense:
we asked people to present recent work and submit a short abstract and we
made a preselection, which was not very tough. But after the conference, we
asked all participants to submit full papers within a couple of weeks, which
should of course incorporate suggestions, stimulations and results of discussions
of the workshop. All these papers were carefully reviewed by us and a lot of
well-known experts, too.
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The 25 WGs and their Chairs

WG’75 U.Pape Berlin
WG’76 H.Noltemeier Goettingen
WG’77 J.Mühlbacher Linz
WG’78 M.Nagl, H. J. Schneider Castle Feuerstein near Erlangen
WG’79 U.Pape Berlin-Lichtenrade
WG’80 H.Noltemeier Bad Honnef / Aachen
WG’81 J.Mühlbacher Linz
WG’82 H. J. Schneider, H.Göttler Neunkirchen near Erlangen
WG’83 M.Nagl, J. Perl Osnabrueck
WG’84 U.Pape European Academy Berlin-Grunewald
WG’85 H.Noltemeier Castle Schwanberg near Wuerzburg
WG’86 G.Tinhofer, G. Schmidt Stift Bernried near Munich
WG’87 H.Göttler, H. J .Schneider Monastery Banz near Bamberg
WG’88 J. van Leeuwen CWI / Amsterdam
WG’89 M.Nagl Castle Rolduc near Aachen
WG’90 R.H.Möhring Johannesstift Berlin
WG’91 G. Schmidt, R.Berghammer Fischbachau near Munich
WG’92 E.W.Mayr W.-Kempf-Haus, Naurod / Frankfurt
WG’93 J. van Leeuwen Sports Center Papendal near Utrecht
WG’94 G.Tinhofer, E.W. Mayr, Herrsching near Munich

G. Schmidt
WG’95 M.Nagl Haus Eich at Aachen
WG’96 G.Ausiello, Foundation Konrad Adenauer,

A.Marchetti-Spaccamela Cadenabbia / Lake Como
WG’97 R.H.Möhring Müggelsee / Berlin
WG’98 O. Sýkora, J. Hromkovič Smolenice Castle, Slovak Republic
WG’99 P.Widmayer Monte Verita / Ascona

Now, as the first three workshops attracted a lot of people and attention, we
were happy to enlarge the set of organizers, and by this Hans-Jürgen Schneider
and with him later on Manfred Nagl entered our board and strengthened our
basis with respect to Graph Grammars and their applications. Both were orga-
nizing the fourth workshop at Burg Feuerstein near Erlangen, a wonderful place,
too.
In 1979 we entered the next cycle and Uwe Pape again did organize this work-
shop in Berlin, but at a very different place.

In 1980 I did it again, this time at Bad Honnef near Bonn, when I was affil-
iated with the Technical University of Aachen.
As I of course remember this event very well, I would like to use it as an example
to give some more detailed comments and to point to some problems in general.
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Contents of LNCS 100 (WG’80)

H.Maurer The Post-Office Problem and Related Questions
H.Nishio Series of Graphs Generated by Rational Machines
K.-U.Witt On Linearizing Graphs
H. J. Schneider Set-Theoretic Concepts in Programming Languages and

their Implementation
M.Nagl Graph Rewriting and Automatic, Machine-Independent

Program Optimization
H. J. Ludwigs Properties of Ordered Graph Grammars
J. L. Bentley/
Th.Ottmann

The Power of a One-Dimensional Vector of Processors

K.Mehlhorn A New Data Structure for Presenting Sorted Lists
G.Tinhofer On the Use of Some Almost Sure Graph Properties
H.Noltemeier On a Generalization of Heaps
M. Schnitzler Graph Grammars and the Complexity Gap in the Isomor-

phism Problem for Acyclic Digraphs
A.L.Rosenberg Issues in the Study of Graph Embeddings
C.Batini/ A.D’Atri Schema Hypergraphs: A Formalism to Investigate Logical

Data Base Design
P.Kandzia/
M.Mangelmann

The Use of Transitively Irreducible Kernels of Full Families
of Functional Dependencies in Logical Database Design

G.Ausiello/
A.D’Atri/ D. Saccà

Graph Algorithms for the Synthesis and Manipulation of
Data Base Schemes

Th.Ottmann/ The Analysis of Search Trees: A Survey
H.-W. Six/ D.Wood
H.-W. Six A Framework for Data Structures
G.Schmidt Investigating Programs in Terms of Partial Graphs
S.Even/ Y.Yacobi An Observation Concerning the Complexity of Problems

with Few Solutions and its Application to Cryptography
B.Monien/
I.H. Sudborough

Bounding the Bandwidth of NP-Complete Problems

I.H. Sudborough The Complexity of Path Problems in Graphs and Path Sys-
tems of Bounded Bandwidth

H.-J.Kreowski A Comparison Between Petri-Nets and Graph Grammars
W.Reisig A Graph Grammar Representation of Nonsequential Pro-

cesses
J.Perl/ J. Ebert Reachability Homomorphisms on Nets
B.Mahr A Bird’s-Eye View to Path Problems
P.Brucker The Chinese Postman Problem for Mixed Graphs
O.Vornberger Alternating Cycle Covers and Paths
P. Läuchli Generating All Planar 0-,1-,2-,3-connected Graphs
H.Hamacher Optimal (s,t)-Cuts
U.Derigs F-Factors, Perfect Matchings and Related Concepts
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First of all, I have to point out, that it was the first time we published our
proceedings within the Lecture Notes by Springer and we were very proud to
get the jubilee number vol. 100. (At that time – you must know – there were not
more than a dozen volumes each year within the LNCS-series).
Thus it was a special acknowledgement of our work and a great honor to us.
Additionally it was the first time EATCS (the European Association for Theo-
retical Computer Science) was – at least ideally – supporting the workshop. And
– I guess – both facts especially in combination with the high-level-contents of
the volume were in some sense essential that this WG-series got to be well-known
world wide.
More specifically let us take a closer look at the contents of this proceedings:

You can observe a lot of presentations/talks/papers on

– Data Structures
– Hypergraphs and Data Bases
– Graph Grammars
– Complexity
– Petri-Nets/Concurrency
– Optimization
– Graph Embeddings
– Connection of Graph Theory, Data Structures and Computational Geometry
– Partial Graphs and Programs

Thus we had a wide range of very interesting talks and of course the question
did arise, should we enlarge the whole workshop to be a full-week conference or
should we maintain our approach and focus and concentrate on specific topics.
This question of course was and still is alive all the time (since the beginning).

For me today a list of promising fields, which is far from being complete, may
contain topics like

– Network Design
Network Upgrade and Improvement

– Massive Graphs
in Telecommunication: Call Graphs, External Memory Graph
Algorithms and Data Structures, Routing;
Scheduling (crew, flight, train, ...)

– Mobile Computing
Channel Assignment, Tracking, Ad-Hoc Networks

– Distributed Systems
On-Line Algorithms, Reactive Systems, Information Retrieval
(Web-Search,...)

– Random Graph Algorithms
– Sequencing, Structure Prediction in Biology
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– Graph-Transformation-based Applications
Evolutionary Trees, Constraint Solving Tools

– Animation/Visualization of Graph-Concepts and Graph-Algorithms
Algorithm Engineering, User Interface, Drawings

This list is far from being complete; you will certainly miss some standard
topics, which I have left out to present only one slide.
More importantly this selection is more or less application oriented and of course
there is a big challenge in Structural Graph Theory, too, although there have been
a lot of exciting breakthroughs within the past 25 years in this field (see for in-
stance the survey on Graph Classes, recently published by A.Brandstädt, V.B.
Le and J.P. Spinrad).

Meanwhile a lot of special events, devoted to exactly one of the topics men-
tioned above, have been developed (Dagstuhl- and DIMACS-seminars, Graph
Grammar conferences, workshops on Mobile Computing, Petri-Nets etc. ).

To me it is essential:
We cannot cover all interesting topics, but we should maintain the focus on con-
cepts with promising longstanding potential, while we should not loose contact
to developing specialized fields and conferences.
And we do this, and shall continue, at least by inviting people from this neigh-
bouring or more specialized fields! And I am sure:
as long as we have colleagues, who are fascinated by our field and take the bur-
den to organize such exciting events, we will continue the success-story of this
series. And we had remarkable success!

To conclude let me thank all the former organizers and their staffs for their
wonderful engaged work, all the participants (there were about a thousand within
this series) and thanks to the authors of about 2000 papers, which were submit-
ted.
Many thanks to the referees and members of program committees, which usually
had a very hard time with respect to the tough refereeing schedule, and thanks
to the publishing companies, especially to Hanser and Springer, and to numerous
sponsors, too.
Last, but not least, I would like to thank Peter Widmayer and his team very
cordially for selecting such a beautiful place and organizing this workshop in an
excellent way.
Dear friends, please raise your glasses with me and drink a toast to Peter Wid-
mayer and his team, and to the further successful workshops of the next century

- to the future -

CHEERS!
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Graphtheoretic Concepts in Computer Science. Hanser, Munich, 1977, 336 pages,
ISBN 3-446-12330-X
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Lecture Notes in Computer Science 100, 403 pages,
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Proceedings WG ’81
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H. J. Schneider, H.Göttler (Eds.):
Proceedings WG ’82
Hanser, Munich, 1983, 280 pages, ISBN 3-446-13778-5

M.Nagl, J. Perl (Eds.):
Proceedings WG ’83
Trauner, Linz, 1984, 397 pages, ISBN 3-85320-311-6

U.Pape (Ed.):
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Trauner, Linz, 1985, 381 pages, ISBN 3-85320-334-5



8 Hartmut Noltemeier

H.Noltemeier (Ed.):
Proceedings WG ’85
Trauner, Linz, 1986, 443 pages, ISBN 3-85320-357-4

G.Tinhofer,G. Schmidt (Eds.):
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Proceedings WG ’88
Lecture Notes in Computer Science 344,
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Proceedings WG ’89
Lecture Notes in Computer Science 411,
Springer, Berlin/New York, 1990, ISBN 0-387-52292-1

R.H.Möhring (Ed.):
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Lecture Notes in Computer Science 484,
Springer, Berlin/New York, 1991, ISBN 0-387-53832-1

G. Schmidt, R.Berghammer (Eds.):
Proceedings WG ’91
Lecture Notes in Computer Science 570,
Springer, 1992, ISBN 0-387-55121-2

E.W.Mayr (Ed.):
Proceedings WG ’92
Lecture Notes in Computer Science 657,
Springer, 1993, ISBN 0-387-56402-0

J. van Leeuwen (Ed.):
Proceedings WG ’93
Lecture Notes in Computer Science 790,
Springer, 1994, ISBN 0-387-57899-4
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Abstract. In this paper we survey results on the design and analy-
sis of online algorithms, focusing on problems where graphs and graph-
theoretic concepts have proven particularly useful in the formulation or
in the solution of the problem. For each of the problems addressed, we
also present important open questions.

1 Introduction

The traditional design and analysis of algorithms assumes that an algorithm,
which generates output, has complete knowledge of the entire input. However,
this assumption is often unrealistic in practical applications. Many of the algo-
rithmic problems that arise in practice are online. In these problems the input
is only partially available because some relevant input arrives only in the fu-
ture and is not accessible at present. An online algorithm must generate output
without knowledge of the entire input. Online problems arise in areas such as
resource allocation in operating systems, data structuring, robotics, distributed
computing and scheduling. We give some illustrative examples.
Caching: In a two-level memory system, consisting of a small fast memory and
a large slow memory, a caching algorithm has to keep actively referenced pages
in fast memory not knowing which pages will be requested next.
Data structures: In a given data structure, we wish to access elements at low
cost. The goal is to keep the data structure in a good state, not knowing which
elements will have to be accessed in the future.
Robot exploration: A robot is placed in an unknown environment and has to
construct a complete map of the environment using a path that is as short as
possible. The environment is explored only as the robot travels around.
Distributed data management: In a network of processors we wish to dy-
namically re-allocate files so that accesses can be served with low communication
cost. Future accesses are unknown.
We will address these problems in more detail in the following sections.
During the last ten years competitive analysis has proven to be a powerful tool

for analyzing the performance of online algorithms. In a competitive analysis,
introduced by Sleator and Tarjan [50], an online algorithm A is compared to an

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 10–26, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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optimal offline algorithm OPT. An optimal offline algorithm knows the entire
input in advance and can process it optimally. Given an input I, let CA(I) and
COPT (I) denote the costs incurred by A and OPT in processing I. Algorithm A
is called c-competitive if there exists a constant a such that

CA(I) ≤ c · COPT (I) + a,

for all inputs I. Note that a competitive algorithm must perform well on all
input sequences.

2 Caching

In this section, we first investigate uniform caching, also known as paging. For
this problem, access graphs are very useful in the modeling of realistic request
sequences. In the second part of this section we discuss caching problems that
arise in large networks such a the world-wide web.

2.1 Paging

We first define the paging problem formally. In the two-level memory system, all
memory pages have the same size. We assume that the fast memory can store
k pages at any time. A paging algorithm is presented with a request sequence
σ = σ(1), . . . , σ(m), where each request σ(t), 1 ≤ t ≤ m, specifies a page in the
memory system. A request can be served immediately, if the requested page is
in fast memory. If a requested page is not in fast memory, a page fault occurs.
Then the missing page has to be copied from slow memory to fast memory so
that the request can be served. At the same time the paging algorithm has to
evict a page from fast memory in order to make room for the incoming page.
Typically, a paging algorithm has to work online, i.e. the decision which page to
evict on a fault must be made without knowledge of any future requests. The
goal is to minimize the number of page faults.
We note that an online paging algorithm A is called c-competitive if, for all

request sequences σ, the number of faults incurred by A is at most c times the
number of faults incurred by an optimal offline algorithm OPT.
There are two very well-known online algorithms for the paging problem.

Least-Recently-Used (LRU): On a fault evict the page that has been re-
quested least recently.
First-In First-Out (FIFO): On a fault evict the page that has been in fast
memory longest.
An optimal offline algorithm was presented by Belady [16]. The algorithm is

called MIN and has a polynomial running time.
MIN: On a fault evict the page whose next request is farthest in the future.
Sleator and Tarjan [50] analyzed the performance of LRU and FIFO and

showed that on any request sequence the number of page faults incurred by the
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algorithms is bounded by k times the number of faults made by OPT. They also
showed that this is optimal.

Theorem 1. [50] LRU and FIFO are k-competitive.

Theorem 2. [50] No deterministic online algorithm for the paging problem can
achieve a competitive ratio smaller than k.

While Theorem 1 gives a strong worst-case analysis of LRU and FIFO, the com-
petitive ratio of k is not very meaningful from a practical point of view. A fast
memory can often hold several hundreds or thousands of pages. In fact, the com-
petitive ratio of k is much higher than observed in practice. In an experimental
study presented by Young [53], LRU achieves a competitive ratio between 1
and 2. Also, in practice, the performance of LRU is much better than that of
FIFO. This does not show in the competitive analysis.
The high competitive ratio is due to the fact that a competitive analysis

allows arbitrary request sequences whereas in practice only restricted classes of
request sequences occur. Request sequences generated by real programs typically
exhibit locality of reference: Whenever a page is requested, the next request is
usually to a page that comes from a very small set of associated pages. Locality
of reference can be modeled by access graphs, introduced by Borodin et al. [27].
In an access graph, the nodes represent the memory pages. Whenever a page p
is requested, the next request can only be to a page that is adjacent to p in the
access graph.
Formally, let G = (V,E) be an unweighted graph. As mentioned above, V

represents the set of memory pages. E is a set of edges. A request sequence
σ = σ(1), . . . , σ(m), is consistent with G if (σ(t), σ(t + 1)) ∈ E for all t =
1, . . . ,m − 1. We say that an online algorithm A is c-competitive on G if there
exists a constant a such that CA(σ) ≤ c · COPT (σ) + a for all σ consistent with
G. The competitive ratio of A on G, denoted by R(A,G), is the infimum of all
c such that A is c-competitive on G. Let

R(G) = min
A
R(A,G)

be the best competitive ratio achievable on G. Borodin et al. [27] showed that
LRU achieves the best possible competitive ratio on access graphs that are trees.
Trees represent the access graphs for many data structures. For any tree T , let
l(T ) denote the number of leaves of T . Let

Tn(G) = {T | T is an n-node subtree of G}.

Theorem 3. [27] For any graph G consisting of at least k + 1 nodes,

R(G) ≥ max
T∈Tk+1

{l(T )− 1}.

Theorem 4. [27] Let G be a tree. Then R(LRU,G) = maxT∈Tk+1{l(T )− 1}.
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Borodin et al. [27] also analyzed R(LRU,G) on arbitrary graphs. They showed
that the ratio depends on the number of articulation nodes of G. An articulation
node is a node whose removal disconnects the graph. Another important result,
due to Chrobak and Noga [26], is that LRU is never worse than FIFO on access
graphs. Moreover, Borodin et al. [27] showed that there exist graphs for which
the competitive ratio of FIFO is much higher than that of LRU.

Theorem 5. [26] For any graph G, R(LRU,G) ≤ R(FIFO,G).

Theorem 6. [27] For any connected graph consisting of at least k + 1 nodes,
R(FIFO,G) ≥ (k + 1)/2.

Borodin et al. [27] also presented an optimal online algorithm for any access
graph.

FAR: The algorithm is a marking strategy working in phases. Whenever a page
is requested, it is marked. If there is a fault at a request to a page p, then FAR
evicts an unmarked page from fast memory that has the largest distance to a
marked page in the access graph. A phase ends when all pages in fast memory
are marked and a fault occurs. At this point all marks are erased and a new
phase is started.

Irani et al. [39] showed that this algorithm achieves the best possible com-
petitive ratio, up to a constant factor, for all access graphs.

Theorem 7. [39] For any graph G, R(FAR, G) = O(R(G)).

Fiat and Karlin [30] presented randomized online paging algorithms for access
graphs that achieve an optimal competitive ratio.
A disadvantage of the algorithm FAR is that the access graph has to be

known in advance. Fiat and Rosen [31] proposed a scheme that grows a dynamic
weighted access graph over time. Whenever two pages p and q are requested
successively for the first time, an edge (p, q) of weight 1 is inserted into the
graph. Every time p and q are requested successively again, the weight w of
the edge is decreased to min{αw, 1} for some α < 1. After each round of γk
requests, all weights are increased by β, where β, γ > 1 are some fixed chosen
constants. Fiat and Rosen [31] proposed the following variant of the algorithm
FAR, called FARL: If there is a fault, the algorithm evicts the page that has the
largest distance from the page requested just before the fault. Fiat and Rosen
presented an experimental study in which FARL incurs fewer page faults than
even LRU.
So far we have addressed undirected access graphs. An initial investigation

of directed access graph was presented by Irani et al. [39], who considered struc-
tured program graphs.

Open Problem: Develop online paging algorithms for general directed access
graphs.
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2.2 Generalized Caching

Caching problems that arise in large networks such as the world-wide web differ
from ordinary caching in two aspects. Pages may have different sizes and may
incur different costs when loaded into fast memory. The pages or documents to
be cached may be text files, pictures or web pages; the cost of loading a missing
page into fast memory may depend on the size of the page and on the distance
to the nearest node in the network holding the page. In generalized caching we
have again a two-level memory system consisting of a fast and a slow memory.
(In the network setting, the fast memory is the memory of a given node. The
slow memory is the memory of the remaining network.) We assume that the fast
memory has a capacity of K. For any page p, let size(p) be the size and cost(p)
be the cost of p. The total size of the pages in fast memory may never exceed
K. The goal is to serve a sequence of requests so that the total loading cost is
as small as possible. Various cost models have been proposed in the literature.

1. The Bit Model [38]: For each page p, we have cost(p) = size(p). (The
delay in bringing the page into fast memory depends only upon its size.)

2. The Fault Model [38]: For each page p, we have cost(p) = 1 while the
sizes can be arbitrary.

3. The Cost Model: For each page p, we have size(p) = 1 while the costs
can be arbitrary.

4. The General Model: For each page p, both the cost and size can be
arbitrary.

In the Bit Model, and hence in the General Model, computing an optimal
offline service schedule for a given request sequence is NP-hard. The problem is
polynomially solvable in the Cost Model [25]. In fact, caching in the Cost Model
is also known as weighted caching, a special instance of the k-server problem. In
the Fault Model the complexity is unknown.
Open Problem: Determine the complexity of caching in the Fault Model.
Young [54] gave a k-competitive online algorithm for the General Model.

Landlord: For each p in fast memory, the algorithm maintains a variable
credit(p) that takes values between 0 and cost(p). If a requested page p
is already in fast memory, then credit(p) is reset to any value between its
current value and cost(p). If the requested page is not in fast memory, then
the following two steps are executed until there is enough room to load p.
(1) For each page q in fast memory, decrease credit(q) by ∆ · size(q), where
∆ = minq∈F credit(q)/size(q) and F is the set of pages in fast memory.
(2) Evict any page q from fast memory with credit(q) = 0. When there is
enough room, load p and set credit(p) to cost(p).

Theorem 8. [54] Landlord is k-competitive in the General Model.

For the Bit and the Fault Model, Irani presentedO(log2 k)-competitive online
algorithms and O(log k)-approximation offline algorithms. Here k is the ratio of
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K to the size of the smallest page requested. For the offline problem, Albers et
al. [2] gave constant factor approximation algorithms using only a small amount
of additional space in fast memory, say O(1) times the largest page size. Note
that the largest page size is typically a very small fraction of the total size of
the fast memory, say 1%. The approach is to formulate the caching problems
as integer linear programs and then solve a relaxation to obtain a fractional
optimal solution. The integrality gap of the linear programs is unbounded, but
nevertheless one can show the following.

Theorem 9. [2] There is a polynomial-time algorithm that, given any request
sequence, finds a solution of cost c1 ·OPTLP, where OPTLP is the cost of the
fractional solution (with fast memory K). The solution uses K + c2 ·S memory,
where S is the size of the largest page in the sequence. The values of c1 and c2
are as follows for the various models. Let ε and δ be real numbers with ε > 0 and
0 < δ ≤ 1.

1. c1 = 1/δ and c2 = δ for the Bit Model,
2. c1 = (1 + ε)/δ and c2 = δ(1 + 1/(

√
1 + ε− 1)) for the Fault Model,

3. c1 = 4 + ε and c2 = 6/ε for the General Model.

The c1, c2 values in the above theorem express trade-offs between the approx-
imation ratio and the additional memory needed. For example, in the Bit Model,
we can get a solution with cost OPTLP using at most S additional memory. In
the Fault model, we can get a solution with cost 4OPTLP using at most 2S
additional memory. The approximation ratio can be made arbitrarily close to 1
by using c2S additional memory for a large enough c2. In the General Model we
obtain a solution of 5OPTLP using 6S additional memory, but we can achieve
approximation ratios arbitrarily close to 4.
Open Problem: Are there constant factor approximation algorithms that do
not require extra space in fast memory?

3 Data Structures

Many online problems arise in the area of data structures. We consider the list
update problem which is among the most extensively studied online problems.
The list update problem is to maintain a dictionary as an unsorted linear list.

Consider a set of items that is represented as a linear linked list. We receive a
request sequence σ, where each request is one of the following operations. (1) It
can be an access to an item in the list, (2) it can be an insertion of a new item
into the list, or (3) it can be a deletion of an item. To access an item, a list
update algorithm starts at the front of the list and searches linearly through
the items until the desired item is found. To insert a new item, the algorithm
first scans the entire list to verify that the item is not already present and then
inserts the item at the end of the list. To delete an item, the algorithm scans the
list to search for the item and then deletes it.



16 Susanne Albers

In serving requests a list update algorithm incurs cost. If a request is an
access or a delete operation, then the incurred cost is i, where i is the position of
the requested item in the list. If the request is an insertion, then the cost is n+1,
where n is the number of items in the list before the insertion. While processing
a request sequence, a list update algorithm may rearrange the list. Immediately
after an access or insertion, the requested item may be moved at no extra cost
to any position closer to the front of the list. These exchanges are called free
exchanges. Using free exchanges, the algorithm can lower the cost on subsequent
requests. At any time two adjacent items in the list may be exchanged at a cost
of 1. These exchanges are called paid exchanges.
With respect to the list update problem, we require that a c-competitive

online algorithm has a performance ratio of c for all size lists. More precisely,
a deterministic online algorithm for list update is called c-competitive if there
is a constant a such that for all size lists and all request sequences σ, CA(σ) ≤
c · COPT (σ) + a.
Linear lists are one possibility to represent a dictionary. Certainly, there

are other data structures such as balanced search trees or hash tables that,
depending on the given application, can maintain a dictionary in a more efficient
way. In general, linear lists are useful when the dictionary is small and consists
of only a few dozen items [19]. Furthermore, list update algorithms have been
used as subroutines in algorithms for computing point maxima and convex hulls
[18,32]. Recently, list update techniques have been very successfully applied in
the development of data compression algorithms [6,20,24].
There are three well-known deterministic online algorithms for the list update

problem.
Move-To-Front: Move the requested item to the front of the list.

Transpose: Exchange the requested item with the immediately preceding item
in the list.
Frequency-Count: Maintain a frequency count for each item in the list. When-
ever an item is requested, increase its count by 1. Maintain the list so that the
items always occur in nonincreasing order of frequency count.
The formulations of list update algorithms generally assume that a request

sequence consists of accesses only. It is obvious how to extend the algorithms so
that they can also handle insertions and deletions. On an insertion, the algorithm
first appends the new item at the end of the list and then executes the same
steps as if the item was requested for the first time. On a deletion, the algorithm
first searches for the item and then just removes it.
In the following, we discuss the algorithms Move-To-Front, Transpose and

Frequency-Count. We note that Move-To-Front and Transpose are memoryless
strategies, i.e., they do not need any extra memory to decide where a requested
item should be moved. Thus, from a practical point of view, they are more at-
tractive than Frequency-Count. Sleator and Tarjan [50] analyzed the competitive
ratios of the three algorithms.

Theorem 10. [50] The Move-To-Front algorithm is 2-competitive.
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Proposition 1. The algorithms Transpose and Frequency-Count are not c-com-
petitive, for any constant c.

Albers [1] presented another deterministic online algorithm for the list update
problem. The algorithm belongs to the Timestamp(p) family of algorithms that
were introduced in the context of randomized online algorithms and are defined
for any real number p ∈ [0, 1], see [1]. For p = 0, the algorithm is deterministic
and can be formulated as follows.

Timestamp(0): Move the requested item, say x, in front of the first item in
the list that precedes x and that has been requested at most once since the last
request to x. If there is no such item or if x has not been requested so far, then
leave the position of x unchanged.

Theorem 11. [1] The Timestamp(0) algorithm is 2-competitive.

Note that Timestamp(0) is not memoryless. We need information on past
requests in order to determine where a requested item should be moved. Time-
stamp(0) is interesting because it has a better overall performance thanMove-To-
Front. The algorithm achieves a competitive ratio of 2, as does Move-To-Front.
However, Timestamp(0) is considerably better than Move-To-Front on request
sequences that are generated by probability distributions [6]. For any probability
distribution, the asymptotic expected cost incurred by TS(0) is at most 1.5
times the asymptotic expected cost incurred by an optimal offline algorithm.
The corresponding bound for Move-To-Front is not better than π/2.
Karp and Raghavan [42] developed a lower bound on the competitiveness that

can be achieved by deterministic online algorithms. This lower bound implies
that Move-To-Front and Timestamp(0) have an optimal competitive ratio.

Theorem 12. [42] Let A be a deterministic online algorithm for the list update
algorithm. If A is c-competitive, then c ≥ 2.

An important question is whether the competitive ratio of 2 can be improved
using randomization. We analyze randomized online algorithms problem against
oblivious adversaries [17]. An oblivious adversary has to construct the entire
request sequence in advance and is not allowed to see the random choices made
by an online algorithm.
Many randomized online algorithms for list update have been proposed

[1,7,35,36,49]. We present the two most important algorithms. Reingold et al. [49]
gave a very simple algorithm, called Bit.

Bit: Each item in the list maintains a bit that is complemented whenever the
item is accessed. If an access causes a bit to change to 1, then the requested item
is moved to the front of the list. Otherwise the list remains unchanged. The bits
of the items are initialized independently and uniformly at random.

Theorem 13. [49] The Bit algorithm is 1.75-competitive against any oblivious
adversary.



18 Susanne Albers

Interestingly, it is possible to combine the algorithms Bit and Timestamp(0), see
Albers et al. [7]. This combined algorithm achieves the best competitive ratio
that is currently known for the list update problem.

Combination: With probability 4/5 the algorithm serves a request sequence
using Bit, and with probability 1/5 it serves a request sequence using Time-
stamp(0).

Theorem 14. [7] The algorithm Combination is 1.6-competitive against any
oblivious adversary.

Teia [51] presented a lower bound for randomized list update algorithms.

Theorem 15. [51] Let A be a randomized online algorithm for the list update
problem. If A is c-competitive against any oblivious adversary, then c ≥ 1.5.

A slightly better lower bound of 1.50084 was presented recently by Ambühl et
al. [8]. However, the lower bound only holds in the partial cost model where the
cost of serving a request to the i-th item in the list incurs a cost of i− 1 rather
then i.

Open Problem: Give tight bounds on the competitive ratio achieved by ran-
domized online algorithms against any oblivious adversary.

4 Robot Exploration

In robot exploration problems, a robot has to construct a complete map of an un-
known environment using a path that is as short as possible. Many geometric and
graph-theoretic problems have been studied in the past [3,13,22,28,29,33,34,46].
A general problem setting was introduced by Deng et al. [28]. The robot is placed
in a room with obstacles. The exterior wall of the room as well as the obstacles
are modeled by simple polygons. Figure 4 shows an example in which the room
is a rectangle and all obstacles are rectilinear. The robot has 360◦ vision. Its task
is to move through the scene so that it sees all parts of the room. More precisely,
every point in the room must be visible from some point on the path traversed.
Given a scene S, let LA(S) be the length of the path traversed by algorithmA

to explore S. Since A does not know S in advance it is also referred to as an online
algorithm. Let LOPT (S) be the length of the path of an optimum algorithm
that knows the scene in advance. We call an online exploration algorithm A
c-competitive if for all scenes S, LA(S) ≤ c · LOPT (S).
Exploration algorithms achieving a constant competitive ratio were given

for rooms without obstacles [28,33,34,46]. Note that the exploration problem is
non-trivial even in rooms without obstacles because the room might be a gen-
eral polygon. Deng et al. [28] gave an O(n)-competitive algorithm for exploring
rectilinear rooms with n rectilinear obstacles. Albers and Kursawe [5] showed
that no exploration algorithm in rooms with n obstacles can be better than
Ω(
√
n)-competitive. This lower bound holds even if the obstacles are rectangles.
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Fig. 1. A sample scene Fig. 2. A sample scene with a grid

4.1 Exploration of Grid Graphs

In the scenario described above it is assumed that the robot can see an infinite
range as long as no obstacle or exterior wall blocks the view. However, in practice,
a robot’s sensors can often scan only a distance of a few meters. This situation
can be modeled by adding a grid to the scene, as shown in Figure 4, and requiring
that the robot moves on the nodes and edges of the grid. A node in the grid
models the vicinity that the robot can see at a given point. Now the robot has to
explore all nodes and edges of the grid using as few edge traversals as possible. A
node is explored when it is visited for the first time and an edge is explored when
it is traversed for the first time. At any node the robot knows its global position
and the directions of the incident edges. Note that using a depth-first strategy,
the graph can be explored using O(m) edge traversals, which is optimal. Here
m denotes the total number of edges of the graph.
Betke et al. [22] introduced an interesting, more complicated variant of this

problem where an additional piecemeal constraint has to be satisfied, i.e, the
robot has to return to a start node s every so often. These returns might be
necessary because the robot has to refuel or drop samples collected on a trip.
Betke et al. developed two algorithms for piecemeal exploration of grids with
rectangular obstacles. The algorithms, called Wavefront and Ray, need O(m)
edge traversals. The Wavefront algorithm implements a breadth-first strategy
while the Ray algorithm implements a simple and elegant depth-first strategy.

Theorem 16. [22] A grid with rectangular obstacles can be explored in a piece-
meal fashion using O(m) edge traversals.

Albers and Kursawe [5] present an algorithm that explores a grid with arbitrary
(rectilinear) obstacles using O(m) edge traversals, which is optimal. The algo-
rithm is a generalization of the Ray algorithm by Betke, Rivest and Singh. In the
original Ray algorithm it is required that the robot always knows a path back
to the start node whose length is most the radius of the graph. When exploring
grids with arbitrary obstacles, this constraint cannot be satisfied. Albers and
Kursawe [5] solve this problem by presenting an efficient strategy for exploring
the boundary of arbitrary obstacles.



20 Susanne Albers

Theorem 17. [5] A grid with arbitrary rectilinear obstacles can be explored in
a piecemeal fashion using O(m) edge traversals.

4.2 Exploration of General Graphs

The graph-theoretic abstraction of a scene can be taken even further. Suppose
that the environment is modeled by a strongly connected graph G = (V,E).
G can be directed or undirected. Such a general, graph-theoretic modeling of
a scene allows us to neglect geometric features of the environment and to con-
centrate on combinatorial aspects of the exploration problem. Let n denote the
number of nodes and m denote the number of edges of G.
Awerbuch et al. [13] consider piecemeal exploration of arbitrary undirected

graphs and give a nearly optimal algorithm. The algorithm explores the graphs
in strips, where each strip is explored using a breadth-first strategy.

Theorem 18. An undirected graph can be explored in a piecemeal fashion using
O(m+ n1+o(1)) edge traversals.

Open Problem: Is there an algorithm that achieves an optimal bound of
O(m+ n) on the number of traversals?

The most general graph-theoretic exploration problem was formulated by
Deng and Papadimitriou [29]. The environment is now modeled by a strongly
connected directed graph. At any point during the exploration process the robot
knows (1) all visited nodes and edges and can recognize them when encountered
again; and (2) the number of unvisited edges leaving any visited node. The robot
does not know the head of unvisited edges leaving a visited node or the unvisited
edges leading into a visited node. At each point in time, the robot visits a current
node and has the choice of leaving the current node by traversing a specific known
or an arbitrary (i.e. given by an adversary) unvisited outgoing edge. An edge
can only be traversed from tail to head, not vice versa. As usual, the goal is to
minimize the total number T of edge traversals. A piecemeal constraint does not
have to be satisfied here.
If the graph is Eulerian, 2m edge traversals suffice [29]. For a non-Eulerian

graph, let the deficiency d be the minimum number of edges that have to be
added to make the graph Eulerian. Deng and Papadimitriou [29] suggested to
study the dependence of T on m and d and showed the first upper and lower
bounds. They gave a graph such that any algorithm needs Ω(d2m/ log d) edge
traversals. This lower bound was improved by Koutsoupias [46].

Theorem 19. [46] There exist graphs for which every exploration algorithm
needs Ω(d2m) edge traversals.

Deng and Papadimitriou gave an exponential upper bound.

Theorem 20. [29] There is an algorithm that explores a graph with deficiency
d using dO(d)m edge traversals.
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Deng and Papadimitriou asked the question whether the exponential gap be-
tween the upper and lower bound can be closed. The paper by Albers and
Henzinger [3] is a first step in this direction: They give an algorithm that is
sub-exponential in d, namely it achieves an upper bound of dO(log d)m. Albers
and Henzinger also show that several exploration strategies based on greedy,
depth-first and breadth-first approaches do not work well. There are graphs for
which these strategies need 2Ω(d)m traversals.
We sketch the basic idea of the sub-exponential algorithm. At any time, the

algorithm tries to explore new edges that have not been visited so far. That is,
starting at some visited node x with unvisited outgoing edges, the robot explores
new edges until it gets stuck at a node y, i.e., it reaches y on an unvisited incoming
edge and y has no unvisited outgoing edge. Since the robot is not allowed to
traverse edges in the reverse direction, an adversary can always force the robot
to visit unvisited nodes until it finally gets stuck at a visited node.
The robot then relocates, using visited edges, to some visited node z with

unexplored outgoing edges and continues the exploration. The relocation to z
is the only step where the robot traverses visited edges. To minimize T one
has to minimize the total number of edges traversed during all relocations. It
turns out that a locally greedy algorithm that tries to minimize the number of
traversed edges during each relocation is not optimal. Instead, the algorithm uses
a divide-and-conquer approach. The robot explores a graph with deficiency d by
exploring d2 subgraphs with deficiencies d/2 each and uses the same approach
recursively on each of the subgraphs. To create subgraphs with small deficiencies,
the robot keeps track of visited nodes that have more visited outgoing than
visited incoming edges. Intuitively, these nodes are expensive because the robot,
when exploring new edges, can get stuck there. The relocation strategy tries
to keep portions of the explored subgraphs “balanced” with respect to their
expensive nodes. If the robot gets stuck at some node, then it relocates to a
node z such that “its” portion of the explored subgraph contains the minimum
number of expensive nodes.

Theorem 21. [3] There is an algorithm that explores a graph with deficiency d
using dO(log d)m edge traversals.

Open Problem: Is there an exploration algorithm for directed graphs that
achieves an upper bound on the number of edge traversals that is polynomial
in d?

5 Online Problems in Networks

Many online problems also arise in the area of distributed computing. We de-
scribe only a few problems here. Consider a network of processors each of which
has its own local memory. Such a network can be modeled by a weighted undi-
rected graph. The nodes of the graph represent the processor in the network and
the edges represent the communication links. Let n be the number of nodes and
m be the number of edges of the graph.
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5.1 Migration and Replication Problems

First we address a problem in distributed data management, known as the file
allocation problem. The goal is to dynamically re-allocate files in the network
so that a sequence read and write requests to files an be served at low com-
munication costs. The configuration of the system can be changed by migrating
and replicating files, i.e., a file is moved resp. copied from one local memory to
another.
In the investigation of the problem, we generally concentrate on one partic-

ular file in the system. We say that a node v has the file if the file is contained
in v’s local memory. A request at a node v occurs if v wants to read or write
the file. Immediately after a request, the file may be migrated or replicated from
a node holding the file to another node in the network. We use the cost model
introduced by Bartal et al. [15] and Awerbuch et al. [12]. (1) If there is a read
request at v and v does not have the file, then the incurred cost is dist(u, v),
where u is the closest node with the file. (2) The cost of a write request at node
v is equal to the cost of communicating from v to all other nodes with a file
replica. (3) Migrating or replicating a file from node u to node v incurs a cost of
d · dist(u, v), where d is the file size factor. (4) A file replica may be erased at 0
cost.

Theorem 22. [12,15] There exist deterministic and randomized online algo-
rithms for the file allocation problem that achieve competitive ratios of O(log n).

The randomized solution, due to Bartal et al. [15], is very simple and elegant.
Coinflip: If there is a read request at node v and v does not have the file, then
with probability 1/d, replicate the file to v. If there is a write request at node
v, then with probability 1/

√
3d, migrate the file to v and erase all other file

replicas.
The file migration problem is a restricted version of the file allocation prob-

lem where we keep only one copy of each file in the entire system. If a file is
writable, this avoids the problem of keeping multiple copies of a file consistent.
For this problem, constant competitive algorithms are known, see [12,14,55].
In the file replication problem, files are assumed to be read-only and we have
to determine which local memories should contain copies of the read-only files.
Constant competitive algorithms are known for specific network topologies such
as uniform networks, trees and rings [4,23]. A uniform network is a complete
graph in which all edges have the same length.
All of the solutions mentioned above assume that the local memories of the

processors have infinite capacity. Bartal et al. [15] showed that if the local memo-
ries have finite capacity, then no online algorithm for file allocation can be better
than Ω(N)-competitive, where N is the total number of files that can be accom-
modated in the system. They also presented an O(N)-competitive algorithm for
uniform networks.
Open Problem: Is there an O(N)-competitive algorithm for arbitrary network
topologies when the nodes have limited memory capacity?
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5.2 Routing Problems

Many different online routing problems have been studied in the literature,
see [47] for a survey. In the virtual circuit routing problem each communication
link e in the network has a given maximum capacity ce. The input consists of a
sequence σ of communication requests, where each request σ(t) can be describe
by a 5-tupel (ut, vt, rt, dt, bt). Here ut and vt are the nodes to be connected, rt is
the bandwidth requirement of the request, dt is its duration and bt is a certain
benefit. In response to each request we wish to establish a virtual circuit on a
path connecting ut and vt with the given bandwidth. The benefit parameter is
only specified in problems where calls may also be rejected. A benefit is obtained
if the call is indeed routed.
Aspnes et al. [9] considered the problem variant when connection requests

have unlimited duration and every call has to be routed. The goal is to minimize
the maximum load on any of the links. The idea of their algorithm is to assign
with every edge in the network a cost that is exponential in the fraction of
the capacity of the edge assigned to on-going circuits. Let P = {P1, . . . , Pt} be
the routes assigned by the online algorithm to the first t requests. Similarly,
let POPT = {POPT

1 , . . . , POPT
t } be the routes assigned by the optimal offline

algorithm. For every edge e in the network, we define a relative load after t
requests,

le(t) =
∑

s:e∈Ps
s≤t

rs/ce.

The online algorithm given below assumes knowledge of a value Λ which
is an estimate on the maximum load obtained by an optimal offline algorithm
when all the requests are routed. Such a value can be obtained using a doubling
strategy. Whenever the current guess turns out to bee too small, it is doubled.
Assign-Route: Let a be a constant and let (u, v, r) be the current request to
be routed. Set r = r/Λ and le = le/Λ for all e ∈ E. Let

coste = ale+r/ce − ale

for all e ∈ E. Let P be a shortest path from u to v in the graph with respect to
costs coste. Route the request along P and set le = le + r/ce for all edges on P .
Aspnes et al. [9] show that for any sequence of requests that can be routed

using the given edge capacities, the maximum load achieved by Assign-Route is
at most O(log n) times as large as the maximum load of an optimal solution.

Theorem 23. [9] Assign-Route is an O(log n)-competitive algorithm for the
problem of minimizing the maximum load on the links.

The virtual circuit routing problem has also been studied in its throughput
version. In this variant, called the call control problem, a benefit is associated
with every request. Requests can be accepted or rejected while link capacities
may not be exceeded. Awerbuch et al. [11] examined the case that each call has
a limited duration and showed the following result based on an algorithm similar
to Assign-Route.
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Theorem 24. [11] There is an O(log nT )-competitive algorithm for the problem
of maximizing throughput. T denotes the maximum duration of a call.

The bound given in Theorem 24 is tight.

6 Concluding Remarks

There are many online problems related to graphs that we have not addressed in
this survey. A classical problem is online coloring: The nodes of a graph arrive
online and we wish to color them using as few colors as possible. There is a sig-
nificant body of work on this problem, see e.g. [37,45,48,52]. In online matching,
a newly arriving node can be matched to a node already present. Unweighted
and weighted versions of this problem have been considered [43,41,44]. The gen-
eralized Steiner tree problem is an extensively studied problem where we have
to construct a minimum weight tree in a graph such that certain connectivity
requirements are satisfied. In the online variant nodes as well as connectivity
requirements arrive online [10,21,40,56].
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Abstract. This talk surveys two- and three-dimensional packing prob-
lems in the textile and leather manufacturing industry as well as in the
automobile industry and presents methods for solving such problems.
We solve these problems with methods from combinatorial optimization.
Our research leads to software that is used in the respective industrial
branches.

On leather, the problem is to place stencils (for objects such as sofas, car
seats, shoes etc.) on a leather hide such as to minimize the waste and
to obey certain restrictions pertaining to leather quality. Since runtime
requirements are tough, we are using a greedy placement strategy here
that employs a shape fitting method based on a variant of geometric
hashing. Work on leather is joint with Jörg Heistermann, Ralf Heckmann,
and Birgit Fromme.

On textiles, the problem is analogous to the leather case. Here, the fab-
ric is rectangular, rotations of the stencils are restricted, and quality
restrictions are replaced with a wide variety of constraints pertaining
to patterns on the fabric. Cutting images can be reused in this case,
and therefore more runtime is allowed. The most successful algorithmic
variant for this case employs a fast randomized strategy for generating
cutting images. This strategy is based on Minkowski sums. We can gen-
erate up to 1 Mio images per hour, the best of which is postoptimized
with simulated annealing or a linear-programming method and then of-
fered as the solution. On fabric, we can also compute lower bounds. For
this purpose, we extend a branch-and-bound technique by Milenkovic to
compute bounds that are quite tight (below 1 percentage point of waste)
for pants and less tight (within several percentage points) on jackets. We
also developed an algorithm that uses a database of cutting images to
generate cutting images based on their similarity to already computed
high-quality cutting images. By continually extending the database with
cutting images computed by the algorithm, the algorithm is able to learn.
Work on textiles is joint with Ralf Heckmann at GMD-SCAI. Research
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on textiles has been partially supported by the German National Science
Foundation (DFG).
Arrangement problems in the car manufacturing industry take many
forms and are generally not yet very accessible to automation. The rea-
son is the multitude of constraints on these problems (geometric, electro-
magnetic, thermal, maintenance, ergonomic) and the elusiveness of the
cost function. We have chosen an approach in stages to make these prob-
lem more amenable to automation. In stage 1, we extended our approach
to chip layout to three dimensions, in order to pack boxes with electronic
modules in cars. Here the shapes are brick-like. In stage 2, we develop
methods based on combinatorial optimization that pack more general -
even nonconvex - 3D shapes. We use a two-phase method here. In the
first phase we generate variants of the relative position and orientation
of these shapes. In the second stage we apply a local compaction method
that is able to change the orientation of the objects within limits. Here,
we extend a method by Milenkovic to three dimensions. In the third
stage, we integrate the methods that have been developed and propose
scenarios for their application in the automobile industry. Packing elec-
tronic parts, packing parts in trunks of cars, and inserting modules like
dynamos etc. into preplaced engine spaces are examples of such scenarios.
Work on automobiles is in progress and is joint with Mike Schäfer at the
Department of Computer Science, University of Bonn. Research on au-
tomobiles has been partially supported by the German Federal Ministry
for Education and Research (BMBF).
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Abstract. Le trasformazioni in corso costituiscono una ri-voluzione,
una rottura con le premesse culturali che ci hanno guidato finora, uno
strappo dalle promesse che politologi e futurologi ci hanno prodigato nel
tempo. Ogni continuita’ col passato e’ solo apparente, le dinamiche in re-
alta’ sono caotiche, e le divergenze sono radicali. L’informatica, uno degli
enzimi di questa trasformazione, si manifesta come ibrido scientifico-
filosofico ed agisce come motore sia tecnico che culturale di questo pro-
cesso di ri-definizione della vita sociale. La scuola diventa il nuovo centro
di trasformazione del sociale, il momento di fissione delle regole attive
della nuova societa’. Al tempo stesso, il sostrato su cui queste trasfor-
mazioni sono costrette ad operare e’ la comunita’.
Uno sguardo, dal centro della trasformazione, a queste tre componenti e
la loro interazione.
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Abstract. This paper considers informative labeling schemes for graphs.
Specifically, the question introduced is whether it is possible to label the
vertices of a graph with short labels in such a way that the distance
between any two vertices can be inferred from inspecting their labels. A
labeling scheme enjoying this property is termed a proximity-preserving
labeling scheme. It is shown that for the class of n-vertex weighted trees
with M -bit edge weights, there exists such a proximity-preserving label-
ing scheme using O(M log n + log2 n) bit labels. For the family of all
n-vertex unweighted graphs, a labeling scheme is proposed that using
O(log2 n · κ · n1/κ) bit labels can provide approximate estimates to the
distance, which are accurate up to a factor of

√
8κ. In particular, using

O(log3 n) bit labels the scheme can provide estimates accurate up to a
factor of

√
2 log n. (For weighted graphs, one of the log n factors in the

label size is replaced by a factor logarithmic in the network’s diameter.)

In addition to their theoretical interest, proximity-preserving labeling
systems seem to have some relevance in the context of communica-
tion networks. We illustrate this by proposing a potential application of
our labeling schemes to efficient distributed connection setup in circuit-
switched networks.

1 Introduction

Most traditional approaches to the problem of graph representation are based
on storing the adjacency information using some kind of a data structure, e.g.,
an adjacency matrix. Such representation enables one to decide, given the names
of two vertices, whether or not they are adjacent in the graph, simply by looking
at the appropriate entry in the table. However, note that this decision cannot
be made in the absence of the table. That is, the names themselves contain no
useful information, and they serve only as “place holders,” or pointers to entries
in the table.

In contrast, one may consider using more “informative” naming schemes for
graphs. The idea is to associate with each vertex a label to be used as its name,
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and select the labels in a way that will allow us to infer the adjacency of two
vertices directly from their labels, without using any additional memory.

Obviously, labels of unrestricted size can be used to encode any desired in-
formation in them. Specifically, it is possible to encode the entire row i in the
adjacency matrix of the graph in the label chosen for vertex i. As another exam-
ple, labeling systems of general graphs based on Hamming distances are studied
by Breuer and Folkman [4,5]. An (m, T )-labeling system is based on labeling
each vertex of the graph with an m-bit label, such that two vertices are adjacent
iff their labels are at Hamming distance T or less of each other. In [5] it is shown
that every n-vertex graph has a (2n∆, 4∆−4)-labeling, where ∆ is the maximum
vertex degree in the graph.

It is clear, however, that a labeling scheme is most useful if it uses rela-
tively short labels (say, of length polylogarithmic in n), and yet allows us to
deduce adjacencies efficiently (say, within polylogarithmic time). This leads to
the following definition.

Definition 1. A family F of graphs has an l(n) adjacency-labeling scheme if
there is a function Label labeling the vertices of each n-vertex graph in F with
distinct labels of up to l(n) bits, and there exists a polynomial time algorithm
that given two labels of vertices in a graph from F , decides the adjacency of these
vertices.

It is shown in [10] how to construct O(log n) adjacency labeling schemes for
a number of graph families, including trees, bounded arboricity graphs (includ-
ing, in particular, graphs of bounded degree and graphs of bounded genus, e.g.,
planar graphs), various intersection-based graphs such as interval graphs, and
c-decomposable graphs.

The ability to decide adjacency is only one of the basic properties a represen-
tation may be required to possess. This paper makes one step further along this
line of study, and addresses the more general question of retrieving information
about arbitrary (i.e., possibly non-adjacent) vertices.

In particular, a natural property we may require a labeling scheme to possess
is the ability to determine, or at least estimate, the distance between two vertices
efficiently (say, within polylogarithmic time) given their labels. In this paper we
introduce the notion of proximity-preserving labeling schemes, which are scheme
possessing this ability.

More specifically, we introduce the following definitions. Recall that in a
weighted graph G(V, E, ω), the length of a path is the combined weight of
the edges composing it, and the distance between two vertices u, v, denoted
dist(u, v, G), is defined as the length of the shortest path connecting them.

Definition 2. A family F of weighted graphs has an l(n) distance labeling
scheme if there is a function Label labeling the vertices of each n-vertex graph
in F with distinct labels of up to l(n) bits, and there exists a polynomial time
algorithm that given two labels of vertices u, v in a graph G from F , computes
the distance between these vertices in the graph.
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It is clear that distance labeling schemes with short (O(log n)-bit) labels are
available for highly regular graph classes, such as rings, meshes, tori, hypercubes,
and the like. It is less clear whether more general graph classes can be labeled in
this fashion. In Sect. 2 we give one such example: it is shown that the family of
n-vertex weighted trees enjoys an O(M log n + log2 n) distance labeling scheme,
where M denotes the maximum number of bits required for representing an
edge weight in the graph. The same approach extends to handle the class of
n-vertex c-decomposable graphs for constant c, which includes also the classes
of series-parallel graphs and k-outerplanar graphs, with c = 2k (cf. [6]).

For larger classes of graphs, it seems harder to capture precise distance infor-
mation using short labels. As one particular example, we do not know whether
the class of planar graphs enjoys a distance labeling scheme with polylogarithmic
length labels. Nevertheless, note that for very large graph classes the problem
becomes easy again: for a family of n-vertex graphs with Ω(exp(n1+ε)) non-
isomorphic graphs, any labeling scheme must use labels whose total combined
length is Ω(n1+ε), hence at least one label must be of Ω(nε) bits.

Instead of insisting on labeling schemes capturing precise distance informa-
tion, we may settle for labeling schemes that efficiently provide a decent estimate
on the distance between any two given vertices.

Definition 3. A family F of weighted graphs has an (l(n), R) approximate-
distance labeling scheme (for some fixed R > 1) if there is a function Label
labeling the vertices of each n-vertex graph in F with distinct labels of up to l(n)
bits, and there exists a polynomial time algorithm that given two labels of vertices
u, v in a graph G from F , provides an estimate D̃(u, v) for the distance between
these vertices in the graph, such that

1
R
· D̃(u, v) ≤ dist(u, v, G) ≤ R · D̃(u, v).

To illustrate this notion, in Sect. 3 it is shown that the family of all n-vertex
weighted graphs enjoys an (O(Λ log n · κ · n1/κ),

√
8κ) approximate-distance la-

beling scheme for any integer κ ≥ 1. (Here Λ = dlog Diam(G)e, where Diam(G)
denotes the weighted diameter of the graph G, i.e., maxu,v∈V (dist(u, v, G)).) In
particular, the family of weighted graphs enjoys also an (O(Λ log2 n),

√
2 log n)

approximate-distance labeling scheme.
Finally, we point out that the labeling problem studied in this paper seems to

have some relevance in the context of communication networks. This fact is illus-
trated in Section 4 by proposing a potential application of our labeling schemes,
namely, a fast and memory-efficient best-service (shortest-path, optimal setup
time) distributed connection setup procedure for establishing virtual channels in
circuit-switched networks.

2 Distance-Preserving Labelings

This section describes a distance labeling scheme for the family of weighted trees.
The construction makes use of tree separators.
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Definition 4. Given a tree T , a separator is a vertex v0 whose removal breaks
T into disconnected subtrees of at most n/2 vertices each.

We rely on the following well-known fact regarding tree separators.

Lemma 1. Every n-vertex tree T , n ≥ 2, has a separator (which can be found
in linear time).

2.1 The Labeling System

The vertices of a given n-vertex weighted tree T are labeled as follows. As a
preprocessing step, arbitrarily prelabel each vertex v of T with a distinct integer
I(v) from [1, n]. The actual labeling is constructed by a recursive procedure
Proc1, defined next.

The procedure recursively partitions the tree by finding a separator. For
example, in the tree T depicted in Fig. 1, vertex 31 separates T into T1 and T2,
which are in turn partitioned by the separator vertices 21 and 22, respectively,
and so on. Thus each vertex belongs to a unique subtree on each level of this
partitioning, up to the level in which it is selected as the separator. For a vertex
v which is internal to some subtrees on p− 1 levels, and becomes the separator
on level p, its label consists of p triples, Label(v) = J1(v)◦ . . .◦Jp(v), where each
triple Jj(v) gives the index I(w) of the separator of v’s tree on the (j−1)st level,
the distance from v to that separator, and the index of the subtree to which v
belongs on the jth level.

Applied to a subtree T ′, Procedure Proc1 operates as follows. If T ′ contains
a single vertex v0 then it is labeled by Label(v0) = (I(v0) , 0 , 0). Otherwise, the
vertices of T ′ are labeled by performing the following steps. First, find a separator
v0 for T ′. The removal of v0 breaks T into disconnected subtrees T1, . . . , Tk, each
with at most n/2 vertices. Recursively apply procedure Proc1 to label each
vertex v in each subtree Ti by Labeli(v). Now consider a vertex v ∈ Ti. Let
J (v) = (I(v0) , dist(v, v0, T ) , i), and label v by the concatenation of the new
triple J (v) and Labeli(v), the label of v in Ti, i.e.,

Label(v) = J (v) ◦ Labeli(v).

Finally label the separator v0 itself by Label(v0) = (I(v0) , 0 , 0). Figure 1
illustrates the resulting labeling for a tree T .

2.2 Computing the Distances

Let us next describe a recursive procedure Proc2 for computing the distance
between two vertices u, v in T .

Consider two vertices u, v in T , with labels

Label(u) = J1(u) ◦ . . . ◦ Jq(u)

and
Label(v) = J1(v) ◦ . . . ◦ Jp(v),

respectively. Procedure Proc2 considers the following cases.
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Fig. 1. A tree T and its recursive partitioning and distance labeling.

1. p = 1: /* v is the separator */ Return the second field in J1(u).
2. q = 1: /* u is the separator */ Return the second field in J1(v).
3. p, q > 1: Let

J1(u) = (I(w) , dist(u, w, T ) , i)

J1(v) = (I(w) , dist(v, w, T ) , j)

for some i, j. There are two subcases to consider.
(a) i 6= j: /* u and v belong to different subtrees */

Return the sum of the second fields in J1(u) and J1(v).
(b) i = j: /* u and v belong to the same subtree */

Then do the following:
i. Peel off the first triple J1(u) from Label(u), and the triple J1(v)

from Label(v), remaining with

Labeli(u) = J2(u) ◦ . . . ◦ Jq(u)

Labeli(v) = J2(v) ◦ . . . ◦ Jp(v) ;

ii. Invoke procedure Proc2 recursively on Labeli(u) and Labeli(v) to
compute dist(u, v, Ti);

iii. Return this value.
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In the example of Fig. 1, the distance between the vertices 15 and 31 is
decided by case 1, the distance between 15 and 4 is decided by case 3(a), while
the distance between 15 and 6 falls under case 3(b), and thus requires a recursive
invocation of the procedure, for computing this distance within subtree T2.

2.3 Analysis

Lemma 2. The labeling scheme uses O(M log n + log2 n) bit labels, where M
denotes the maximum number of bits required for representing an edge weight in
the graph.

Proof. On each level of the recursion, the sublabel J (v) contains O(M + log n)
bits. As the maximum tree size is halved in each application of the recursive
labeling procedure, there are at most logn levels, hence the lemma follows. 2

Lemma 3. For every weighted tree T and vertices u, v, the output of the algo-
rithm is dist(u, v, T ).

Proof. Consider an arbitrary pair of vertices u, v ∈ V in T , with labels

Label(u) = J1(u) ◦ . . . ◦ Jq(u)

and
Label(v) = J1(v) ◦ . . . ◦ Jp(v),

respectively. Let us examine the cases considered by the procedure one by one.
If p = 1, then v is the chosen separator of T , hence Label(v) = (I(v) , 0 , 0)
and J1(u) = (I(v) , dist(u, v, T ) , i) for some i. Consequently, the second field
in J1(u) indeed gives the required distance. The case q = 1 is symmetric to the
previous case.

Now suppose both p, q > 1, with J1(v) = (I(w) , dist(v, w, T ) , i) and
J1(u) = (I(w) , dist(u, w, T ) , j) for some i, j. The first subcase considered by
the procedure is where i 6= j. In this case, the unique path connecting v to u in
T goes through w, and therefore dist(v, u, T ) = dist(v, w, T ) + dist(u, w, T ).

The second and final subcase is when i = j. In this case, both v and u belong
to the same subtree Ti in the partition induced by the separator w, and hence
the path connecting them in T (and determining their distance) is contained in
its entirety in Ti. Therefore dist(u, v, T ) is equal to dist(v, u, Ti), which is the
value computed by the recursive invocation of the procedure. 2

We conclude the following.

Theorem 1. There exists an O(M log n + log2 n) distance labeling scheme for
the class of all n-vertex weighted trees with M -bit edge weights. 2

The same approach extends to handle the class of n-vertex c-decomposable
graphs (for constant c), where c affects the constant in the bound on the length
of the resulting label.

Theorem 2. There exists an O(M log n + log2 n) distance labeling scheme for
the class of all n-vertex c-decomposable graphs with M -bit edge weights. 2
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3 Distance-Approximating Labelings

We next describe a approximate-distance labeling scheme for arbitrary weighted
graphs. The construction makes use of the concept of tree covers, introduced
in [1]. A tree cover for a graph G is a special collection of trees in the graph,
containing all vertices of G. Intuitively, a tree cover captures locality by obeying
the following property. For every two vertices that are not too far apart in the
graph, the tree cover should contain a tree common to both, on which their
distance is close to optimal. Naturally, it is desirable that the tree cover be
also sparse. Formally, we have the following definition. The `-neighborhood of
a vertex v ∈ V is the collection of vertices at distance ` or less from it in G,
Γ`(v) = {w | dist(w, v, G) ≤ `}.

Definition 5. Given a weighted graph G = (V, E, ω), an `-tree cover is a col-
lection T C of trees in G, with the property that for every vertex v ∈ V , there is
a tree T ∈ T C that spans its entire `-neighborhood, namely, Γ`(v) ⊆ V (T ). The
depth of a tree cover T C is

Depth(T C) = max
T∈T C

{Depth(T )},

and the overlap of T C is the maximum, over all vertices v, of the number of
different trees containing v,

Overlap(T C) = max
v∈V

|{T ∈ T C | v ∈ V (T )}|.

We make use of the following result of [1].

Theorem 3. [1] For every weighted graph G = (V, E, ω), |V | = n, and integers
κ, ` ≥ 1, it is possible to construct an `-tree cover T C = T Cκ,` for G, with
Depth(T C) ≤ (2κ− 1)` and Overlap(T C) ≤ d2κ · n1/κe. 2

3.1 The Labeling System

Recall that Λ = dlog Diam(G)e. For every 1 ≤ i ≤ Λ, construct a 2i-tree-cover
T Ci = T Cκ,2i for G as in Theorem 3. Separately in each tree cover T Ci, assign a
distinct tag (from 1 to n) to each of the trees in T Ci. Each vertex v is now given a
label composed of the concatenation of Λ tuples, Label(v) = (T1(v), . . . , TΛ(v)),
where the tuple Ti(v) consists of the tags of all the trees in T Ci containing v.

3.2 The Distance Estimation Algorithm

The distance between vertices is estimated using the following algorithm. Given
two labels Label(v) and Label(u), compare corresponding tuples in these labels
one by one (starting with T1(v) and T1(u) and going upwards), until reaching the
first level j such that Tj(v) and Tj(v) contain a common tag. Return D̃(u, v) =√

2κ · 2j as the estimate for dist(u, v, G).
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3.3 Analysis

Lemma 4. The labeling scheme uses O(Λ log n · κ · n1/κ) bit labels.

Proof. First note that the tags attached to the trees in the tree covers require
at most O(log n) bits each, since there are at most d2κ · n1/κe · n trees in each
tree cover. Each vertex v occurs on at most Overlap(T Ci) different trees in T Ci,
hence its ith tuple Ti(v) contains at most this many tags. The result now follows
by the bound of Theorem 3 on Overlap(T Cκ,2i). 2

Lemma 5. For every weighted graph G = (V, E, ω) and vertices u, v, the esti-
mate returned by the algorithm satisfies 1

R · D̃(u, v) ≤ dist(u, v, G) ≤ R · D̃(u, v)
for R =

√
8κ.

Proof. Consider an arbitrary pair of vertices u, v ∈ V . Suppose that 2i−1 <
dist(u, v, G) ≤ 2i. Also suppose that the algorithm returned D̃(u, v) =

√
2κ · 2j

as the estimate for this distance. That is, j was the first level on which u and v
shared a common tree in T Cj .

By definition, the tree cover T Ci = T Cκ,2i constructed for the graph contains
a tree T such that Γ2i(u) ⊆ V (T ). Hence both u, v ∈ V (T ). Therefore necessarily
j ≤ i, and hence

dist(u, v, G) ≥ 2i−1 ≥ 2j−1 =
1√
8κ

· (
√

2κ · 2j) =
1
R
· D̃(u, v).

For the other direction, let T ′ be the tree common to u and v in T Cj . By
Theorem 3, Depth(T ′) ≤ (2κ− 1) · 2j . Consequently, the tree T provides a path
of length at most 2 · (2κ− 1) · 2j connecting u and v, hence necessarily

dist(u, v, G) ≤ 4κ · 2j =
√

8κ · (
√

2κ · 2j) = R · D̃(u, v). 2

Theorem 4. For any integer κ ≥ 1, there exists an (O(Λ log n · κ · n1/κ),
√

8κ)
approximate-distance labeling scheme for the class of all n-vertex graphs. 2

Corollary 1. For any integer κ ≥ 1, there exists an (O(log2 n · κ · n1/κ),
√

8κ)
approximate-distance labeling scheme for the class of all n-vertex unweighted
graphs. 2

Setting κ = log n, we have

Corollary 2. 1. There exists an (O(Λ log2 n),
√

2 log n) approximate-distance
labeling scheme for the class of all n-vertex graphs.

2. There exists an (O(log3 n),
√

2 logn) approximate-distance labeling scheme
for the class of all n-vertex unweighted graphs. 2
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4 Application to Efficient Distributed Connection Setup

The labeling problem studied in this paper seems to have some relevance in
the context of communication networks. In this section we illustrate this by
proposing a potential application of our labeling schemes to connection setup in
circuit-switched networks. For the purpose of this discussion we model a com-
munication network as an unweighted graph G(V, E), whose vertices represent
the network switches and whose edges represent the network’s communication
channels.

A number of architectures for communication networks rely on the concept of
virtual channels (VC’s). A virtual channel V C(x, y) is a logical connection set up
between a pair of switches x, y in the network, such that all traffic between those
switches can be transmitted along it. The virtual channel V C(x, y) is constructed
by a connection setup (CS) procedure in response to a request by one of the
two endpoints. Such mechanisms are used in circuit-switched telecommunication
networks, but also in fast and modern integrated network architectures, such as
fiber-optic based ATM networks.

There are two natural “quality-of-service” (QoS) properties commonly asso-
ciated with connection setup. First, note that a virtual channel is typically set up
with the intention of using it for a relatively long period of time. Therefore, it is
important that it is as efficient as possible. In particular, it is commonly required
that the virtual channel V C(x, y) uses a (hop-wise) shortest route between its
endpoints x and y.

The second natural QoS requirement that is often made is that the virtual
channel V C(x, y) is established as fast as possible, once the request is issued
at one of the two endpoints. The speed of connection setup is measured by the
usual distributed time complexity measure, namely, the amount of time elapsing
in the worst case from the time the connection request was made by x or y
until the virtual channel V C(x, y) is established, assuming that each message
transmission along an edge takes at most one time unit. Since sending a message
along a path of k edges requires at most k time units in the worst case, it is
clear that a virtual channel V C(x, y) connecting two switches x and y in the
network cannot be set up any faster than the (unweighted) distance between
them, dist(x, y, G). Hence it is natural to concentrate on CS procedures that set
up a connection in time exactly dist(x, y, G).

In view of the above discussion, we concentrate in what follows on best-service
connection setup procedures, namely, CS procedures providing a virtual chan-
nel V C(x, y) of length dist(x, y, G) within time dist(x, y, G). Under these QoS
requirements, one may consider a number of complexity measures for evaluating
the efficiency of best-service connection-setup procedures. (Here we talk about
“system-internal” measures, that are of little of no consequence to the client of
the connection service, but affect the overall system performance.) In particular,
for a given connection-setup procedure CS, we define the following measures:
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1. Quiescence time: the time it takes the procedure CS to terminate (assuming
that it might continue to operate even after time dist(x, y, G), by which the
virtual channel V C(x, y) is already set up), denoted TCS(x, y).

2. Memory requirements per switch, denoted MCS.

Let us first examine two extreme approaches for the design of a best-service
procedure for setting up virtual channels, which differ on their quiescence time
and memory requirements. The first method, called the full tables (FT) method,
is based on storing full routing tables in the network. The quiescence time of
this method is just TFT (x, y) = dist(x, y, G). However, its memory requirements
are rather large, namely, MFT = Θ(n log n) bits per switch.

The other method is based on searching for the shortest path for the virtual
channel from scratch upon each request, by applying a shortest-path algorithm
(say, by flooding). Call this method the Bellman-Ford (BF) method. Here, the
memory requirements MBF are minimal (as no special information needs to be
stored in advance for this protocol). However, note that the process may continue
to work in other parts of the network, even after the connection is set up. Hence
the entire process will terminate only after time TBF = Diam(G).

In view of these two extreme methods, it is natural to ask whether there
exists an “intermediate” method which achieves close-to-optimal performance
in both parameters.

We now propose a new approach for designing a best-service CS procedure,
using restricted flooding based on a distance-preserving labeling of the network.
This method, named the label-based (LB) method, operates as follows. Start by
assigning a distance-approximating labeling to the vertices as in Part 2 of Cor.
2. Upon a request for setting up a virtual channel between two vertices x, y,
use BF-style flooding for connection setup, but limit the flooding to distance
d̂ = D̃(x, y) ·

√
2 log n (by not allowing the level counter to go beyond this

value), where D̃(x, y) is the estimate obtained out of the labels of x and y to
dist(x, y, G). Clearly, the shortest path should be found within this range, given
that the D̃ upper bounds the actual distance. Moreover, since d̂/(2 logn) lower
bounds the actual distance, it follows that TLB(x, y) = dist(x, y, G) · log n. The
memory requirements are only MLB = O(log3 n), as each vertex x needs to store
only its own label, Label(x). (Of course, in order to send a message to vertex y,
the vertex x must first obtain y’s label, Label(y).)

Theorem 5. The label-based procedure LB achieves best-service connection
setup. Its quiescence time and memory requirements are both within a poly-
logarithmic factor of the optimum, i.e., TLB(x, y) = dist(x, y, G) · log n and
MLB = O(log3 n).

5 Discussion

This paper introduces the concept of proximity-preserving labeling schemes, and
presents an exact scheme for the class of n-vertex weighted trees with M -bit
edge weights using O(M log n + log2 n) bit labels, and an approximate scheme
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for the family of all n-vertex graphs, that using O(log3 n) bit labels can provide
estimates to the distance, which are accurate up to a factor of

√
2 logn.

Very recently, the tightness of the labeling scheme presented herein for trees
has been established in [7], by proving that any distance labeling scheme for the
class of all n-vertex trees with M -bit edge weights must use Ω(M log n + log2 n)
bit labels for some vertices. Some lower bounds have also been established in [7]
on the size of the labels in a distance-approximating labeling scheme, where the
distance is approximated to a multiplicative factor s. Specifically, it is shown
that there exists graphs with n nodes that require labels of size Ω(n) for every
factor s <

√
3.

Our results for general graphs are apparently not optimal in terms of the
resulting label size and approximation ratio, and the complexity of extracting
the distance (or estimated distance) from two given labels. In particular, we are
currently studying an alternative approach for constructing proximity-preserving
labeling schemes, based on low-distortion embeddings of grneral metrics in low-
dimensional Euclidean spaces [3,11]. It appears that this embedding-based ap-
proach can be used to derive labeling systems with properties similar to or even
slightly better than the ones presented herein [8], but it also has some limi-
tations. In particular, the best approximation ratio that can be achieved for
general graphs using this approach appears to be Ω(log n), whereas the method
of Section 3 allows any desired approximation ratio κ ≤ log n. Moreover, the
embedding algorithm of [11] is randomized, and while it can probably be de-
randomized (cf. [9]), it is likely to yield random-looking labels, that reveal little
or nothing on the structure of the network. In contrast, the method proposed
herein is more direct, and the resulting labels capture a considerable amount of
information on the network topology.

This last point may prove particularly significant when considering additional
potential applications for proximity-preserving labeling schemes. In particular,
an interesting direction for future research, suggested by Richard Tan [12], in-
volves using proximity-preserving labeling schemes for memory-free routing. This
is a rather strict variant of the extensively studied compact routing problem (cf.
[2]), which requires us to label the vertices of the network with routing labels
in such a way that a message can be routed between any two vertices relying
solely on their labels (and the labels of the intermediate vertices along the route),
without the need to store any additional information in any of the vertices.

Evidently, since a memory-free routing scheme allows each node to store its
own label, it is not really “memory-free.” In fact, every routing scheme R can be
transformed into a memory-free scheme simply by associating with each vertex
v a label Label(v) consisting of a string which contains all the information that
needs to be stored at v by the scheme R. Hence in essence, the problem is to
come up with routing scheme that require very little memory per vertex, rather
than just having low total memory requirements.

Indeed, the labeling scheme for trees presented in Sect. 2 can be easily
modified to support memory-free routing along shortest paths, still using only
O(log2 n) bit labels. Similarly, for general graphs, the labeling scheme of Sect. 3
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can be modified to support memory-free routing along near-shortest paths, i.e.,
paths longer than optimal by a prescribed factor. (In fact, as indicated earlier,
a result of the latter type can also be derived in a straightforward way using,
say, the compact routing schemes of [2].) The development of tighter and more
efficient memory-free routing schemes is left for future study.
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Abstract In this paper we study algorithms for “Dial-a-Ride” trans-
portation problems. In the basic version of the problem we are given
transportation jobs between the vertices of a graph and the goal is to
find a shortest transportation that serves all the jobs. This problem is
known to be NP-hard even on trees. We consider the extension when
precedence relations between the jobs with the same source are given.
Our results include a polynomial time algorithm on paths and approx-
imation algorithms general graphs and trees with performances of 9/4
and 5/3, respectively.

1 Introduction and Overview

Transportation problems where objects are to be transported between given
sources and destinations in a metric space are classical problems in combinatorial
optimization. Applications include the routing of pick-up-and-delivery vehicles,
the control of automatic storage systems and scheduling of elevators. This leads
to the following optimization problem (Darp): We are given transportation jobs
between the vertices of a graph and the goal is to find a shortest transportation
that serves all the jobs.

A natural extension of Darp is the addition of precedence constraints be-
tween the jobs that start at the same vertex. This variant which we call Fifo-
Darp is motivated by applications in which first-in-first-out waiting lines are
present at the sources of the transportation jobs. In this case, jobs can be served
only according to their order in the line. Examples with first-in-first-out lines
are cargo elevator systems where at each floor conveyor belts deliver the goods
to be transported. Elevators also motivate the restriction of Darp to paths, i.e.,
to the case where the underlying graph forms a path.

This paper is organized as follows. In Section 2 we formally state the problem
Fifo-Darp. We also show that Fifo-Darp can be equivalently formulated as
a graph augmentation problem. This key observation will be used to design
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our algorithms. In Section 4 we prove structural facts about Eulerian cycles
in a graph that respect a given “FIFO-order” on the arcs (A formal definition
of FIFO-orders appears in Section 2.2. The class of FIFO-orders contains as a
special case partial orders which model first-in-first-out waiting lines).

Section 5 contains a polynomial algorithm for Fifo-Darp when restricted to
paths. In Section 6 we present an approximation algorithms for general graphs
with performance of (ρTsp + 3)/2, where ρTsp is the performance of the best
approximation for the TSP with triangle inequality. An improved algorithm for
trees with performance 5/3 is given in Section 7.

2 Preliminaries and Problem Formulations

A mixed graph G = (V, E, A) consists of a set V of vertices, a set E of undi-
rected edges, and a set A of directed arcs (parallel arcs allowed). An edge with
endpoints u and v will be denoted by [u, v], an arc from u to v by (u, v). We
denote by n := |V |, mE := |E| and mA := |A| the number of vertices, edges and
arcs, respectively. For v ∈ V we let Av be the set of arcs in A emanating from v.

If X ⊆ E ∪ A, then we denote by G[X ] the subgraph of G induced by X ,
that is, the subgraph of G consisting of the arcs and edges in X together with
their endpoints. Throughout the paper we assume that G[E] is connected and
contains all endpoints of arcs from A. The out-degree of a vertex v in G, denoted
by d+

G(v), equals the number of arcs in G leaving v. Similarly, the in-degree d−G(v)
is defined to be the number of arcs entering v. If X ⊆ A, we briefly write d+

X(v)
and d−X(v) instead of d+

G[X](v) and d−G[X](v).
A graph G is called degree balanced if d+

G(v) = d−G(v) for all vertices v ∈ V .
A closed walk in a mixed graph is a cycle which may visit vertices, edges and
arcs multiple times. A directed spanning tree rooted towards o ∈ V is a subgraph
of a directed graph H = (V, R) which is a tree and which has the property that
for each v ∈ V it contains a directed path from v to o.

Since most of the problems under study are NP-hard, we are interested
in approximation algorithms for them. Let Π be a minimization problem. A
polynomial-time algorithm A is said to be a ρ-approximation algorithm for Π ,
if for every problem instance I of Π with optimal solution value OPT(I) the
solution of value A(I) returned by the algorithm satisfies A(I) ≤ ρ ·OPT(I).

2.1 Basic Problem

Definition 1 (Dial-a-Ride Problem (Darp)). The input for Darp consists
of a finite mixed graph G = (V, E, A), an origin vertex o ∈ V and a nonnegative
weight function c : E ∪A → R≥0. It is assumed that for any arc a = (u, v) ∈ A
its cost c(a) equals the length of a shortest path from u to v in G[E].

The goal of Darp is to find a closed walk in G of minimum cost which starts
in o and traverses each arc in A.

The problem Darp is also known as the Stacker-Crane-Problem. In [7] it is
shown that the problem is NP-hard even on trees, i.e., if the graph G[E] is a
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tree. In [8] the authors present a 9/5-approximation algorithm for the problem
on general graphs. An improved algorithm for trees with performance 5/4 is
given in [7]. On paths Darp can be solved in polynomial time [3].

An important observation is that Darp can be equivalently formulated as
a graph augmentation problem. Let A(E) be the set of arcs such that for each
undirected edge e ∈ E the set A(E) contains an anti-parallel pair of arcs between
the endpoints of e. We can then extend the cost function c to A(E) in a natural
way by defining the cost of an arc in A(E) to be the cost of the corresponding
undirected edge in E.

It is straightforward to see that any feasible solution for Darp, i.e., a closed
walk that starts in o and traverses each arc in A, corresponds to an augmenting
multiset S of arcs from A(E) such that G[A ∪ S ] is Eulerian and contains o,
and vice versa. This enables us to reformulate Darp equivalently as the problem
of finding a multiset S ⊆ A(E) minimizing the weight c(A ∪ S) subject to the
constraint that G[A ∪ S ] is Eulerian and includes o.

2.2 Precedence Constraints

Fifo-Darp is an extension of Darp. For each vertex v ∈ V we are additionally
given a partial order ≺v on the arcs in Av and we require that, whenever a ≺v a′,
then a must be traversed before a′ in any feasible solution.

A partial order ≺ on the arc set of a graph is a FIFO-order, if it satisfies:
r ≺ r′ implies that r and r′ have the same source. The partial order ≺ on the arc
set A of G = (V, E, A) resulting from the disjoint union of the partial orders ≺v

is clearly a FIFO-order. In the sequel ≺ is extended to A ∪ A(E) by defining
that arcs from A(E) are incomparable to each other and to those of A.

It is easy to give examples where an optimal FIFO-respecting transportation
is strictly longer than the optimal transportation neglecting the precedences. In
the special case that for a given FIFO-order ≺ the restriction of ≺ to each arc
set Av is total, then ≺ models first-in-first-out waiting lines.

Again, Fifo-Darp can be reformulated as a graph augmentation problem.
To do this, we need some additional notations:

Definition 2 (≺-respecting Eulerian Cycle, ≺-Eulerian). Let H = (V, R)
be a directed graph, ≺ be a FIFO-order on the arcs R, and o ∈ V . A ≺-respecting
Eulerian cycle in H with start o is a Eulerian Cycle C in G such that a ≺ a′

implies that in the walk from o along C the arc a appears before a′. The graph H
is then called ≺-Eulerian with start o.

Notice that in contrast to the case of classical Eulerian cycles, for≺-respecting
Eulerian cycles it is meaningful to specify a start node explicitly.

Definition 3 (Graph Augmentation Version of Fifo-Darp). An instance
of the problem Fifo-Darp consists of the same input as for Darp and addi-
tionally a FIFO-order ≺ on the arc set A. The goal is to find a multiset S of
arcs from A(E) minimizing the weight c(A∪S) such that G[A∪S ] is ≺-Eulerian
with start o and to determine a ≺-respecting Eulerian cycle in G[A ∪ S].
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In the sequel we consider Fifo-Darp as a graph augmentation problem. We
use S∗ to denote an optimal solution and OPT := c(A ∪ S∗) to denote its cost.
Notice that if C∗ is a ≺-respecting Eulerian cycle in G[A∪S∗] with start o, then
the length of C∗ is equal to OPT.

Since Fifo-Darp generalizes Darp, it follows from [7] that Fifo-Darp is
NP-hard even on trees. However, we can strengthen the hardness result of [7]
and show that Darp is hard on caterpillar graphs. A caterpillar graph is a tree
of maximum degree three, where all non-leaf nodes lie on the same path. Due to
lack of space we omit the proof of the following theorem.

Theorem 4. Darp and Fifo-Darp on caterpillars are NP-hard. This contin-
ues to hold, if the transportation jobs are restricted to have sources and targets
only in the feet (i.e., leaves) of the caterpillar. Furthermore, all hardness results
for Fifo-Darp remain true if the FIFO-ordering is restricted to be total. ut

3 Basic Observations and Balancing

We first start with some technical assumptions about input instances (G =
(V, E, A), c, o,≺) of Fifo-Darp. While all these assumptions are without loss of
generality they greatly simplify the presentation of our algorithms.

Assumption 5 (Technical assumption for Fifo-Darp on trees). Each ver-
tex of degree one or two in G[E] is either the origin o or incident to at least one
arc from A.

This assumption is indeed no restriction: Let v 6= o be not adjacent to any
arc in A. If v is of degree two, replace the two adjacent edges by one edge of
cost equal to the sum of the two edges. If v is a leaf, it can be removed without
affecting the optimal solution (cf. [7] for Darp on trees).

If G[E] is a path it is easy to see that we can make an even stronger assump-
tion without loss of generality (cf. [3] for Darp on paths):

Assumption 6 (Technical assumption for Fifo-Darp on paths). Each
vertex v ∈ V is incident to at least one arc from A.

Assumption 7 (Technical assumption for Fifo-Darp on general graphs).
(i) Each vertex v ∈ V is incident to at least one arc from A.
(ii) G[E] is complete and the cost function c obeys the triangle inequality,

i.e., for any edge [u, v] ∈ E the cost c(u, v) does not exceed the length of
a shortest path in G[E] between u and v.

Note that Assumption 7 can be enforced without increasing the value of an
optimal solution. If the start vertex o is not incident to any arc from A we can
add a new vertex o′, a new arc (o, o′) and a new edge [o, o′], each of cost zero.
The new vertex o′ is joined by undirected edges to all neighbors v of o. The cost
of an edge [o′, v] is set to c(o, v). We can then remove vertices which are not
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incident on an arc. For every pair u and v of vertices we insert new edges of cost
equal to the shortest path in G[E] between u and v. (cf. [8] for Darp).

Notice that Assumption 7 can not be made without loss of generality for
Fifo-Darp on trees, since removing vertices and later completing the graph as
described in general destroys the “tree-property”.

An important concept for tackling Fifo-Darp on paths and trees is that of
balancing.

Definition 8 (Balancing set). Let G = (V, E, A) be a mixed graph. A mul-
tiset B ⊆ A(E) of arcs is called a balancing set if in H = G[A ∪ B] we have
d+

H(v) = d−H(v) for all vertices v of H.

Suppose that G[E] is a tree and that Assumption 5 is satisfied. Any edge
[x, y] ∈ E defines a partition V = X∪Y of the node set. The cut (X, Y ) must be
traversed by a closed walk W traversing each arc the same number of times in
each direction. Denote by φ(X, Y ) := |{ (x, y) ∈ A | x ∈ X, y ∈ Y }| the number
of arcs emanating from X . Hence, W must traverse edge [x, y] from x to y at
least b(x, y) times, where

b(x, y) :=




1 if φ(X, Y ) = φ(Y, X) = 0
φ(Y, X)− φ(X, Y ) if φ(Y, X) > φ(X, Y )
0 otherwise.

This observation has the following consequence for the graph augmentation ver-
sion: If B ⊆ A(E) is a multiset of arcs such that B contains exactly b(x, y) copies
of the directed arc (x, y), then there is at least one optimal solution S∗ such that
B ⊆ S∗. This yields the following lemma which is proved in [3,7].

Lemma 9. Let (G, c, o) be an instance of Darp such that G[E] is a tree. Then
in time O(nmA) one can find a balancing set B ⊆ A(E) such that B ⊆ S∗ for
some optimal solution S∗. ut

Notice also that Lemma 9 remains valid even in the presence of FIFO-orders.
As is also shown in [3,7] the time bound of O(nmA) can be improved to O(n +
mA) by allowing balancing arcs to be from V × V instead of just A(E) (which
does not change the problem: the cost function c is extended from A(E) to V ×V
by the length of shortest paths).

4 Euler Tours Respecting FIFO-Orders

Let C be an Eulerian cycle starting at o in a connected directed graph. We
define the set of last arcs of C, denoted by L, to contain for each vertex v ∈ V
the unique arc emanating from v which is traversed last by C. Observe that L
contains a directed spanning tree rooted towards o.

Let ≺ be a FIFO-order. We denote the set of maximal elements with respect
to ≺ by M≺, that is, M≺ := { a ∈ A : there is no arc a′ such that a ≺ a′ }.
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Definition 10 (Possible set of last arcs). Let H = (V, R) be a directed graph
and o ∈ V be a distinguished vertex. A set L ⊆ R is called a possible set of last
arcs, if it satisfies the following conditions:

(i) d+
L(v) = 1 for all v ∈ V , and

(ii) for each v ∈ V there is a path from v to o in H [L].

Theorem 11. Let H = (V, R) be a directed Eulerian graph with distinguished
vertex o ∈ V and let L ⊆ R be a possible set of last arcs.

(i) There exists an Eulerian cycle C in H such that for each vertex v ∈ V
the (unique) arc from L emanating from v is traversed last at v by C.

(ii) Let ≺ be any FIFO-order with L ⊆ M≺. Then there exists a ≺-respecting
Eulerian cycle with start o in H. This cycle can be found in time
O(|V |+ |R|).

Proof. We first show (i). Color the arcs from L red and the arcs in R \ L blue.
We claim that by the following procedure we construct an Eulerian cycle C
in H with the desired properties. Start with current vertex o. If possible, choose
an arbitrary (but yet untraversed) blue arc emanating from the current vertex,
otherwise choose the red arc. Traverse the arc, let its target be the new current
vertex, and repeat the iteration. Stop, if there is no untraversed arc emanating
from the current vertex. Call the resulting path of traversed arcs C. Since H
is Eulerian by assumption, for each vertex its in-degree equals its out-degree.
Therefore, C must end in the origin o and forms in fact a cycle.

We show that there is no arc in H which is not traversed by C. For a node
v ∈ V , let dist(v, o) be the distance (i.e., the number of arcs) on the shortest
path from v to o in the subgraph H [L]. We show by induction on dist(v, o) that
all arcs emanating from v are contained in C.

If dist(v, o) = 0 then v = o. Since our procedure stopped, all arcs emanating
from o are contained in C. This proves the induction basis. Assume that the claim
holds true for all vertices with distance t ≥ 0 and let v ∈ V with dist(v, o) = t+1.
Let a = (v, w) be the unique red arc emanating from v. Then dist(w, o) = t
and by the induction hypothesis all arcs emanating from w are contained in C.
For d+

H(w) = d−H(w), it follows that all arcs entering w, in particular arc a, are
also contained in C. Since red arc a is chosen last by our procedure, all other
arcs emanating from v must be contained in C. This completes the induction.
Hence, C is actually an Eulerian cycle with the claimed properties.

We proceed to show (ii). Analogously to (i) construct a Eulerian cycle with
the sole difference that at each node v we choose the next arc according to the
≺-constraint at v. Since by assumption L ⊆ M≺ this yields a valid ≺-respecting
Eulerian cycle with start o. ut

Corollary 12. Let H = (V, R) be a graph, o ∈ V and ≺ a FIFO-order. Then
the following two statements are equivalent:

1. H is ≺-Eulerian with start o.
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2. H is Eulerian and the set M≺ of maximal elements with respect to ≺ contains
a possible set of last arcs. ut
Observe that Corollary 12 in fact implies a polynomial time algorithm for

deciding whether a given graph H is ≺-Eulerian with start o. Provided H is
Eulerian it suffices to check whether the subgraph formed by the arcs from M≺
contains a directed spanning tree D rooted towards o (which can be done in
linear time). Adding to D an arbitrary arc from Ao ∩M≺ then yields indeed a
possible set of last arcs.

5 A Polynomial Time Algorithm for Fifo-Darp on Paths

Let G = (V, E, A) be a mixed graph such that G[E] is a path. We assume
throughout this section that Assumption 6 holds.

Lemma 13. The set B∪N returned by Algorithm Alg-Path is a feasible solution
for Fifo-Darp, i.e., G[A ∪B ∪N ] is ≺-Eulerian with start o.

Proof. Since G[A∪B] is degree balanced and N consists of pairs of anti-parallel
arcs, even G[A∪B∪N ] is degree balanced. By construction, it contains a directed
spanning tree rooted towards o. Hence it is strongly connected and Eulerian.

The set L of arcs determined in Step 6 is clearly a possible set of last arcs.
The claim now follows from Theorem 11 (ii). ut

Theorem 14. Algorithm Alg-Path finds an optimal solution.

Proof. Let S∗ be an optimal solution such that B ⊆ S∗. By feasibility of S∗ the
graph G[A ∪ S∗] is ≺-Eulerian with start o.

Consider the multi-set Z := (A ∪ S∗) \ (A ∪ B) = S∗ \ B. Since G[A ∪ B]
and G[A∪S∗] = G[A∪B ∪Z] are degree balanced and Z ∩ (A∪B) = ∅, we can
decompose the set Z into arc disjoint cycles. Since Z consists of (multiple copies
of) arcs from A(E) and G[E] is a tree it follows that r ∈ Z implies that r−1 ∈ Z.

Let C be a ≺-respecting Eulerian cycle in G[A ∪ S∗] and let L be its last
set of arcs. Notice that L ⊆ B ∪M≺ ∪ Z, where M≺ is defined in Step 2 of the
algorithm. The set L must contain a directed spanning tree D′ rooted towards o.
We partition D′ into the sets D′

B∪M≺ := D′ ∩ (B ∪ M≺) and D′
Z := D′ ∩ Z.

Thus, c′(D′
B∪M≺) = 0 and c′(D′

Z) = c(D′
Z). Since we have seen that for each

arc r ∈ Z also its anti-parallel version r−1 ∈ Z (and D′
Z does not contain a pair

of anti-parallel arcs) we get that

c(Z) ≥ 2c(D′
Z) = 2c′(D′

Z) + 2c′(D′
B∪M≺) = 2c′(D′) ≥ 2c′(D). (1)

Here, D is the directed spanning tree of minimum weight computed in Step 4.
The set N computed in Step 5 has cost

c(N) = 2c(D \ (B ∪M≺)) = 2c′(D \ (B ∪M≺)) = 2c′(D)
(1)

≤ c(Z). (2)
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Input: A mixed graph G = (V, E, A), such that G[E] is a path, a cost function c
on E, an initial vertex o ∈ V , and a FIFO-order ≺

1 Compute a balancing set B ⊆ A(E) such that B ⊆ S∗ for some optimal solu-
tion S∗.

2 Let M≺ be the set of maximal elements with respect to ≺.
3 Set H = G[B ∪M ∪A(E)] with cost function c′ on the arcs defined by

c′(r) =

(
0 if r ∈ B ∪M≺
c(r) if r ∈ A(E) \ (B ∪M≺)

4 Compute a directed spanning tree D rooted towards o of minimum weight c′(D)
in G[B ∪M≺ ∪A(E)].

5 Set N := ∅. For each directed arc r ∈ D which is not in B ∪M≺, add r and its
anti-parallel r−1 to N .

6 Define L := D ∪ {r}, where r is an arbitrary arc from Ao ∩ (M≺ ∪B)
fNotice that such an arc must exist since o is source or target of at least one job

and G[A ∪ B] is degree-balanced.g
7 Use the method from Theorem 11 to find a ≺-respecting Eulerian cycle C with

start o in G[A ∪ B ∪N ] such that L is the last set of arcs of C.
8 return the set B ∪N and the cycle C.

Algorithm 1: Algorithm Alg-Path for Fifo-Darp on paths.

Using this result yields that

c(A ∪B ∪N) = c(A ∪B) + c(N) = c(A ∪ (S∗ \ Z)) + c(N)
(2)

≤ c(A ∪ (S∗ \ Z)) + c(Z) = c(A ∪ S∗).

Thus, B ∪N is an optimal solution as claimed. ut
We briefly comment on the running time of Algorithm Alg-Path. A balancing

set B can be found in time O(nmA) by techniques as shown in [3]. As noted
before this time bound can be improved to O(n + mA) by allowing balancing
arcs to be from V × V instead of just A(E). A rooted spanning tree of mini-
mum weight in a graph with n vertices and m arcs can be computed in time
O(min{m logn, n2}) by the algorithm from [12]. Thus Algorithm Alg-Path can
be implemented to run in time O(n + mA + min{(mA + n) log n, n2}).

6 An Approximation Algorithm for General Graphs

In this section we present our approximation algorithm for Fifo-Darp on gen-
eral graphs. The algorithm uses ideas similar to the ones in [8]. In this section
we will assume tacitly that Assumption 7 is satisfied.

Our algorithm actually consists of two different sub-algorithms, Alg-TSP and
Alg-Last-Arcs, which are run both and the best solution is picked. The first sub-
algorithm, Alg-TSP, is extremely simple: It computes a shortest tour which visits
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Input: A mixed graph G = (V, E, A), a cost function c on E, an initial
vertex o ∈ V , and a FIFO-order ≺

1 Let Vs be the set of vertices which are sources of arcs from A.
2 Compute a complete undirected auxiliary graph U with vertex set Vs. The weight

d(v, w) of edge [v, w] is set to be the length of a shortest path in G[E] from v
to w.

3 Find an approximately shortest TSP tour P in U starting and ending in o. Let the
order in which the vertices of V are visited by P be v0 = o, v1, . . . , v|Vs|, v|Vs|+1 =
o.

4 Construct a feasible tour C for Fifo-Darp as follows:
5 Start with the empty tour C.
6 for i := 0, . . . , |Vs| do
7 Let {a1, . . . , ak} ← Avi . Set C ← C+(a1, p1, . . . , ak, pk), where pj is a shortest

path in G[E] from the endpoint of aj to vi.
8 Append to C the shortest path in G[E] from vi to vi+1.
9 end for

10 Let S be the multi-set of directed edges used in C which are not contained in A.
11 return the set S and the cycle C.

Algorithm 2: TSP-based Approximation Algorithm Alg-TSP for Fifo-Darp.

Input: A mixed graph G = (V, E, A), a cost function c on E, an initial
vertex o ∈ V , and a FIFO-order ≺

1 Compute a balancing multiset B ⊆ A(E) of minimum cost.
2 Follow steps 2 to 7 of Algorithm Alg-Path to compute a set N of arcs and a
≺-respecting Eulerian cycle C with start o.

3 return the set B ∪N and the cycle C

Algorithm 3: Algorithm Alg-Last-Arcs “mimicking” the algorithm for paths.

each vertex from which emanates an arc at least once. Then, it uses this TSP-
tour to obtain a feasible solution for Fifo-Darp in the most obvious way. The
algorithm is displayed in Algorithm 2.

Lemma 15. If in Step 3 a ρTsp-approximation algorithm for computing a TSP-
tour is employed, then Alg-TSP finds a solution of cost at most ρTsp·OPT+2c(A).

Proof. Let S∗ be an optimum augmenting set and C∗ be a ≺-respecting Eulerian
cycle in G[A ∪ S∗] starting at o. Since C∗ visits all vertices from Vs, the length
of C∗ (which equals OPT) is at least that of a shortest TSP-tour on the ver-
tices Vs. Thus, the tour computed in Step 3 will have length at most ρTsp ·OPT.
The additional cost incurred in Step 7 is not greater than 2c(A), since each path
added has weight not greater than the corresponding arc from A. ut

Our second algorithm, Alg-Last-Arcs, is based on similar ideas as the algo-
rithm from Section 5 for paths and is shown in Algorithm 3.



Euler Is Standing in Line 51

By a proof similar to Lemma 13 it follows that the set B ∪ N found by
Algorithm Alg-Last-Arcs is indeed a feasible solution.

Lemma 16. The balancing set B found in Step 1 of algorithm Alg-Last-Arcs has
cost at most OPT− c(A). Step 1 can be accomplished in the time needed for one
minimum cost flow computation on a graph with n vertices and 2mE arcs.

Proof. Let S∗ ⊆ A(E) be an optimal solution, i.e., an augmenting (multi-) set of
arcs from A(E) with minimum cost. Then the graph G[A∪S∗] is ≺-Eulerian with
start o. Thus, the addition of the arcs from S∗ turns G Eulerian, in particular
degree balanced. Thus, the cost c(S∗) = OPT−c(A) is at least that of a minimum
cost set B ⊆ A(E) which achieves the degree balance.

Step 1 can be carried out by performing a minimum cost flow computation in
the auxiliary graph F = (V, A(E)). A vertex v has charge d−G(v)−d+

G(v) and the
cost of sending one unit of flow over arc r ∈ A(E) equals its cost c(r). We then
compute an integral minimum cost flow in F . If the flow on an arc r is t ∈ N,
we add t copies of arc r to the set B. ut

Lemma 17. The cost of N computed by Alg-Last-Arcs is at most 2(OPT−c(A)).

Proof. The proof of the lemma is similar to the one for Theorem 14. The major
difference is that in general we can not assure that the balancing set B computed
in Step 1 is a subset of an optimal solution.

Let S∗ be again an optimal augmenting set and L be the set of last arcs of a
≺-respecting Eulerian cycle in G[A ∪ S∗]. We can find a directed spanning tree
rooted towards o in L. The only arcs from A that L can contain are those from
the set M≺. Thus L \ (A ∪ B) = L \ (M≺ ∪ B). Similar to Theorem 14 we can
now conclude that

OPT− c(A) = c(S∗) ≥ c(L \ (A ∪B)) = c(L \ (M≺ ∪B)) = c′(L) ≥ c(N)/2.

This shows the claim. ut

Corollary 18. Alg-Last-Arcs finds a solution of cost at most 3 ·OPT− 2c(A).

We are now ready to combine our algorithms into one with an improved
performance guarantee. The combined algorithm Alg-Combine simply runs both
algorithms and picks the better solution.

Theorem 19. Algorithm Alg-Combine has a performance of 1
2 (ρTsp + 3).

Proof. Let β := 4
3−ρTsp

. If OPT ≤ βc(A), then the solution returned by Alg-TSP
has cost at most

(ρTsp + 2/β)OPT =
(

ρTsp + 2
3− ρTsp

4

)
OPT =

ρTsp + 3
2

·OPT.
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If OPT > βc(A), then the cost of the solution found by Alg-Last-Arcs is bounded
from above by

(3 − 2/β)OPT =
(

3− 2
3− ρTsp

4

)
OPT =

ρTsp + 3
2

·OPT.

This shows the claim of the theorem. ut
Using Christofides’ algorithm [4] with ρTsp = 3/2 results in a performance

guarantee of 3/4 + 3/2 = 9/4 for algorithm Alg-Combine.

Corollary 20. There is an approximation algorithm for Fifo-Darp with per-
formance 9/4. This algorithm can be implemented to run in time O(max{n3 +
mAmE + mAn log n, m2

E log n + mEn log2 n}).
Proof. The performance has already been proved. The running time of Algo-
rithm Alg-TSP is dominated by that of Christofides’ algorithm, which can be
implemented to run in time O(n3), and the time needed for the addition of the
paths in Step 7 which can be done in total time O(mAmE + mAn log n). The
running time of Alg-Last-Arcs is dominated by the minimum cost flow compu-
tation which can be accomplished in time O(m2

E log n + mEn log2 n) by using
Orlin’s enhanced capacity scaling algorithm [1]. ut

7 Improved Approximation Algorithm on Trees

For graph classes where the TSP can be approximated within a factor better
than 3/2, the performance improves over the one stated in Corollary 20. In
particular, for trees where the TSP can be solved in polynomial time Theorem 19
already implies a 2-approximation algorithm. However, we can still improve this
performance guarantee.

Theorem 21. There exists a polynomial time approximation algorithm for
Fifo-Darp on trees with performance 5/3. This algorithm can be implemented
to run in time O(nmA + n2 log n).

Proof. Our algorithm for trees uses a modified version of Alg-Last-Arcs. We defer
removal of the vertices in V which are neither start nor endpoint of an arc from A
and the completion of G via shortest paths until after the (modified) balancing
step. The balancing step Step 1 of Alg-Last-Arcs is modified so that we find a
balancing subset B ⊆ S∗ as in Lemma 9. After the balancing we remove all
vertices which are not incident to the arcs in A ∪B and continue with Alg-Last-
Arcs from Step 2 on.

Let I = (G = (V, E, A), c, o,≺) be the original instance given such that G[E]
is a tree. We can consider the instance I ′ = (G = (V, E, A∪B), c, o,≺) of Fifo-
Darp (still on a tree) which results from adding the balancing arcs B as new
transportation jobs. Since any feasible solution to I will have to use the arcs
from B anyway (cf. Lemma 9), we get that OPT(I) = OPT(I ′).
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Now look at the instance I ′′ of Fifo-Darp which is obtained by removing
vertices and completing G along shortest paths as in our algorithm. It is easy
to see that OPT(I ′′) = OPT(I ′). Notice also that we can transform any feasible
solution of I ′′ to a feasible solution of I ′ (by replacing arcs not in A(E) by
shortest paths). Let S∗ and S′′ be optimal solutions for I and I ′′, respectively.
Define Z := S∗ \ B and Z ′′ := S′′ \ B. Since OPT(I) = c(A ∪ B) + c(Z) =
OPT(I ′′) = c(A ∪B) + c(Z ′′), we have that c(Z) = c(Z ′′).

Let A∪B∪N be the solution found by the modified version of Alg-Last-Arcs.
Then, using the arguments of Lemma 17 we get that

c(A ∪B ∪N) = c(A ∪B) + c(N) = c(S∗)− c(Z) + c(N)
≤ c(S∗)− c(Z) + 2c(Z ′′) ≤ c(S∗) + c(Z)
= 2 ·OPT(I)− c(A).

As noted before, Alg-TSP finds a solution of cost at most OPT + 2c(A), since
we can solve the TSP on the tree G[E] in polynomial time. We can estimate
the cost of the best of the two solutions returned by Alg-TSP and the modified
Alg-Last-Arcs by the techniques from Theorem 19 where this time β = 3. This
yields a performance of 5/3 as claimed.

The time bound for the algorithm is derived as follows: We can solve the
TSP on the metric space induced by G[E] in time O(n). We then root the tree
G[E] at an arbitrary vertex. With O(n) preprocessing time, the least common
ancestor of any pair of vertices can be found in constant time (see [10,11]). Thus,
we can implement Alg-TSP in such a way that the invocations of Step 7 take
total time O(nmA). This means that Alg-TSP can be implemented to run in
time O(nmA).

The balancing in the modified version of Alg-Last-Arcs can be accomplished
in time O(n + mA). Completion of the graph by computing all-pairs shortest
paths can be done in time O(nmE +n2 log n) = O(n2 log n) [5,1]. All other steps
can be carried out in time O(n2) where again the algorithm from [12] is employed
for computing a minimum weight directed spanning tree. ut
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Abstract. The shortest common superstring problem (SCS) is known
to be NP-hard and APX-hard. The APX-hardness was proved for the
SCS in [BJLTY94], but the reduction used in that paper produces in-
stances with arbitrarily large alphabets. We show that the problem is
APX-hard even if the size of the alphabet is 2.
A lot of results concerning approximation algorithms have been pub-
lished. We use our result to establish the first explicit inapproximability
results for the SCS.

Keywords: Superstrings, approximability, APX-hardness, lower bounds

1 Introduction

The shortest common superstring problem (SCS) is to compute a shortest string
that contains every string in a given set of strings as a substring. The SCS is
NP-hard even if strong restrictions are made, for example:
(i) all strings are primitive (i.e. no character appears more than once in a string)
and of length H ≥ 3 [GMS80],
(ii) all strings have length 3 and the maximal orbit size is 8 (i.e. no character
appears more than 8 times) [Midd94],
(iii) all strings are of the form 10p10q, p, q ∈ IN [Midd98].

Furthermore, the problem was shown to be APX-hard in [BJLTY94]. The
L-reduction constructed in that paper produces SCS instances with arbitrarily
large alphabets. More precisely, a given instance of a special version of the TSP
(see below) with n vertices is transformed to an SCS instance over an alphabet
with 2n+ 1 characters.

We prove that the SCS is APX-hard even if the alphabet contains just 2
characters.

This result is of special interest since the SCS has important applications in
DNA sequencing [Li90]. In this context, an alphabet of size 4 is used, namely
{A,C,G, T }. The characters represent four different nucleotides, of which the

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 55–64, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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DNA molecules consist. Strings over this alphabet represent pieces of DNA
molecules, which have to be put together. The difficulty in DNA sequencing
is that the pieces are from several copies of the DNA molecule of interest such
that they may overlap. Furthermore, one has usually no idea from which part of
the molecule the pieces are.

The SCS also has applications in data compression as discussed in [Stor88].
A large amount of research work has been spent on approximation algorithms for
the SCS. We name only two examples for such results, which give the best known
upper bounds to date. [Swee99] gives an 2.5-approximation algorithm for shortest
superstrings w.r.t. the length measure (defined below). An 63

38 -approximation
algorithm w.r.t. the compression measure can be found in [KPS94].

Building on the work of [Eng99], our APX-hardness results imply the fol-
lowing inapproximability results. W.r.t. the length measure, the lower bound
1 + 1

17245 is established, and w.r.t. the compression measure the lower bound
1 + 1

11216 − ε (for every ε > 0) is proved.
The paper is organized as follows. We give some basic definitions in Section

2. We prove the APX-hardness result in Section 3 and derive the lower bounds
in Section 4.

2 Basic Definitions

Let Σ be an alphabet. For s ∈ Σ+, we use |s| to denote the length of s. Given
S ⊂ Σ+, we define the length of S as ‖S‖ =

∑n
i=1 |si|.

The SCS is the following NPO problem. The input consists of a non-empty
set Σ (the alphabet), n ∈ IN≥1 and a finite set S = {s1, . . . , sn} ⊂ Σ+. The
task is to compute a string w ∈ Σ+ such that each si ∈ S is a substring of
w, i.e. w = x∧si

∧y for some strings x, y. (We use the symbol ∧ to denote the
concatenation.) A solution w for S can be measured in two different ways: the
length measure and the compression measure. Let opt(S) denote the length of
shortest superstrings for S and let comp(S) abbreviate ‖S‖−opt(S). If the length
measure is used, one considers |w|

|wopt| as the approximation ratio of w, using the

compression measure means to consider comp(S)
‖S‖−|w| as the approximation ratio1.

Given strings s and t, we use pref(s, t) to denote the shortest string x such
that s = x∧u and t = u∧v for some strings u, v. |pref(s, t)| is called the distance
from s to t. The overlap of s and t (in this order), denoted by ov(s, t), is defined
as the longest string x such that s = u∧x and t = x∧v for some strings u, v.

The edge-weighted directed graph GO(S) = (V,E, o) with V = {1, . . . , |S|},
E = V 2 − I and o : E → IN defined by o(i, j) = |ov(si, sj)| is called the overlap
graph of S.
Let s1, . . . , sn be strings. Defining 〈s1, . . . , sn〉 as

pref(s1, s2)∧pref(s2, s3)∧. . .∧pref(sn−1, sn)∧sn

1 W.l.o.g. we assume ‖S‖ − |w| > 0.
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is a simple method of constructing superstrings. Note that for any SCS input
S = {s1, . . . , sn} there exists a permutation π : {1, . . . , n} → {1, . . . , n} such
that 〈sπ(1), . . . , sπ(n)〉 is an optimal solution for S. Similarly to the definition
of overlap graphs based on ov(·, ·), one can define distance graphs based on
pref(·, ·). Distance graphs fulfill the triangle inequality. Thus, optimal solutions
for the asymmetric TSP with triangle inequality yield solutions for the SCS,
which are at most min{|si| | si ∈ S} characters longer than opt(S). In [Turn89],
a relation between the SCS and the path version of the TSP is shown.

We need the notion of AP-reducibility in this paper. We use the one of
[CKST96]. Let A = (IA, solA,mA, typeA), B = (IB , solB,mB, typeB) be two
NPO problems where IA denotes the set of instances of A, solA(x) (x ∈ IA)
is the set of feasible solutions, mA(x, y) (y ∈ solA(x)) is the positive integer
measure of y, and typeA ∈ {max,min}.
A is said to be AP-reducible to B, if functions f , g, tf , and tg and a positive
constant α exist such that:
1. For any x ∈ IA and for any r > 1, f(x, r) ∈ IB is computable in time
tf (|x|, r).
2. For any x ∈ IA, for any r > 1, and for any y ∈ solB(f(x, r)), g(x, y, r) ∈
solA(x) is computable in time tg(|x|, |y|, r).
3. For any fixed r, both tf (·, r) and tg(·, ·, r) are bounded by a polynomial.
4. For any fixed n, both tf (n, ·) and tg(n, n, ·) are non-increasing functions.
5. For any x ∈ IA, for any r > 1, and for any y ∈ solB(f(x, r)), RB(f(x, r), y) ≤ r
implies RA(x, g(x, y, r)) ≤ 1 + α(r − 1). (RA and RB denote the approximation
ratios.)
The triple (f, g, α) is said to be an AP-reduction from A to B.

3 APX-Hardness

The goal of this section is to prove the APX-hardness of the SCS over alphabets
of size 2. We need the following definition.

Definition 1. (TSPZ(1, 2))
The TSP(1,2) is the special case of the TSP where all distances are either 1
or 2. We use TSPZ(1, 2) to denote the TSP(1,2) for directed graphs with the
following modifications:
(1) Every vertex is incident to at most 12 edges2 with the weight 1.
(2) For every vertex, there is at least 1 edge with weight 1 out of the vertex.
(3) The input graph has at least Z vertices (Z ∈ IN≥2).3

(4) The task is to compute a shortest Hamiltonian path.
W.l.o.g. we assume that TSPZ(1, 2) instances do not have reflexive edges.

2 We have to ensure that this definition gives an APX-hard problem. The APX-
hardness has been proved in [PY93] for undirected graphs with a degree of at most
6. By representing undirected edges with pairs of anti-parallel directed edges, we can
bound the degree in the directed case by 12.

3 This will be useful for the inapproximability results.
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Theorem 1. The SCS is APX-hard both w.r.t. the length measure and w.r.t. the
compression measure, even if the alphabet has size 2 and every string is of the
form 10m1n01m0n+410 or 01m0n10p1q01m0n10r1s01 with m,n, p, q,r, s ∈ IN≥2.
(We call this restricted version SCS2.)

Proof. The TSP(1,2) is known to be APX-hard even for the version TSPZ(1, 2)
[PY93,BJLTY94]. We modify the L-reduction from [BJLTY94], which produces
SCS instances with arbitrarily large alphabets, to get an AP-reduction from the
TSPZ(1, 2) to the SCS2.

The following definition provides the transformation from TSPZ(1, 2) in-
stances to SCS2 instances. The idea of this transformation is explained in the
example following the definition.

Definition 2. (trans(·))
We specify an TSPZ(1, 2) instance I by a directed graph G, which contains
precisely the edges with weight 1. All edges of I not contained in G have weight 2.
Let G = (V,E) be such an input for the TSPZ(1, 2), V = {v1, . . . , vn}. An
ordering for the edges out of a certain vertex can be achieved using the subscripts
of the destination vertices. We will use wv

j (1 ≤ j ≤ out(v)) to denote the jth
successor of v in this order where out(v) denotes the outdegree of v.

We use the alphabet {0, 1}. We will use vi (vi ∈ V ) to abbreviate 0n−i+21i+1

and v′i to abbreviate 1n−i+20i+5.
We define trans(G) as
{1vi0v′i10 | vi ∈ V } ∪ {0v′i1wvi

j 0v′i1w
vi

j+101 | vi ∈ V, 1 ≤ j ≤ out(vi)} ,

where subscript arithmetic is modulo out(vi)4.
For every vertex vi ∈ V we have a string 1vi0v′i10 (called connector or

conn(vi)) and out(vi) strings (called edge-strings) representing the edges out of
vi.

Observe that there is exactly one appearance of 101 in every connector and
there are exactly two appearances of 101 in every edge-string of trans(G). Fur-
thermore, trans(G) is substring free, i.e. no string in trans(G) is a substring of
another string in trans(G).

Example 1. 1

23

4

Figure 1 An TSPZ(1, 2) instance. The
graph contains only the edges with
weight 1

Let G = (V, E) denote the graph represented in Figure 1, V = {v1, v2, v3, v4}. The
connectors are:
conn(v1) = 1000001101111100000010 (string 1)
conn(v2) = 1000011101111000000010 (string 2)
conn(v3) = 1000111101110000000010 (string 3)

4 We use the following modified notation throughout the paper: x mod x = x,
(x + 1) mod x = 1
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conn(v4) = 1001111101100000000010 (string 4)
The edge-strings of v1 are:
011111000000100001110111110000001000111101 (string 5)
011111000000100011110111110000001001111101 (string 6)
011111000000100111110111110000001000011101 (string 7)
(Letters of successors of v1 (wv1

j , j = 1, . . . , 3) are written bold.)
The following figure shows GO(trans(G)). The vertices 8 to 12 correspond to the

edge-strings of v2, v3, and v4. The vertices of connectors are drawn big.
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Figure 2 GO(trans(G)), edges with
weight ≤ 2 are omitted. All dashed
edges have weight n+6 (n = |V | = 4)

The idea is that a superstring for trans(G) is short, if all strings related to a
vertex of the TSPZ(1, 2) instance appear successively in the string. Disturbing
overlaps are avoided with the following method. There are only two positions in
every connector and four positions in every edge-string with ”fast changes”, i.e.
positions where 101 or 010 appear as substrings.

In the figure above, the following order of vertices defines a Hamiltonian
path with maximal total weight: (1, 6, 7, 5,3, 10, 11,2, 9, 8,4, 12). This path cor-
responds to the optimal solution (1, 3), (3, 2), (2, 4) for the TSPZ(1, 2) instance
specified by G.

Lemma 1. Let G = (V,E) specify an instance of TSPZ(1, 2).

1. Given a Hamiltonian path of weight |V | − 1 + k for the instance specified
by G, a superstring for trans(G) of length 2|V |2 + 2|V ||E| + (13 + k)|V | +
12|E|+ 5k + 6 (we use f(k) to abbreviate this) is computable in polynomial
time.

2. Given a superstring for trans(G) of length f(k) (k ∈ IN), a Hamiltonian path
of weight at most |V | − 1 + k for the instance specified by G is computable
in polynomial time.

3. Given a superstring for trans(G) shorter than f(k) (k ∈ IN), a Hamiltonian
path of weight at most |V | − 2 + k is computable in polynomial time.

Proof of Lemma 1.
1.) W.l.o.g. we assume (v1, v2), . . . , (vn−1, vn) is a Hamiltonian path with weight
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|V |−1+k (V = {v1, . . . , vn}). Thus, exactly k edges of weight 2 are used in this
path. Let i ∈ IN with 1 ≤ i ≤ n. If i < n and (vi, vi+1) ∈ E (i.e. the edge has
weight 1), then let j ∈ IN such that vi+1 is the jth successor of vi. Otherwise,
let j = 1. Obviously, the string

〈1vi0v′
i10, 0v′

i1wvi
j 0v′

i1wvi
j+101, 0v′

i1wvi
j+10v′

i1wvi
j+201, . . . , 0v′

i1wvi
j−10v′

i1wvi
j 01〉 ,

is a superstring of the strings of trans(G) which are related to vertex vi. (Sub-
script arithmetic is modulo out(vi).) We call this string string(vi). By adding
up the distances from the left to the right and adding the length of the last
string, we see that the length of this string is (n + 4) + (out(vi) − 1)(2 + (n +
3)+ (n+7))+ (6+ 2(n+3)+ 2(n+7)) = (2 · out(vi) + 3)|V |+12 · out(vi) + 18.
Thus, constructing such a string for each vertex and concatenating these strings
yields a string, which is a superstring for trans(G) and has the length

∑n
i=1((2 ·

out(vi) + 3)|V |+ 12 · out(vi) + 18) = 3|V |2 + 2|V ||E|+ 18|V |+ 12|E|.
For every edge (vi, vi+1) with weight 1, since vi+1 = wvi

j (j as above) and
string(vi+1) starts with conn(vi+1), 〈string(vi), string(vi+1)〉 is shorter than
string(vi)∧string(vi+1) by |V |+ 6 letters.

For every edge (vi, vi+1) with weight 2, since the overlap of an edge-string
and a connector (in this order!) has length |V |+6 or 1, 〈string(vi), string(vi+1)〉
is shorter than string(vi)∧string(vi+1) by 1 letter. No edge-string of vi fits to
get the overlap |V |+ 6.

Thus,

|〈string(v1), . . . , string(vn)〉| =
2|V |2 + 2|V ||E|+ (13 + k)|V |+ 12|E|+ 5k + 6 = f(k) .

Obviously, this string can be computed in polynomial time, which completes
the proof of 1.

Similarly to [BJLTY94], we denote strings of the form

〈string(vπ(1)), . . . , string(vπ(n))〉
for some permutation π : {1, . . . , n} → {1, . . . , n} and arbitrary cyclic shifts of
the edge-strings as standard superstrings.

2.) Let u be a superstring for trans(G) with |u| = f(k). For every string s ∈
trans(G), there is a leftmost occurence of s in u. This defines an ordering, since
two different strings s, t ∈ trans(G) cannot have occurences in u starting at
the same position, because trans(G) is substring free. Thus, superstrings for
trans(G) with length A ∈ IN correspond to Hamiltonian paths in GO(trans(G))
with weight ‖trans(G)‖−A and vice versa. Let H denote the Hamiltonian path
in the graph GO(trans(G)), which corresponds to u, and w(H) its weight.

At first, we take a look at GO(trans(G)). As noticed above, in every connec-
tor there is exactly one occurence of 101 and in every edge-string of trans(G)
there are exactly two occurences of 101. We observe that the overlap of different
connectors has length 2. Two edge-strings, which are related to different vertices,
have an overlap of length 2. Moreover, the overlap of conn(vi) and an edge-string
(in this order!), which is not related to vi, has length 1. In case of an edge-string,
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which is related to vi, this overlap has length n+ 10. Finally, the overlap of an
edge-string and a connector (in this order!) has length n+ 6 or 1.

We will show that u can be transformed to a standard superstring which is
not longer than u.

If u is not a standard superstring, then we have an 1 ≤ i ≤ n such that, for
every cyclic shift of the edge-strings in string(vi), string(vi) is not a substring
of u.

Let H ′ denote the remainder of H after deleting every vertex (and the in-
cident edges), which is not a vertex of an edge-string of vi. Let k ∈ IN be the
number of connected components of H ′.
(cf. Example 1: If i = 1, then in Figure 2 the vertices of H ′ are 5, 6, and 7.)

We cut the subpaths of H , which correspond to the connected components
of H ′, out of H and we delete the edge out of the vertex of conn(vi) (if there is
one). After this, we delete all edges in these subpaths and connect the vertices of
strings related to vi in the way their strings are merged in string(vi) (arbitrary
cyclic shift of the edge-strings). Finally, we connect the resulting paths arbitrarily
to get a new Hamiltonian path P in GO(trans(G)).
We have to prove w(P ) ≥ w(H).

At first, let us assume that there is no edge in H out of the vertex of conn(vi)
to the beginning of one of the subpaths. Then, cutting out a subpath deletes
edges of weight at most n+ 8. If there is an edge out of the vertex of conn(vi),
its weight is at most 2. We added an edge from the vertex of conn(vi) to a vertex
of an edge-string of vi and we obtained (k − 1) more edges connecting vertices
of edge-strings of vi than there were before. Summarizing, w(P ) − w(H) ≥
(n+ 10) + (k − 1) · (2n+ 14)− 2− k(n+ 8) = k(n+ 6)− n− 6 ≥ 0.

If there is an edge in H out of the vertex of conn(vi) to an edge-string of vi,
then this edge is deleted and such an edge (possibly the same one) is added again
in the procedure above. Thus, we get analogously w(P )−w(H) ≥ (k − 1)(2n+
14)− (k− 1) · (n+8)− (n+6) ≥ 0 in the case k ≥ 2. If k = 1, then the choice of
i implies that there is at least one edge connecting vertices of edge-strings of vi

with weight 2. Therefore, we have w(P ) − w(H) ≥ (2n+ 14)− 2− (n+ 6) ≥ 0.
We obtained a new Hamiltonian path, which does not have a lower weight

than H , and the corresponding superstring has string(vi) as a substring. Note
that if for some 1 ≤ j ≤ n the vertices related to vj form a subpath of H and
they are in the order of their strings in string(vj) (with any cyclic shift of the
edge-strings), then this also holds for P .

Thus, repeating this step at most |V | times yields a solution for trans(G),
which is a standard superstring of length at most f(k).

This standard superstring corresponds to an order of the vertices of V . In
this order, we must add at most k edges to G to form a Hamiltonian path. Thus,
we have a solution for the TSPZ(1, 2) instance specified by G with a weight of
at most |V | − 1 + k.

Obviously, this solution can be computed in polynomial time.

3.) The proof of 2 gives a transformation from superstrings for trans(G) to
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Hamiltonian paths for the instance specified byG, which are induced by standard
superstrings. We call this transformation trans′(·, ·).

Given a superstring w for trans(G) shorter than f(k) for some k ∈ IN, the
standard superstring computed by trans′(·, ·) is also shorter than f(k). Since
every standard superstring has length f(l) for some l ∈ IN, this one has length
at most f(k − 1). Thus, trans′(G,w) is a solution for the TSPZ(1, 2) instance
specified by G of length at most |V | − 2 + k. ��

Proof of Theorem 1. (continued)
At first, we consider the length measure. We prove that (trans(·), trans′(·, ·),
15 + 96

Z ) is an AP-reduction from TSPZ(1, 2) to SCS2. Let G = (V,E) specify
an instance of TSPZ(1, 2), r > 1, and s be a superstring for trans(G) such that

|s|
opt(trans(G)) ≤ r holds. Let k ∈ IN be such that optimal solutions for the instance
specified byG have the weight |V |−1+k. Lemma 1 implies opt(trans(G)) = f(k).

Let l ∈ IN be such that f(l) ≤ |s| < f(l + 1). This implies f(l)
opt(trans(G)) ≤

r, which implies l − k ≤ (r−1)·f(k)
|V |+5 , and w(trans′(G, s)) ≤ |V | − 1 + l. Thus,

w(trans′(G,s))
opt(G) ≤ |V |−1+l

|V |−1+k = 1+ l−k
|V |−1+k ≤ 1 + (r−1)·f(k)

(|V |−1+k)·(|V |+5) .

Therefore, we have to bound f(k)
(|V |−1+k)·(|V |+5) with a constant. With |E| ≤

6 · |V | (see Definition 1), we have f(k)
(|V |−1+k)·(|V |+5) ≤ 15 + 96

Z , which completes
the proof w.r.t. the length measure.

Similarly, one can prove that (trans(·), trans′(·, ·), 12+ 85
Z ) is an AP-reduction

from the TSPZ(1, 2) to the SCS2 w.r.t. the compression measure. ��

4 Inapproximability Results

The result of [Eng99] combined with our reduction in Section 3 allow to derive
lower bounds for the SCS2.

In this section, we will use a more restricted version of the TSP(1,2). Let
TSP ∗

Z(1, 2) denote the TSPZ(1, 2), where the vertices are incident to at most 4
edges with the weight 1.

Theorem 2. The SCS2 is not approximable within 1 + 1
17245 w.r.t. the length

measure (unless P = NP ).

Proof. For every ε > 0, it is NP-hard to approximate the asymmetric TSP(1,2)
within 2805

2804−ε [Eng99]. We show that this result also holds for the TSP ∗
Z(ε)(1, 2)

for a sufficiently large Z(ε) (depending only on ε). We have to check the four
modifications made in Definition 1.
(1) The definition of the TSP ∗

Z(1, 2) does not allow vertices that are incident
with more than 4 edges of weight 1. In [Eng99], a reduction from E2-Lin(3) mod
2 to the TSP(1,2) is developed.5 All vertices of the graphs constructed by this
5 E2-Lin(3) mod 2 is the problem to maximize the number of satisfied equations in

a system of linear equations mod 2 with exactly two variables in each equation and
exactly three occurrences of each variable.
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reduction are incident with at most 4 edges of weight 1.
(2) The reduction by Engebretsen produces graphs such that for every vertex
there is at least one edge with weight 1 out of the vertex.
(3) The reduction in [Eng99] produces graphs with 25 · n vertices, given an E2-
Lin(3) mod 2 instance with 2 · n variables and 3 · n equations.
(4) Let G = (V,E) specify an TSP ∗

Z(1, 2) instance. Let Popt denote an opti-
mal Hamiltonian path for this instance, Copt an optimal Hamiltonian cycle, let
w(Popt) resp. w(Copt) denote their weights, and let P be a Hamiltonian path
satisfying w(P ) ≤ (1 + ε1) · w(Popt) for some ε1 > 0.
Obviously, the following inequalities hold:
w(Copt) ≥ w(Popt) + 1, w(Copt) ≥ |V |.
We have:
w(P ) + 2 ≤ (1 + ε1) · w(Popt) + 2 ≤ (1 + ε1 + 1

|V |) · w(Copt).
Thus, an (1 + ε1)-approximation for a shortest Hamiltonian path leads to an
(1 + ε1 + 1

|V | )-approximation for a shortest Hamiltonian cycle, and 1
|V | ≤

1
Z .

We have: For every ε > 0, it is NP-hard to approximate the TSP ∗
Z(1, 2) within

2805
2804 −

1
Z − ε.

Using the bound 4, one can prove analogously to the proof of Theorem 1 that
(trans(·), trans′(·, ·), 6.15 + 48

Z ) is an AP-reduction from the TSP ∗
Z(1, 2) to the

SCS2 w.r.t. the length measure. Thus, for every ε > 0 an (1+ ε)-approximation
for the SCS2 leads to an (1+ (6.15+ 48

Z ) · ε)-approximation for the TSP ∗
Z(1, 2).

Therefore, it is NP-hard to approximate the SCS2 within 1 + 1
17245 w.r.t. the

length measure. Just choose Z∗ such that 1
Z∗ < ε∗ (and therefore 48

17245·Z∗ < ε∗)
with ε∗ = 1

2 · (
1

2804 −
6.15

17245 ). ��

Theorem 3. For every ε > 0, the SCS2 is not approximable within 1+ 1
11216−ε

w.r.t. the compression measure (unless P = NP ).

Proof. Similarly to the proof of Theorem 1, one can prove that (trans(·),
trans′(·, ·), 4+ 29

Z ) is an AP-reduction from the TSP ∗
Z(1, 2) to the SCS2 w.r.t. the

compression measure. Thus, for every ε > 0, an (1 + ε)-approximation for the
SCS2 leads to an (1 + (4 + 29

Z ) · ε)-approximation for the TSP ∗
Z(1, 2).

We have: For every ε > 0, it is NP-hard to approximate the SCS2 within
1 + 1

11216 − ε w.r.t. the compression measure. ��

5 Conclusion

We have proved that the SCS is APX-hard even if the alphabet contains just two
characters. We used this result to derive explicit lower bounds. Any improvement
of the lower bound in [Eng99] would immediately imply an improvement of these
lower bounds.

The main open problem is the large remaining gap between the upper bounds
2.5 resp. 63

38 and our lower bounds 1 + 1
17245 resp. 1 + 1

11216 − ε.
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Abstract. In an edge modification problem one has to change the edge
set of a given graph as little as possible so as to satisfy a certain property.
We prove in this paper the NP-hardness of a variety of edge modifica-
tion problems with respect to some well-studied classes of graphs. These
include perfect, chordal, chain, comparability, split and asteroidal triple
free. We show that some of these problems become polynomial when the
input graph has bounded degree. We also give a general constant factor
approximation algorithm for deletion and editing problems on bounded
degree graphs with respect to properties that can be characterized by a
finite set of forbidden induced subgraphs.

1 Introduction

Problem Definition: Edge modification problems call for making small changes
to the edge set of an input graph in order to obtain a graph with a desired prop-
erty. These include completion, deletion and editing problems. Let Π be a family
of graphs. In the Π-Editing problem the input is a graph G = (V, E), and the
goal is to find a minimum set F ⊆ V × V such that G′ = (V, E4F ) ∈ Π , where
E4F denotes the symmetric difference between E and F . In the Π-Deletion
problem only edge deletions are permitted, i.e., F ⊆ E. The problem is equiva-
lent to finding a maximum subgraph of G with property Π . In the Π-Completion
problem one is only allowed to add edges, i.e., F ∩E = ∅. Equivalently, we seek
a minimum supergraph of G with property Π . In this paper we analyze edge
modification problems with respect to some well-studied graph properties.

Motivation: Graph modification problems are fundamental in graph theory.
Already in 1979, Garey and Johnson mentioned 18 different types of vertex and
edge modification problems [11, Section A1.2]. Edge modification problems have
applications in several fields, including molecular biology and numerical algebra.
In many application areas a graph is used to model experimental data, and then
edge modifications correspond to correcting errors in the data: Adding an edge
corrects a false negative error, and deleting an edge corrects a false positive error.
We summarize below some of these applications. Definitions of the graph classes
are given in Section 3.

Interval modification problems have important applications in physical map-
ping of DNA (see [5,8,12,14]). Depending on the biotechnology used and the kind

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 65–77, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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of experimental errors, completion, deletion and editing problem arise, both for
interval graphs and for unit interval graphs.

The chordal completion problem, which is also called the minimum fill-in
problem, arises when numerically performing a Gaussian elimination on a sparse
symmetric positive-definite matrix [30].

Chordal deletion problems occur when trying to solve the CLIQUE problem.
Some heuristics for finding a large clique (see, e.g., [33]) aim to find a maximum
chordal subgraph of the input graph, on which a maximum clique can be found
in polynomial time.

Previous Results: Strong negative results are known for vertex deletion
problems: Lewis and Yannakakis [24] showed that for any property which is non-
trivial and hereditary, the maximum induced subgraph problem is NP-complete.
Furthermore Lund and Yannakakis [26] proved that for any such property, and
for every ε > 0, the maximum induced subgraph problem cannot be approxi-
mated with ratio 2log1/2−ε n in quasi-polynomial time, unless P̃ = ÑP . (Through-
out we use n and m to denote the number of vertices and edges, respectively, in
a graph).

For edge modification problems no such general results are known, although
some attempts have been made to go beyond specific graph properties [3,10,2].
Most of the results obtained so far concerning edge modification problems are
NP-hardness ones. (For simplicity we shall often refer to the decision version of
the optimization problems). Chain Completion and Chordal Completion were
shown to be NP-complete in [34]. As noted in [12], the NP-completeness of
Interval Completion and Unit Interval Completion also follows from [34]. Inter-
val Completion was directly shown to be NP-complete in [11, problem GT35]
and [23]. Deletion problems on interval graphs and unit interval graphs were
proven to be NP-complete in [12]. Cograph Completion and Cograph Deletion
were shown to be NP-complete in [10]. Threshold Completion and Threshold
Deletion were shown to be NP-complete in [27]. Comparability Completion was
shown to be NP-complete in [17] and Comparability Deletion was shown to be
NP-complete in [35].

Much fewer results are known for editing problems: Chordal Editing was
proven to be NP-complete in [4]. The connected bipartite interval (caterpillar)
editing problem was proven to be NP-complete in [8]. Split Editing was shown
to be polynomial in [19].

Several authors studied variants of the completion problem, motivated by
DNA mapping, in which the input graph is pre-colored and the required super-
graph also obeys the coloring (see [5] and references thereof). Other biologically
motivated problems, called sandwich problems, seek a supergraph satisfying a
given property which does not include (pre-defined) forbidden edges. Polyno-
mial algorithms or NP-hardness results are known for many sandwich problems
[16,15,18,21]. Several results on the parametric complexity of completion prob-
lems were also obtained [22,7].

Approximation algorithms exist for several problems. In [28] an 8k approx-
imation algorithm is given for the minimum fill-in problem, where k denotes
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the size of an optimum solution. In [1] an O(m1/4 log3.5 n) approximation algo-
rithm is given for the minimum chordal supergraph problem (where one wishes
to minimize the total number of edges in the resulting graph). For the minimum
interval supergraph problem an O(log2 n) approximation algorithm was given
in [29]. In [8] it was shown that the minimum number of edge editions needed in
order to convert a graph into a caterpillar cannot be approximated in polynomial
time to within an additive term of O(n1−ε), for 0 < ε < 1, unless P=NP.

Contribution of this paper: In this paper we study the complexity of edge
modification problems on some well-studied classes of graphs. We show, among
other results, that deletion problems are NP-hard for perfect, chain, chordal,
split and asteroidal triple free graphs; and that editing problems are NP-hard
for perfect and comparability graphs. We also show that it is NP-hard to ap-
proximate comparability modification problems to within a factor of 18/17. The
reader is referred to Figure 1 which summarizes the complexity results for the
(decision version of) modification problems that we considered.

Positive complexity results are given for bounded degree input graphs: We
give a simple, general constant factor approximation algorithm for the deletion
and editing problems w.r.t. any hereditary property that is characterized by a
finite set of forbidden induced subgraphs. We also show that Chain Deletion and
Editing, Split Deletion and Threshold Deletion and Editing become polynomial
when the input degrees are bounded.

Organization of the paper: Section 2 contains simple basic results that
show connections between the complexity of related modification problems. Sec-
tion 3 contains the main hardness results. Section 4 gives the positive results on
bounded degree graphs. For lack of space, some proofs are omitted and many
corollaries are only alluded to in Figure 1.

2 Basic Results

In this section we summarize some easy observations on modification problems,
which will help us deduce complexity results from results on related graph fam-
ilies, and concentrate on those modification problems which are meaningful.

Definitions and Notation: All graphs in this paper are simple and contain
no self-loops. Let G = (V, E) be a graph. We denote its set V of vertices also
by V (G). We denote by G the complement graph of G, i.e., G = (V, Ē), where
Ē = (V ×V )\E. (Throughout, we abuse notation for the sake of brevity, and for
a set S we use S × S to denote {(s1, s2) : s1, s2 ∈ S, s1 6= s2}.) If G = (U, V, E)
is bipartite then its bipartite complement is the bipartite graph G = (U, V, Ē),
where Ē = (U × V ) \ E. For a subset A ⊆ V we denote by GA the subgraph
induced on the vertices of A. For a vertex v ∈ V we denote by N(v) the set of
vertices adjacent to v in G. For a vertex v 6∈ V we denote by G ∪ v the graph
obtained by adding v to G as an isolated vertex. We denote by G + v the graph
obtained from G by adding v and connecting it to every other vertex of G. For
a graph property Π the notation G ∈ Π indicates that G satisfies Π . For basic
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Fig. 1. The complexity status of edge modification problems for some graph classes.
A→B indicates that class A contains class B. The box to the left of each class
contains the status of the completion (top), editing (middle) and deletion (bottom)
problems. +: NP-hard, previously known; ++: NP-hard, new result; P: polynomial;
∗: not meaningful.
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definitions of graph properties and much more on the graph classes discussed
here see, e.g., [13,6].

Let Π be a graph property. If F is a set of non-edges such that G′ = (V, E ∪
F ) ∈ Π and |F | ≤ k, then F is called a k-completion set w.r.t. Π . k-deletion set
and k-editing set are similarly defined.

Basic Results: A graph property Π is called hereditary if when a graph G
satisfies Π every induced subgraph of G satisfies Π . Π is called hereditary on
subgraphs if when G satisfies Π , every subgraph of G satisfies Π . Π is called
ancestral if when G satisfies Π , every supergraph of G satisfies Π .

Proposition 1. If property Π is hereditary on subgraphs then Π-Deletion and
Π-Editing are polynomially equivalent, and Π-Completion is not meaningful.

Proposition 2. If Π is an ancestral graph property then Π-Completion and
Π-Editing are polynomially equivalent, and Π-Deletion is not meaningful.

Proposition 3. If Π and Π ′ are graph properties such that for every graph G
and a vertex v 6∈ V (G), G satisfies Π iff G ∪ v satisfies Π ′, then Π-Deletion is
polynomially reducible to Π ′-Deletion. If in addition, Π ′ is a property such that
G ∈ Π ′ implies G ∪ v ∈ Π ′, then Π-Completion (Π-Editing) is polynomially
reducible to Π ′-Completion (Π ′-Editing).

Proposition 4. If Π and Π ′ are graph properties such that for every graph G
and a vertex v 6∈ V (G), G satisfies Π iff G + v satisfies Π ′, then Π-Completion
is polynomially reducible to Π ′-Completion. If in addition, Π ′ is a property such
that G ∈ Π ′ implies G + v ∈ Π ′, then Π-Deletion (Π-Editing) is polynomially
reducible to Π ′-Deletion (Π ′-Editing).

For a graph property Π , we define the complementary property Π as follows:
For every graph G, G satisfies Π iff G satisfies Π . Some well known examples
are co-chordality and co-comparability.

Proposition 5. For every graph property Π, Π-Deletion and Π-Completion
are polynomially equivalent.

Proposition 6. For every graph property Π, Π-Editing and Π-Editing are poly-
nomially equivalent.

3 NP-Hard Modification Problems

3.1 Chain Graphs

A bipartite graph G = (P, Q, E) is called a chain graph if there is an ordering π
of the vertices in P , π : {1, . . . , |P |} → P , such that N(π(1)) ⊆ N(π(2)) ⊆ . . . ⊆
N(π(|P |)). Yannakakis introduced this class of graphs and proved that Chain
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Completion is NP-complete [34]. He also showed that G is a chain graph iff it
does not contain an independent pair of edges (an induced 2K2). In this section
we prove that Chain Deletion is NP-complete. This result will be the starting
point to many of our subsequent reductions.

Lemma 1. The bipartite complement of a chain graph is a chain graph.

Proof. The claim follows from the observation that the chain containment order
is reversed for the bipartite complement of a chain graph. 2

Corollary 1. Chain Deletion is NP-complete.

3.2 Perfect Graphs

A graph G = (V, E) is called perfect if for any induced subgraph H of G, χ(H) =
ω(H), where χ(H) denotes the chromatic number of H , and ω(H) denotes the
size of a maximum clique in H . It is easy to see that a perfect graph contains
no induced cycle of odd length.

Theorem 1. Perfect Completion is NP-hard.

Proof: Reduction from Chain Completion. Let < G = (P, Q, E), k > be an in-
stance of Chain Completion. Since Chain Completion is NP-hard even when the
input graph is connected [34], we can assume that the partition (P, Q) is known.
We build the following instance < P (G) = (N, E′), k > of Perfect Completion:
Define N = P ∪Q ∪ C, where

C = {v1
q1,q2,i, v

2
q1,q2,i, v

3
q1,q2,i : (q1, q2) ∈ Q×Q, 1 ≤ i ≤ k + 1} ,

and E′ = E ∪ (P × P ) ∪ E1, where

E1 = { (q1, v
1
q1,q2,i), (v

1
q1,q2,i, v

2
q1,q2,i), (v

2
q1,q2,i, v

3
q1,q2,i), (v

3
q1,q2,i, q2) :

(q1, q2) ∈ Q×Q, 1 ≤ i ≤ k + 1} .

We now prove the validity of the reduction.

⇒ Suppose that F is a chain k-completion set for G, that is G′ = (P, Q, E ∪F )
is a chain graph. We claim that F is also a perfect k-completion set for
P (G). Let K = (N, E′ ∪F ) and let H = (VH , EH) be any induced subgraph
of K. We have to show that ω(H) = χ(H). If EH = ∅ then H is trivially
perfect, since χ(H) = ω(H) = 1. We therefore assume that EH 6= ∅. Let
V1 = P ∩VH and let V2 = VH \V1. If |V1| = 0 we can color H with two colors
and ω(H) = χ(H). Otherwise, there are two cases to examine:
1. Suppose there is a vertex in V2 which is adjacent to all vertices in V1.

Then w(H) ≥ |V1|+1. We can color H with |V1|+1 colors in the following
way:
(a) Color the vertices of V1 with |V1| colors.
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(b) Color the vertices of Q with color number |V1|+ 1.
(c) Color all vertices of type v2

q1,q2,i with color number |V1|+ 1.
(d) Color all vertices of types v1

q1,q2,i and v3
q1,q2,i with color number |V1|.

Hence, χ(H) ≤ ω(H) and the claim follows (since always ω(H) ≤ χ(H)).
2. If no vertex in V2 is adjacent to all vertices in V1, then w(H) ≥ |V1| and

since G′ is a chain graph, there is a vertex p ∈ V1 such that no vertex in
V2 ∩Q is adjacent to p. We can color the vertices of H using |V1| colors
as follows:
(a) Color the vertices of V1 with |V1| colors.
(b) Color the vertices of V2 ∩Q with the color of p.
(c) Color the vertices of type v2

q1,q2,i with the color of p.
(d) Color the vertices of types v1

q1,q2,i and v3
q1,q2,i with any other color.

If |V1| > 1 we used |V1| colors. If |V1| = 1 we used two colors. In any
case, χ(H) = ω(H).

⇐ Suppose that F is a perfect k-completion set. Let F ′ = F ∩ (P ×Q). We will
show that G′ = (P, Q, E∪F ′) is a chain graph. Suppose to the contrary that
G′ contains a pair of independent edges (p1, q1), (p2, q2) such that p1, p2 ∈
P and q1, q2 ∈ Q. Since |F | ≤ k, there exists some 1 ≤ i ≤ k + 1 such
that the five edges (q1, v

2
q1,q2,i), (q1, v

3
q1,q2,i), (v

1
q1,q2,i, v

3
q1,q2,i), (v

1
q1,q2,i, q2) and

(v2
q1,q2,i, q2) are not in F . Hence, (N, E′ ∪ F ) contains an induced cycle of

odd length: If (q1, q2) ∈ F then {q1, v
1
q1,q2,i,v

2
q1,q2,i,v

3
q1,q2,i,q2} induce a cycle

of length 5. Otherwise, {p1, q1, v1
q1,q2,i,v

2
q1,q2,i,v

3
q1,q2,i, q2, p2} induce a cycle

of length 7. In any case we arrive at a contradiction. 2

The perfect graph theorem by Lovasz [25] states that the complement of a
perfect graph is perfect. Hence, we conclude that Perfect Deletion is also NP-
hard.

Theorem 2. Perfect Editing is NP-hard.

Proof. Reduction from Chain Completion. Let < G = (P, Q, E), k > be an
instance of Chain Completion. We build the following instance < P (G) =
(N, E′), k > of Perfect Editing: Define N = P ∪Q ∪C ∪D, where

C = {v1
q1,q2,i, v

2
q1,q2,i, v

3
q1,q2,i : (q1, q2) ∈ Q×Q, 1 ≤ i ≤ k + 1} ,

D = {w1
p,q,i, w

2
p,q,i, w

3
p,q,i : (p, q) ∈ (P × P ) ∪ E, 1 ≤ i ≤ k + 1} ,

and E′ = E ∪ (P × P ) ∪ E1 ∪ E2, where

E1 = { (q1, v
1
q1,q2,i), (v

1
q1,q2,i, v

2
q1,q2,i), (v

2
q1,q2,i, v

3
q1,q2,i), (v

3
q1,q2,i, q2) :

(q1, q2) ∈ Q×Q, 1 ≤ i ≤ k + 1} ,

E2 = { (p, w1
p,q,i), (q, w

1
p,q,i), (p, w2

p,q,i), (w
2
p,q,i, w

3
p,q,i), (w

3
p,q,i, q) :

(p, q) ∈ E ∪ (P × P ), 1 ≤ i ≤ k + 1} .

The validity proof is similar to that of Theorem 1 and is omitted. The additional
edges of E2 “protect” the edges in E ∪ (P × P ) and prevent their removal. 2
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3.3 Chordal Graphs

A graph is called chordal if it contains no induced cycle of length greater than
3. We show in this section that Chordal Deletion is NP-complete.

Theorem 3. Chordal Deletion is NP-complete.

Proof: The problem is in NP since chordal graphs can be recognized in linear
time [31]. We prove NP-hardness by reduction from Chain Deletion. Let < G =
(P, Q, E), k > be an instance of Chain Deletion. Build the following instance
< C(G) = (V ′, E′), k > of Chordal Deletion: Define V ′ = P ∪ Q ∪ VP ∪ VQ,
where VP = {v1, . . . , vk} and VQ = {vk+1, . . . , v2k}. Define E′ = E ∪ (P × P ) ∪
(Q × Q) ∪ (P × VP ) ∪ (Q × VQ). We show that the Chordal Deletion instance
has a solution iff the Chain Deletion instance has a solution.

⇒ Suppose that F is a chain k-deletion set. We claim that F is also a chordal
k-deletion set. Let H = (V ′, E′ \ F ). Suppose to the contrary that H is not
chordal, and let C be an induced cycle of length greater than 3 in H . If C
contains any vertex v ∈ VP then it must contain at least two vertices from
P , a contradiction. The same holds for VQ. Hence, C ∩ VP = C ∩ VQ = ∅.
Since P and Q are cliques, C must be of the form {p1, p2, q1, q2}, where
p1, p2 ∈ P and q1, q2 ∈ Q. But then (p1, q2) and (p2, q1) are independent
edges in (P, Q, E \ F ), a contradiction.

⇐ Suppose that F is a chordal k-deletion set. We will prove that F ∩ E is a
chain k-deletion set. Let G′ = (P, Q, E \F ). If G′ is not a chain graph then it
contains a pair of independent edges (p1, q1), (p2, q2), where p1, p2 ∈ P and
q1, q2 ∈ Q. In C(G), p1, p2 and also q1, q2 were connected by an edge and
k edge-disjoint paths of length 2. Hence, both pairs are still connected in
H = (V ′, E′ \ F ) and p1, q1, q2 and p2 are on an induced cycle of length at
least 4 in H , a contradiction. 2

3.4 Split Graphs

A graph G is called a split graph if there is a partition (K, I) of V (G), so that K
induces a clique and I induces an independent set. We prove that Split Deletion
is NP-complete. Since the complement of a split graph is a split graph, this result
implies that Split Completion is also NP-complete.

Theorem 4. Split Deletion is NP-complete.

Proof. Membership in NP is trivial. We prove NP-hardness by reduction from
CLIQUE. Let < G = (V, E), k > be an instance of CLIQUE. Build the following
instance < G′ = (V ′, E′), k2 = n2(n − k + 1) − 1 > of Split Deletion: Define
V ′ = V ∪W , where W = {w1, . . . , wn2+1}, and define E′ = E ∪ (V ×W ). If
G has a clique K of size at least k, then denote K ′ = K ∪ {w1} and partition
V ′ into (K ′, V ′ \ K ′). The number of edges that should be deleted from G′ so
that it becomes a split graph w.r.t. this partition is at most n2(n−k)+

(
n−k

2

)
<

n2(n−k+1). On the other hand, suppose that G′ has a k2-deletion set, resulting
in a split partition (K, I). If |K ∩V | < k then at least n2(n− (k−1)) > k2 edges
in (V \K)× (W \K) should have been deleted from G′, a contradiction. 2
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3.5 AT-Free Graphs

An asteroidal triple is a set of three independent vertices such that there is a
path between every pair of vertices which avoids the neighborhood of the third
vertex. G is called Asteroidal Triple free, or AT-free, if G contains no asteroidal
triple. Several families of graphs are asteroidal triple free, e.g., interval and co-
comparability graphs. For characterizations of AT-free graphs see cf. [9]. We
prove here that AT-free Deletion is NP-complete.

Theorem 5. AT-free Deletion is NP-complete.

Proof. The problem is clearly in NP. The hardness proof is by reduction from
Chain Deletion. Let < G = (U, V, E), k > be an instance of Chain Deletion.
Build the following instance < (V ′, E′), k > of AT-free Deletion: Define V ′ =
U ∪ V ∪ Vq ∪ Vw ∪ Vz , where Vq = {q1, . . . , qk}, Vw = {w1, . . . , wk+1} and Vz =
{z1, . . . , zk+1}. Define E′ = E ∪ (U × U) ∪ (U × Vq) ∪ (U × Vw) ∪ ((Vw ∪ Vz)×
(Vw ∪ Vz)). The validity proof is omitted. 2

3.6 Comparability Graphs

A graph is called a comparability graph if it has a transitive orientation of its
edges, that is, an orientation F for which (a, b), (b, c) ∈ F implies (a, c) ∈ F . We
show below that Comparability Editing is NP-complete. We also prove that it is
NP-hard to approximate comparability modification problems to within a factor
of 18/17.

Theorem 6. Comparability Editing is NP-complete.

Proof: Membership in NP is trivial. The hardness proof is by reduction from
MAX-CUT. Given a MAX-CUT instance < G = (V, E), k > we build a Com-
parability Editing instance < C(G) = (N, E′), k2 = |E| − k > as follows: Define
N = V ∪ {e1

u,v, e
2
u,v : (u, v) ∈ E}∪W , where W = {wv

i : v ∈ V, 1 ≤ i ≤ 2k2 + 1}.
Also define E′ = E1 ∪ E2, where

E1 = {(v, wv
i ) : v ∈ V, wv

i ∈W} ,

E2 = {(v, e1
v,w), (e1

v,w, e2
v,w), (e2

v,w, w) : (v, w) ∈ E} .

(for each (v, w) ∈ E the choice of which vertex to connect to e1
v,w is arbitrary).

In other words, we attach 2k2 + 1 private neighbors to each original vertex, and
replace each edge by a path of length three. The validity proof follows.

⇒ Suppose that (V1, V2) is a cut of weight at least k in G, i.e., |E∩(V1×V2)| ≥ k.
For each edge e = (v, w) ∈ ((V1 × V1) ∪ (V2 × V2)) ∩ E we remove the
edge (e1

v,w, e2
v,w) from its corresponding path in C(G). In total, we remove

k2 edges. We now give a transitive orientation to the resulting graph, thus
proving that it is a comparability graph. Orient each edge incident on v ∈ V1

out of v, and each edge incident on w ∈ V2 into w. For each edge (v, w) ∈
(V1 × V2) ∩ E, orient (e1

v,w, e2
v,w) from e2

v,w to e1
v,w.
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⇐ Suppose that F is a solution to the comparability instance, and let H =
(N, E′4F ) be the modified comparability graph. Let R be a transitive ori-
entation of H . For each vertex v ∈ V its private neighbors in N(v) ∩ W
ensure that either all edges incident on v are directed in R into v, or they
are all directed out of v. Define a partition (V1, V2) of V , in which v ∈ V1 iff
all edges incident on v are directed into v. We shall prove that the weight of
this cut is at least k. Since we modified at most |E| − k edges, there are at
least k paths in H of the form {v, e1

v,w, e2
v,w, w}, for some (v, w) ∈ E, such

that no edge in F is incident on any of those paths. For each such path, its
corresponding edge must be across the cut, as otherwise R could not have
been transitive. 2

A slight modification of the above reduction shows that if Comparability
Editing can be approximated with ratio 1 + θ then MAX-CUT can be approxi-
mated with ratio 1/(1−θ). In [32,20] it is shown that approximating MAX-CUT
to within a factor of 17/16 is NP-hard. We conclude:

Corollary 2. It is NP-hard to approximate Comparability Editing to within a
factor of 18/17.

We comment that our reduction from MAX-CUT applies also to Compa-
rability Completion and Comparability Deletion. Hence, it is also NP-hard to
approximate the completion and deletion problems to within a factor of 18/17.

4 Positive Results on Bounded Degree Graphs

We present below a constant factor approximation algorithm for the deletion and
editing problems on bounded degree graphs. The result applies to any hereditary
family which can be characterized by a finite set of forbidden induced subgraphs.
Examples include cographs and claw-free graphs. An analogous result for ver-
tex deletion problems was given by Yannakakis and Lund [26]. We also show
that for bounded degree graphs Chain Deletion and Editing, Split Deletion and
Threshold Deletion and Editing are polynomial.

Let Π be an hereditary graph property that can be characterized by a finite
set F of forbidden induced subgraphs. Let G = (V, E) be the input graph. We
assume that each forbidden subgraph contains at most t vertices and that G
has maximum degree d. In the following we further assume that no forbidden
subgraph contains an isolated vertex. The approximation algorithm follows.

1) A← ∅
2) While GV \A contains an induced subgraph H isomorphic to some F ∈ F ,

do: A← A ∪ V (H).
3) Remove all edges {(v, w) ∈ E : v ∈ A, w ∈ V } from G.

The algorithm is clearly polynomial since finding a forbidden induced sub-
graph with at most t vertices can be done in O(nt) time.
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Theorem 7. The algorithm approximates Π-Deletion and Π-Editing to within
a factor of td.

Proof. Correctness: After Step 2 is completed, GV \A contains no forbidden
induced subgraph. After Step 3 is completed, all vertices in A become isolated.
Since no forbidden induced subgraph contains an isolated vertex, at the end of
the algorithm G satisfies Π .

Approximation ratio: Let F be an optimum solution of size k. For any
forbidden induced subgraph H found at Step 2 of the algorithm, F must contain
an edge incident on H . Hence, at the end of the algorithm |A| ≤ kt, and at most
ktd edges are deleted from G. 2

It can be shown that our result extends for all hereditary properties that can
be characterized by a finite set of forbidden induced subgraphs.

In the following we give some polynomial results for edge modification prob-
lems on bounded degree graphs. These results are derived by observing that for
the properties in question the search space becomes bounded when the problem
is restricted to bounded degree graphs.

Theorem 8. Chain Deletion and Chain Editing are polynomially solvable on
bounded degree graphs.

Theorem 9. Split Deletion is polynomially solvable on bounded degree graphs.

Theorem 10. Threshold Deletion and Threshold Editing are polynomially solv-
able on bounded degree graphs.

5 Concluding Remarks

Most of the results obtained here and previously on edge modification problems
are hardness results. Proving a general hardness result similar to that obtained
for vertex deletion problems [24], is a challenging open problem.

The study of bounded-degree edge modification problems is still very pre-
liminary. Such restriction is motivated by some real applications (see, e.g., [21]).
Other realistic restrictions may be appropriate for particular problems. Studying
the parameterized complexity of the NP-hard problems is also of interest.

Like every attempt to organize a body of results into a table or a diagram,
Figure 1 immediately identifies numerous open problems. Many of those have
not been investigated yet, and we are in the process of studying some of them.
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Abstract We examine a network design problem under the reload cost
model. Given an undirected edge colored graph, reload costs arise at the
nodes of the graph and are depending on the colors of the pair of edges
used by a walk through the node.
In this paper we consider the problem of finding a spanning tree of min-
imum diameter with respect to the underlying reload costs. We present
hardness results and lower bounds for the approximability even on graphs
with maximum degree 5. On the other hand we provide an exact algo-
rithm for graphs of maximum degree 3.
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1 Introduction and Related Work

Network design problems are graph theoretic optimization problems which have
a wide area of applications. We consider a scenario where a bunch of different
providers runs a subnetwork each. The transportation costs inside of each sub-
network are negligible. Costs arise only at points where the underlying provider
changes.

This models situations such as cargo transportation by different means of
transportation where usually changing the carrier involves cost and time expen-
sive unloading and reloading of the goods. Another application is modeling the
costs arising in data networks. The cost and time needed for data conversion
at interchange points between incompatible subnetworks usually dominate the
costs arising by routing the information packets within each of the subnetworks.

We model the subnetworks by sets of edges of different colors in an edge
colored undirected graph. In our reload cost model, costs arise at each node,
and they depend on the pair of colors of the edges used by the walk through
that node. For practical applications it is useful to assume that the reload costs
satisfy the triangle inequality, since otherwise one could save costs by performing
more than one reload job at the same node.
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The problem investigated in this paper, Diameter-Tree, is to search for
a spanning tree of minimum diameter with respect to the underlying reload
costs. This is motivated by the fact that bounding the diameter is equivalent to
bounding the maximum cost which can arise for one single transportation order.

For general reload cost functions, we can show that Diameter-Tree is not
approximable within any constant factor even if restricted to graphs of maximum
node degree 5. If the reload cost function satisfies the triangle inequality, we give
a lower bound of 5 on the approximation factor on general graphs and a bound
of 3 on graphs with maximum degree 5. On the other hand, Diameter-Tree
can be solved exactly when restricted to graphs of maximum degree 3.

This problem is related to the minimum label spanning tree problem, which
was introduced by Chang and Leu [CL97]. Here the goal is to find a spanning
tree which uses as least as possible many different colors. In [KW98], the authors
give both a logarithmic approximation algorithm and a logarithmic lower bound
for the minimum label spanning tree problem.

The minimum diameter spanning tree problem on graphs with nonnegative
edge lengths has been examined by Hassin and Tamir [HT95]. The authors show
the equivalence to the absolute 1-center problem and use the work of Kariv
and Hakimi [KH79] to provide an algorithm with running time O(|E||V | +
|V |2 log |V |).

2 Preliminaries and Problem Formulations

Definition 1 (Reload cost function). Let X be a finite set of colors. A func-
tion c : X2 → N0 is called a reload cost function, if for all x1, x2 ∈ X

1. c(x1, x2) = c(x2, x1),
2. x1 = x2 =⇒ c(x1, x2) = 0,
3. x1 �= x2 =⇒ c(x1, x2) > 0.

If additionally for all x1, x2, x3 ∈ X,

4. c(x1, x3) ≤ c(x1, x2) + c(x2, x3),

the reload cost function is said to satisfy the triangle inequality.

A graph with reload costs is given by an undirected graph G = (V,E) (with
parallel edges allowed), a function χ : E → X coloring the edge set, and a reload
cost function c on the set X of colors. Notice that χ is not an edge coloring in
the classical sense, i.e., it does not imply that adjacent edges must have different
colors.

Reload costs on a path arise at nodes, where the colors of the edges used
by the path may change. A path of one edge only has reload costs zero. For a
path p = (e1, e2, . . . , ek) consisting of k > 1 edges, we have reload costs

c(p) :=
k−1∑

i=1

c(χ(ei), χ(ei+1))
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If there are no ambiguities, we use the shorter notation c(e, f) :=c(χ(e), χ(f))
throughout the paper.

Definition 2. Let G = (V,E, χ, c) be a graph with reload costs. Then, the in-
duced reload cost distance function is given by

dist c
G(v, w) := min{ c(p) | p is a path from v to w in G } .

In contrast, for an edge length function l : E → N0, the length of a path p is
given by l(p) :=

∑k
i=1 l(ei), and the induced length distance function is conse-

quently dist l
G(v, w) := min{ l(p) | p is a path from v to w in G }.

We are now ready to define the problem under study.

Definition 3 (Problem Diameter-Tree). An instance of problem
Diameter-Tree is given by a graph G = (V,E, χ, c) with reload costs. The
goal is to find a spanning tree T ⊆ E of the graph, such that the diameter with
respect to the reload costs

diamc(T ) := max
v,w∈V

distc
T (v, w)

is minimized among all spanning trees.

By∆-Diameter-Tree we denote the problem where the reload cost function
satisfies the triangle inequality.

A straightforward idea to deal with reload cost problems would be to trans-
form the graph to its line graph and map the reload costs to edge lengths in
the line graph. (The line graph of a graph G = (V,E) has node set E and an
edge (e1, e2) if and only if e1 and e2 are adjacent edges in G.) Unfortunately,
this approach does not work for trees because there is no relationship between
a spanning tree of a graph and a spanning tree of its line graph.

Let Π be a minimization problem. A polynomial running time algorithm A
is called an α-approximation algorithm for Π , if for each instance π of Π with
optimal solution OPT(π), the solution A(π) produced by the algorithm satisfies
A(π) ≤ α · OPT(π). A problem Π is called not approximable within α, if there
is no α-approximation algorithm unless P = NP.

3 Hardness Results

In this section we show that Diameter-Tree and even ∆-Diameter-Tree is
NP-hard and we provide inapproximability results. At the end we will show that
the hardness results extend to graphs where the node degree is bounded by 5. In
contrast, in section 4 we will give an exact algorithm for graphs with maximum
degree 3.

Theorem 1. Unless P = NP, Diameter-Tree is not approximable within any
constant factor.
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Proof. We perform a reduction from 3-sat [GJ79, Problem LO2]. An instance π
of 3-sat is given by a set A = {a1, a2, . . . , an} of variables and a set C =
{C1, . . . , Ck} of clauses over X . Each clause is of the form Ci = {li1, li2, li3},
where lij is a literal, i.e., a variable a or its negation ā. The goal is to find a
truth assignment satifying all clauses.

We now construct an instance π′ of Diameter-Tree. The construction of
the graph G = (V,E) is shown in Figure 1. We set V := {s} ∪ A ∪ C. For each
variable a ∈ A, we introduce two colors xa, x̄a representing the positive and
negative literal.

For each variable a ∈ A, insert two parallel edges between a and s of color xa

and x̄a, respectively. For each literal l of a clause C′ ∈ C, where l is the positive
or negative variable a, add an edge between nodes C′ and a of color l to the
graph. Let the reload cost function c be given as

c(l1, l2) :=






K, if l1 = l̄2,
0, if l1 = l2,
1, otherwise,

where K > 1 is some large constant. Informally, the reload costs are expensive
if two incident edges represent a variable and its negation, while they are low if
the edges represent different variables.

Assume that there is a spanning tree T of G such that each clause node C′

is connected by a path of cost < K to the root s. Then in T each variable
node is incident to edges of one color only. If there is a variable node a which
is not connected directly by one single edge to the root, choose the unique
edge e = (a, Cj) on the path from a to the root and replace e by the edge (a, s)
of the same color. This does not increase the path lengths to the root. At the
end, each clause node is connected to the root by a path of two edges of cost
zero. Since the tree still spans all clause nodes, the colors of the edges adjacent
to the root induce a valid assignment for π. Conversely, it is easy to see that a
valid solution for π can be used to construct a spanning tree with the property
that each clause node is connected by a path of cost zero to the root.

As a consequence, if π has a valid solution, then an optimum spanning tree
has diameter 1. On the other hand, the diameter is ≥ K+1 if π admits no valid
assignment.

Assume that there is an approximation algorithm for Diameter-Tree with
performance α. Choose K > α. Then the algorithm must solve the instance π′

exactly which is equivalent to solving 3-sat by our observations. 
�

To show a non-approximability result for∆-Diameter-Tree, we modify the
construction from above. We construct two identical copies G1, G2 of the graph
given above which are connected by identifying the root nodes. Now, if there is
a spanning tree of diameter < 2K + 1, then there must be one partial graph Gi

with the property that each clause node is connected to the root by a path of
cost < K. Conversely, if the underlying instance of 3-sat has a valid assignment,
then we can construct a spanning tree in the graph of diameter 1. By choosing
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variable nodes

root node

Ck � ā

s

clause nodes
Ci � a

a

Cj � a, ā

c̄a

ca

ca ca

c̄a
c̄a

Figure1. Reduction from 3-sat to ∆-Diameter-Tree used in the proof of
Theorem 1.

K = 2 the triangle inequality is satisfied. As a consequence, for α < 2K+1 = 5,
any α-approximation algorithm for ∆-Diameter-Tree must in fact solve the
underlying instance π′ exactly. This is summarized in the following corollary.

Corollary 1. Unless P = NP, ∆-Diameter-Tree is not approximable with
any factor α < 5. 
�

The hardness results from above remain to hold in a slightly weaker form
when restricted to graphs of bounded degree.

We modify the construction given in the proof of Theorem 1. The construc-
tion is illustrated in Figure 2. Consider variable a. Instead of connecting the
clause nodes directly to variable node a, we introduce auxiliary nodes which can
be connected to node a by a subgraph of maximum degree 5. To avoid a root
node of high degree, we choose a new color and replace the root by a suitable
(with respect to the degree bound) tree of edges of the new color. Notice that
the construction still can be done in polynomial time.

The new color yields an increase in the diameter of the optimal solutions. If
there is a valid solution to the instance of 3-sat, then there is a spanning tree of
diameter 2. Conversely, if the 3-sat instance admits no valid assignment, then
any spanning tree has diameter at least K + 2. This yields the following result:

Corollary 2. Unless P = NP, Diameter-Tree is not approximable within
any constant factor, even when restricted to graphs of maximum degree 5. 
�

By setting K = 2, the triangle inequality is satisfied. Using a similar tech-
nique as in the proof of Corollary 1, we get the following result:

Corollary 3. Unless P = NP, ∆-Diameter-Tree is not approximable with
any factor α < 3, even when restricted to graphs of maximum degree 5. 
�
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a

s

variable nodes

root node

Tree of degree ≤ 5
spanning the
variable nodes

clause nodes

auxiliary clause nodes

Ci � a Ck � a, ā

Cj ā Cka CkāCia

Cj � ā

Figure2. Reduction for degree 5 bounded graphs.

4 Exact Solution for Graphs with Maximum Degree 3

In this section we provide an exact algorithm for graphs with maximum degree 3.
We assume that the reload costs satisfy the triangle inequality which is not a
serious restriction in practical applications as stated in the introduction. The
main idea is to map the graph G with reload costs to an equivalent graphH with
edge lengths and then use known algorithms for finding a minimum diameter
spanning tree on an edge weighted graph for solving the problem.

To perform this, we start with graph H := G. Then we divide each edge e =
(v, w) of H into two edges (v, eφ) and (eφ, w) by placing a new node eφ in the
middle of the edge. The length of the edges adjacent to a node is adjusted such
that the sum of the edge lengths on a walk through the node equals the reload

Graph HGraph G

v

wφ w
eφ

vφ

w

v
e

Figure3. The construction performed by CostToLength



84 Hans-Christoph Wirth and Jan Steffan

Input: Graph G = (V, E) with reload costs c, maximum degree 3

1 V ′ ← V ∪ V φ ∪ Eφ

2 E′ ← {(v, eφ), (eφ, w), (vφ, eφ), (eφ, wφ) | e = (v, w) ∈ E }
3 Ω ← max{ c(x, x′) | x, x′ ∈ X }+ 1
4 for all v ∈ V , e1 ∈ E incident on v do
5 let d ∈ {1, 2, 3} be the degree of v and let {e1, . . . , ed} be the set of incident

edges

6 l(v, eφ
1 )←

8><
>:

0 , if d = 1 ,

1/2 · c(e1, e2) , if d = 2 ,

1/2 · �c(e1, e2) + c(e1, e3)− c(e2, e3)
�
, if d = 3 .

7 l(vφ, eφ
1 )← Ω

8 end for
Output: Graph H = (V ′, E′) and edge lengths l

Algorithm 1: Algorithm CostToLength.

costs of the related walk in the original graph, i.e.,

l(eφ1 , v) + l(v, e
φ
2 ) = c(e1, e2) for all v ∈ V , ei incident to v. (1)

For a node v of degree d, the set of equations (1) consists of
(
d
2

)
equations with

d variables which in general does not have a solution if d > 3. Therefore we
restrict ourselves to graphs of maximum degree 3.

Now for each node v ∈ V , we create a copy vφ which is connected to all
neighbors of v by edges of huge length Ω. The complete construction of graph H
is performed by Algorithm CostToLength and illustrated in Figure 3.

By this construction we are enabled to express the cost of paths in G in terms
of the length of corresponding paths in H as stated in the following lemma.

Lemma 1. Let G = (V,E) be a graph with reload cost function c. Let H be the
graph constructed by Algorithm CostToLength, and l be the computed edge
lengths. Then for each pair v, w ∈ V ,

dist c
G(v, w) = dist l

H(v
φ, wφ)− 2Ω .

Moreover, if c satisfies the triangle inequality, then l ≥ 0. 
�

We omit the proof since it is a straightforward application of Equation (1)
and of technical nature only.

At this point we call Algorithm MinDiameterSpanningTree as described
by Hassin and Tamir [HT95] on the graph H to compute a minimum diameter
spanning tree T1 of graph H with respect to edge lengths l.

We can assume without loss of generality that nodes from V φ do not appear
as interior nodes of T1. This is due to the fact that the path through a node vφ

would consist of two Ω-edges and could be replaced by a corresponding path
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through node v without increasing the diameter of T1. As a consequence, by
removing all edges of weight Ω from T1, the resulting subgraph would still be a
tree spanning the node set V ∪ Eφ.

An Ω-length edge (vφ, eφ) is called a dangling edge, if its projection, i.e., the
edge (v, eφ), is not part of the tree. Notice that if T1 has no dangling edges, then
its projection is still a tree which spans V .

eφ

v

vφ

eφ v

vφ

eφ

fφ

eφ

v

vφ

eφ v

vφ

eφ

fφ

Figure4. Edge swaps performed by Algorithm Remove.
Left: line 2; center: line 4; right: line 7

Input: A tree T1 spanning the node set V ∪ V φ ∪Eφ, such that no node
from V φ is an interior node

1 repeat
2 if there is a leaf eφ ∈ Eφ in the tree then
3 remove eφ from the tree
4 else if there is a dangling edge (vφ, eφ) such that v is a leaf then
5 remove v from the tree
6 add (v, eφ) to the tree
7 else if there is a dangling edge (vφ, eφ) such that v is an interior node then
8 remove vφ from the tree
9 add (vφ, fφ) to the tree, where fφ is a neighbor of v in the tree

10 end if
11 until no more changes have been made
Output: A tree T2 spanning V ∪ V φ with no dangling edges

Algorithm 2: Algorithm Remove.

Algorithm Remove removes dangling edges from T1 without increasing the
diameter of the tree. As a consequence, after applying the algorithm we can use
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the projection of the modified tree as a solution of the problem on the original
graph.

Lemma 2. Algorithm Remove performs at most |E|+ 2|V | iterations. 
�

Lemma 3. The subgraph T2 produced by Algorithm Remove is a tree spanning
the node set V ∪ V φ. No node from Eφ appears as a leaf in T2. There is no
dangling edge in T2.

Proof. The first claim clearly holds for the initial graph T1. Each edge swap
operation is performed at leaves and therefore does not affect the connectivity.
A node is removed if and only if it is a leaf from set Eφ. Dangling edges are
removed by the algorithm. 
�

Input: Graph G = (V, E) with reload costs c, maximum degree 3
1 (H, l)← CostToLength(G, c)
2 T1 ←MinDiameterSpanningTree(H, l)
3 T2 ← Remove(T1)
4 E′ ← { e = (v, w) ∈ E | (v, eφ) ∈ T2 ∧ (eφ, w) ∈ T2 }

Output: T = (V, E′)

Algorithm 3: Algorithm for problem ∆-Diameter-Tree on graphs with max-
imum degree 3.

Lemma 4. If T2 := Remove(T1) is the tree computed by Algorithm Remove,
then

diam l(T2) ≤ diam l(T1) .

Proof. We show that in each iteration the diameter does not increase.

Line 2 Removal of a leaf can not increase the diameter.

Line 4 Assume that the diameter of the tree increases by the operation. Then
the new diameter is attained by a path p starting with the inserted edge (v, eφ).
Since |V φ| = |V | ≥ 2, we can assume that p does not use edge (vφ, eφ). If we
replace in p edge (v, eφ) of length < Ω by edge (vφ, eφ) of length Ω, this yields a
path strictly longer than p contradicting the fact that p was a path of maximum
length.
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Line 7 Consider fφ as the root of the current tree before the operation. Since
the condition in line 2 was not satisfied, fφ is not a leaf, hence there are at least
two subtrees hanging from fφ. Each of the subtrees must contain at least one
Ω-length edge and therefore have height at least Ω, since otherwise one of the
conditions in line 2 or line 4 would have been satisfied. Therefore adding the
edge (vφ, fφ) of length Ω to the root does not increase the diameter. 
�

Algorithm 3 assembles the presented algorithms and constructs the final so-
lution for the original problem on graph G.

Theorem 2. Let T be the tree returned by Algorithm 3. Then for all spanning
trees T ′ of G,

diamc(T ) ≤ diamc(T ′),

i.e., the tree T is optimal with respect to diamc.

Proof. (i) Let p = (e1, . . . , ek) be the path between arbitrary nodes v and w
in T , c(p) = dist c

T (v, w) the cost of the path. By construction of T , for each edge
e = (v′, w′) ∈ T , tree T2 contains the two edges (v′, eφ) and (eφ, w′). Therefore,
the path q in T2 from eφ1 to e

φ
k uses the nodes e

φ
2 , . . . , e

φ
k−1, and by (1) follows

that q is of length dist l
T2
(eφ1 , e

φ
k) = c(p).

We claim that there is in fact a path of length at least c(p) + 2Ω in T2. To
see this, we show that q can be augmented by a sub-path of length at least Ω at
both endpoints. Consider endpoint eφ1 , the other case is similar. By Lemma 3,
vφ is spanned by T2; let (vφ, fφ) be the connecting edge, which is of length Ω.
If fφ = eφ1 , we are done. Otherwise, since the edge is not dangling, we have
(fφ, v) ∈ T2, and by construction of T , also (v, e

φ
1 ) ∈ T2.

If we choose p as a maximal path, i.e., c(p) = diamc(T ), it follows

diam l(T2) ≥ diamc(T ) + 2Ω . (2)

(ii) Let T ′ = (V,E′) be an arbitrary spanning tree of G. Then we construct a
tree T ′

H in graph H by choosing the edge set ∪e=(v,w)∈E′{(v, eφ), (eφ, w)}. Note
that T ′

H spans the node set V ∪E′φ.
For any two nodes eφ1 , e

φ
2 ∈ E′φ, by construction of the tree and using (1),

we have dist l
T ′

H
(eφ1 , e

φ
2 ) ≤ diamc(T ′).

We claim that the remaining nodes can be connected to the tree T ′
H such

that for each node the distance to the nearest node in E′φ is bounded by Ω. If
this claim holds, we have

diam l(T ′
H) ≤ diamc(T ′) + 2Ω . (3)

The claim is true for each node in V . Connect nodes from V φ to T ′
H by one

Ω-length edge each. Then, the claim also holds for the nodes in V φ. Connect
the remaining nodes from Eφ \ E′φ to T ′

H by an arbitrary edge with endpoint
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in V each. Since the sum of the lengths of two edges adjacent to a node from V
is bounded by Ω, even for the remaining nodes the claim holds.
(iii) Note that the resulting tree T ′

H is a spanning tree in H . By Lemma 4 and
optimality of T1, we have

diam l(T2) ≤ diam l(T1) ≤ diam l(T ′
H) . (4)

Putting (2), (3), and (4) together, the claim follows. 
�

We now summarize our results.

Corollary 4. Algorithm 3 solves problem ∆-Diameter-Tree on graphs with
degree bound 3. The running time is in O(|E|2 log |E|).

Proof. It remains to show the claim on the running time. The graph H con-
structed by Algorithm CostToLength has 2|V | + |E| nodes and 4|E| edges.
From [HT95] it follows thatMinDiameterSpanningTree can be implemented
to run in time O(4|E|(2|V |+|E|)+(2|V |+|E|)2 log(2|V |+|E|)) ∈ O(|E|2 log |E|).
By Lemma 2, Remove performs at most O(|E|) iterations, each of which needs
time O(|E|). Hence,MinDiameterSpanningTree dominates the running time
and the claim follows. 
�

5 Conclusion and Open Problems

To our knowledge, reload costs have not been considered in the literature so far.
This cost structure is related to node weighted graphs, but the new aspect is
that the cost at a node depend on the edges used by the walk through that node.

The following table shows a summary of results presented in this paper. The
notion “not approximable” means, assuming P �= NP, there is no polynomial
time algorithm which guarantees the specified performance.

Problem Complexity

Diameter-Tree not approximable within any constant
∆-Diameter-Tree not approximable within any α < 5
Diameter-Tree, degree 5 not approximable within any constant
∆-Diameter-Tree, degree 5 not approximable within any α < 3
∆-Diameter-Tree, degree 3 polynomially solvable

A natural open question is the complexity of the problem for graphs with
maximum degree 4. On the other hand, a major goal is to search for a nontrivial
approximation algorithm on general graphs.

It is possible to formulate other well known network design problems under
the reload cost model, e.g. the problem of finding a spanning tree of minimum
total cost. Here, the notion “total cost” is to be defined more precisely, since
it makes sense either to count the number of reloading nodes (i.e., nodes with
more than one color incident) or to sum up the costs of all possible paths in the
resulting tree.
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Abstract. This paper studies the complexity of the Maximum Induced
Matching problem (MIM) in regular graphs and trees. We show that
the largest induced matchings in a regular graph of degree d can be
approximated with a performance ratio less than d. However MIM is
NP-hard to approximate within some constant c > 1 even if the input
is restricted to various classes of bounded degree and regular graphs.
Finally we describe a simple algorithm providing a linear time optimal
solution to MIM if the input graph is a tree.

1 Introduction

If G = (V,E) is a graph, a setM ⊆ E is a matching in G if for all e1, e2 ∈M it is
e1 ∩ e2 = ∅. Let V (M) be the set of vertices belonging to edges in the matching.
A matching M is maximal if for every e ∈ E \M , M ∪ e is not a matching; M
is induced if for every edge e = {u, v}, e ∈ M if and only if u, v ∈ V (M) and
e ∈ E. Let νI(G) denote the maximum cardinality of an induced matching in G.
The maximum induced matching problem (MIM) is that of finding an induced
matching in G with νI(G) edges.

The problem was introduced in [14] as a variation of the maximum matching
problem and motivated as the “risk-free” marriage problem: find the maximum
number of pairs such that each married person is compatible with no married
person other than the one he (or she) is married to. Induced matchings have
stimulated a lot of interest in discrete mathematics because finding large induced
matchings is a subtask of finding a strong edge-colouring in a graph (see [5,6]
and [15,11] for more recent results), a proper colouring of the edges such that
no edge is adjacent to two edges of the same colour.

MIM is NP-complete even for bipartite graphs of maximum degree four [14].
One way of coping with the NP-completeness of an optimization problem is to
relax the optimality requirement and look for the existence of polynomial time
algorithms which guarantee solutions whose size is close to the size of the opti-
mum. In what follows we say that a maximization problem P is approximable
with (performance) ratio ρ if there is a polynomial time algorithm returning a
solution whose size is at least ρ−1 times the size of an optimal solution. Not much
is known about the approximability of MIM. In Section 2, fairly simple combi-
natorial arguments allow us to prove the existence of approximation algorithms
� Supported by EPSRC grant GR/L/77089.

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 89–101, 1999.
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giving a ratio smaller than d, for regular graphs of degree d. In Section 3, we
establish a number of non-approximability results. We provide explicit bounds
on the performance ratio such that MIM is NP-hard to approximate with ratio
less than these bounds in several classes of bounded degree graphs including
regular graphs of degree four.

A graph G = (V,E) is a tree if it is connected and it has no cycle, it is
chordal if any cycle of at least four vertices contains an edge connecting two
non-consecutive vertices. MIM in chordal graphs can be reduced [3] to finding
the largest independent set in a chordal graph and the latter problem admits
an optimal polynomial time solution [7]. Since trees are chordal graphs, this
argument (and an efficient implementation of Gavril’s algorithm) implies the
existence of a O(|V |2) algorithm for finding the maximum induced matching in
a tree. In Section 4 we present an alternative algorithm which again solves MIM
optimally if the input graph is a tree but it runs in O(|V |) time.

2 Combinatorial Bounds

If G = (V,E) is a graph let degG v, the degree of v, be the number of vertices that
are adjacent to v. Let Vi(G) = {v ∈ V : degG v = i} for all i = 0, . . . , |V | − 1.
Notations V (G) and E(G) will be used instead of V and E when necessary
to prevent ambiguities. A (δ,∆)-graph is a graph with minimum degree δ and
maximum degree∆. A (d, d)-graph is a regular graph of degree d. Let (δ,∆)-MIM
(resp. d-MIM) identify MIM when the input is restricted to (δ,∆)-graphs (resp.
regular graphs of degree d). In this section we look at positive approximation
results for MIM in regular graphs. We describe two results that “come for free”
in the sense that they do not require any involved algorithmic idea and their
validity is implied by the combinatorial structure of the matching problem under
consideration. The negative results in Section 3 show that there is not much scope
for better results.

Definition 1. [9] An independent system is a pair (E,F) where E is a finite
set and F a collection of subsets of E with the property that whenever F ⊂
H ∈ F then F ∈ F . The elements of F are called independent sets. A maximal
independent set is an element of F that is not subset of any other element of F .

Korte and Hausmann [9] analysed the independent system formed by all
matchings in G and proved an upper bound of 2 on the ratio between the sizes
of any two maximal matchings. In the next result a similar argument is applied
to estimate the maximum ratio between two maximal induced matchings.

Let MI(G) be the set of all induced matchings in a graph G. The pair
(E(G),MI(G)) is an independent system. For every S ⊆ E the lower (resp.
upper) rank of S, ρ(S) (resp. ρ̄(S)) is the size of the smallest (resp. largest)
maximal induced matching included in S. By [9, Theorem 1.1], ifM is a maximal
induced matching, then

νI(G)
|M | ≤ max

S⊆E

ρ(S)
ρ(S)
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z1

u4z2

v4

u1

u2

v1

v2

v3 u3

Fig. 1. A cubic graph with large induced matching.

Theorem 1. Let G be a (δ,∆)-graph and (E(G),MI(G)) be given. Then

max
S⊆E(G)

ρ(S)
ρ(S)

≤ 2(∆− 1).

Proof. Let M1 and M2 be two maximal induced matchings in G and let e ∈
M2 \M1. Clearly M1∪{e} ⊆ E and, by the maximality condition, this set is not
independent (i.e. it is not an induced matching anymore). Hence there exists
φ(e) ∈ M1 at distance less than two from e and again since M2 is maximal
and independent φ(e) ∈M1 \M2. Indeed φ defines a function from M2 \M1 to
M1 \M2. Let f be one of the edges in the range of φ. A bound on the number of
edges e ∈ M2 \M1 that can be the pre-image of f ∈ M1 \M2 is needed. There
can be at most 2(∆− 1) such e. The result follows. ��

The last result gives a bound on the ratio of any algorithm that construct a
maximal induced matching in a given graph.

Theorem 2. (1, ∆)-MIM can be approximated with ratio 2(∆− 1).

This result can be slightly improved on regular graphs.

Theorem 3. If G is a (δ,∆)-graph then νI(G) ≤ ∆|V (G)|
2(∆+δ−1) . Moreover for every

d ≥ 3, with d odd, there exists a regular graph of degree d, with 2(2d−1) vertices
and a maximum induced matching of size d.

Proof. Let G be a (δ,∆)-graph and M be a maximal induced matching in G.
Let R = V \ V (M). Each v ∈ V (M) is adjacent to at least δ − 1 vertices
in R. Each v ∈ R can be adjacent to at most ∆ vertices in V (M). Hence
(|V (G)| − 2|M |)∆ ≥ 2|M |(δ − 1) and the result follows.

The second part can be proved by giving a recursive description of a family
of graphs {Gi}i∈IN+ . It is convenient to draw Gi so that all its vertices are on
five different layers, called far-left, mid-left, central, mid-right and far-right layer.
Figure 1 shows G1. Vertices v1 and v2 (respectively u1 and u2) are in the far-
left (respectively far-right) layer. Vertices v3 and v4 (respectively u3 and u4)
are in the mid-left (respectively mid-right) layer. Vertices z1 and z2 are in the
central layer. Moreover an horizontal axis separates odd-indexed vertices (which
are below it) from even-indexed ones (which are above), with smaller indexes
below higher ones.
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Fig. 2. A regular graph of degree d with large induced matching.

Let Gi−1, for i ≥ 2, be given. The graph Gi is obtained by adding four
central vertices, two mid-left and two mid-right vertices. Since G1 has two
central and two pairs of mid vertices and easy inductions proves that Gi−1

has 2[2(i − 1) − 1] central vertices and 2(i − 1) mid-left and mid-right ones.
Let z4(i−1)−1, z4(i−1), z4i−3, z4i−2 be the four “new” central vertices, v2i+1 and
v2(i+1), u2i+1 and u2(i+1) the mid-left and mid-right ones. Gi has all edges of
Gi−1 plus the following groups:

1. two edges connecting each of v2i+1, v2(i+1), (respectively u2i+1 and u2(i+1))
to v1 and v2 (respectively u1 and u2), plus edges

{v2i+1, z4(i−1)−1}, {v2i+1, z4(i−1)}, {v2(i+1), z4i−3}, {v2(i+1), z4i−2},

{u2i+1, z4(i−1)−1}, {u2i+1, z4(i−1)}, {u2(i+1), z4i−3}, {u2(i+1), z4i−2}

All these edges are the continuous black lines in Figure 2.(c).
2. A final set of edges connects each of the even index mid vertices with the

central vertices of Gi−1 with indices 4j − 2 and 4j − 3 for j = 0, 1, . . . , i− 1.
Each of the odd index mid vertices are connected with the central vertices
of Gi−1 with indices 4(j − 1) and 4(j − 1) − 1 for j = 1, . . . , i. The squares
in Figure 2 represent all mid vertices in Gi−1. The bold solid lines in Figure
2.(d) represent this kind of edges.

Graph G1 has an induced matching of size three. For each i ≥ 2 the matching
in Gi is obtained by adding the two edges {z4i−2, z4(i−1)} and {z4i−3, z4(i−1)−1}
to the matching in Gi−1. ��

Theorem 3 is complemented by the following result, giving a lower bound on
the size of a particular family of induced matchings.

Theorem 4. Let f(δ,∆) = (4∆2−4∆+2)/δ. If G is a (δ,∆)-graph then νI(G) ≥
|V (G)|/f(δ,∆). Moreover for every d ≥ 2 there exists a regular graph of degree
d with d · f(d, d) vertices and a maximal induced matching of size d.
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Proof. Let G be a (δ,∆)-graph and M a maximal induced matching in G. Each
edge in G must be covered by at least an edge in M . Conversely every edge in
M can cover at most 2(∆− 1)2 + 2∆− 1 edges. Thus

|M | ≥ |E(G)|
2(∆− 1)2 + 2∆− 1

≥ δ|V (G)|
2(2∆2 − 2∆+ 1)

.

A d-ary depth two tree Td is formed by connecting with an edge the roots of
two identical copies of a complete d-ary tree on d2 − d + 1 vertices. The graph
obtained by taking d copies of Td all sharing the same set of (d − 1)2 leaves is
regular of degree d, it has d · f(d, d) vertices and a maximal induced matching
of size d. ��
Corollary 1. d-MIM can be approximated with ratio d− (d− 1)/(2d− 1).

Proof. Let G be a regular graph of degree d. The proof follows from Theorem
3 and Theorem 4 and the use of any greedy algorithm that returns a maximal
induced matching in G. ��

3 Hardness of Approximation

In this section we investigate the non-approximability of MIM for various classes
of bounded degree graphs. Although several notions of approximation preserving
reductions have been proposed (see for example [4]) the L-reduction defined in
[13] is perhaps the easiest one to use. Let P be an optimization problem. For
every instance x of P , and every solution y of x, let cP (x, y) be the cost of the
solution y. Let optP (x) be the cost of an optimal solution.

Definition 2. Let P and Q be two optimization problems. An L-reduction from
P to Q is a four-tuple (t1, t2, α, β) where t1 and t2 are polynomial time com-
putable functions and α and β are positive constants with the following proper-
ties:

(1) t1 maps instances of P to instances of Q and for every instance x of P ,
optQ(t1(x)) ≤ α · optP (x).

(2) for every instance x of P , t2 maps pairs (t1(x), y′) (where y′ is a solution
of t1(x)) to a solution y of x so that

|optP (x)− cP (x, t2(t1(x), y′))| ≤ β|optQ(t1(x))− cQ(t1(x), y′)|.

Theorem 5. If P and Q are two maximization problems, there is an L-reduction
from P to Q with parameters α and β, and it is NP-hard to approximate P with
ratio c then it is NP-hard to approximate Q with ratio αβc

(αβ−1)c+1 .

Proof. The result is derived from [12, Proposition 13.2]. Suppose by contradic-
tion that there is an algorithm which approximates Q with ratio αβc

(αβ−1)c+1 . For
every instance x of P let y′ be the result of applying this algorithm to t1(x).
Then, by definition of L-reduction,

optP (x)− cP (x, t2(t1(x), y′))
optP (x)

≤ αβ
optQ(t1(x))− cQ(t1(x), y′)

optQ(t1(x))
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By definition of performance ratio it is optQ(t1(x))
cQ(t1(x),y′) ≤

αβc
(αβ−1)c+1 , therefore

optQ(t1(x))− cQ(t1(x), y′)
optQ(t1(x))

≤ 1− (αβ − 1)c+ 1
αβc

=
1
αβ

(
1− 1

c

)

and the result follows. ��

Let MIS denote the problem of finding a largest independent set in a graph
(problem GT20 in [8]). Appellations (δ,∆)-MIS and d-MIS are defined in the
obvious way. There is [10] a very simple L-reduction from MIS to MIM with
parameters α = β = 1. Given a graph G = (V,E), define t1(G) = (V ′, E′) as
follows:

V ′ = V ∪ {v′ : v ∈ V }, E′ = E ∪ {{v, v′} : v ∈ V }.

If U is an independent set inG then F = {{v, v′} : v ∈ U} is an induced matching
in t1(G). Conversely if F is an induced matching in t1(G) the set t2(t1(G), F )
obtained by picking one endpoint from every edge in F is an independent set in
G. Therefore the size of the largest independent set in G is νI(t1(G)).

The s-padding of a (δ,∆)-graph G, Gs, is obtained by replacing every vertex
v by a distinct set of vertices v1, . . . , vs with {vi, uj} ∈ E(Gs) if and only if
{u, v} ∈ E(G). The following result is a consequence of the definition.

Lemma 1. For any s ≥ 2, if G is a (δ,∆)-graph then Gs is a (s · δ, s ·∆)-graph.

The key property of the s-padding of a graph is that it preserves the distance
between two vertices. If G = (V,E) is a graph then for every u, v ∈ V (G),
dstG(u, v) is the distance between u and v, defined as the number of edges in a
shortest path between u and v.

Lemma 2. For all graphs G and for every s ≥ 2, dstG(u, v) = dstGs(ui, vj) for
all u, v ∈ V (G) and all i, j ∈ {1, 2, . . . , s}.

Lemma 3. For all graphs G and for every s ≥ 2, νI(G) = νI(Gs).

Proof. Let M be an induced matching in G. Define Ms = {{u1, v1} ∈ E(Gs) :
{u, v} ∈M}. By Lemma 2 all edges inMs are at distance at least two. Conversely
if Ms is an induced matching in Gs define M = {{u, v} ∈ E(G) : {ui, vj} ∈ Ms

for some i, j ∈ {1, . . . , s}}. M is an induced matching in G. ��

The following Lemmas show how to remove vertices of degree one, two and
three from a (1, ∆)-graph.

0

v1

v2

vGv
Gw

w w1 2

Fig. 3. Gadgets replacing vertices of degree one and two.
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Lemma 4. Any (1, ∆)-graph G can be transformed in polynomial time into a
(2, ∆)-graph G′ such that |V1(G)| = νI(G′)− νI(G).

Proof. Given a (1, ∆)-graph G, the graph G′ is obtained by replacing each vertex
v of degree one in G by the gadget Gv shown in Figure 3. The edge {v, w}
incident to v is attached to v0. The resulting graph has minimum degree two
and maximum degree ∆. If M is an induced matching in G it is easy to build an
induced matching in G′ of size |M |+|V1(G)|. Conversely every induced matching
M ′ in G′ will contain exactly one edge from every gadget Gv. Replacing (if
necessary) each of these edges by the edge {v1, v2} could only result in a larger
matching. The matching obtained by forgetting the gadget-edges is an induced
matching in G and its size is (at least) |M ′| − |V1(G)|. ��

Lemma 5. Any (2, ∆)-graph G can be transformed in polynomial time into a
(3, ∆)-graph G′ such that |V2(G)| = νI(G′)− νI(G).

Proof. Let G be a (2, ∆)-graph. Every vertex w of degree two is replaced by
the graph Gw in Figure 3. The two edges {u,w} and {v, w} adjacent to w are
replaced by edges {u,w1} and {v, w2}. Let G′ be the resulting (3, ∆)-graph. If
M is a maximal induced matching in G, a matching M ′ in G′ is obtained by
taking all edges in M and adding one edge from each of the graphs Gw. Figure 4
shows all the relevant cases. If w ∈ V (M) then without loss of generality we can
assume that w1 ∈ V (M ′) and one of the two edges adjacent to w2 can be added
to M ′. If w �∈ V (M) then any of the four central edges in Gw can be added to
M ′. After these replacements no vertex in the original graph gets any closer to
an edge in the matching. Inequality νI(G′) ≥ νI(G) + |V2(G)| follows from the
argument above applied to a maximum induced matching in G.

Conversely for any induced matching M ′ in G′ at most one edge from each
copy of Gw belongs to M ′. The copies of Gw with M ′ ∩ E(Gw) = ∅ are called
empty, all others are called full. Inequality νI(G) ≥ νI(G′) − |V2(G)| is proved
by the following claims applied to a maximum induced matching in G′.

Claim 1 Any maximal induced matching M ′ in G′ can be transformed into
another induced matching M ′′ in G′ with |M ′| ≤ |M ′′| and such that all gadgets
in M ′′ are full.

Claim 2 M =df M ′′ ∩ E(G) is an induced matching in G.

w

w

any of these edges can be chosen

w

Fig. 4. Possible ways to define the matching in G′ given the one in G.
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u u v

ww
1 1

u v

w
1

Fig. 5. Filling an empty gadget, normal cases.

To prove the first claim, an algorithm is described which, given an induced
matching M ′ ⊆ E(G′), fills all empty gadgets in M ′. The algorithm visits in
turn all gadgets in G′ that have been created by the reduction and performs the
following steps:

(1) If the gadget Gw under consideration is empty some local replacements are
performed that fill Gw.

(2) The gadget Gw is then marked as “checked”.
(3) A maximality restoration phase is performed in which, as a consequence of

the local replacements in Step (1), some edges might be added to the induced
matching.

Initially all gadgets are “unchecked”. Let Gw be an unchecked gadget. If Gw

is full the algorithm simply marks it as checked and carries on to the next
gadget. Otherwise, since M ′ is maximal, at least one of the two edges adjacent
to vertices w1 and w2 must be in M ′ for otherwise it would be possible to
extend M ′ by picking any of the four central edges in Gw. Without loss of
generality let {u,w1} ∈ M ′. Figure 5 shows all possible cases. If vertex v does
not belong to another gadget then either of the configurations on the left of
Figure 5 is replaced by the one shown on the right. If v is part of another gadget
few subcases need to be considered. Figure 6 shows all possible cases and the
replacement rule. In all cases after the replacement the neighbouring gadget is
marked as checked. Notice that all replacement rules do not decrease the size of
the induced matching. Also as the process goes by, new edges in E(G) can only
be added to the current matching during the maximality restoration phase. To
prove the second claim, assume by contradiction that two edges e = {u, v} and
f = {w, y} in M are at distance one. Notice that dstG′(e, f) = dstG(e, f) unless
all the shortest paths beween them contain a vertex of degree two. The existence
of e and f is contradicted by the fact that M ′ and M ′′ are induced matchings
in G′ and all gadgets in G′ are filled by M ′′. ��

Lemma 6. Any (3, ∆)-graph G can be transformed in polynomial time into a
(4, ∆)-graph G′ such that |V3(G)| = νI(G′)− 2 · νI(G).

Proof. Let G be a (3, ∆)-graph. The graph G′ is defined by taking two copies of
G and connecting pairs of corresponding vertices of degree three with the gadget
shown in Figure 7. The result follows by an argument similar to that in the proof
of Lemma 4. ��

The non-approximability of (ks, (∆+ 1)s)-MIM (for k = 1, 2, 3, 4) and 4s-MIM
follows from Theorem 5 and known results on independent set [1,2].
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w1 w1
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w1 w1

vu u v

w1 w1

u v u v

Fig. 6. Filling an empty gadget, special cases.

v 1 v 2

Gv

Fig. 7. Gadget connecting pairs of vertices of degree three.

Theorem 6. Let h(δ,∆, c) = [f(δ,∆)+1+�δ/3�]c
f(δ,∆)c+1 . Define g(0, ∆, c) = c and for

i > 0, g(i,∆, c) = h(i,∆, g(i− 1, ∆, c)). For every ∆ ≥ 3, let c∆ be a constant
such that it is NP-hard to approximate (1, ∆)-MIS with ratio c∆. Then for k =
1, 2, 3, 4 and every integer s > 0 it is NP-hard to approximate (ks, (∆+1)s)-MIM
with ratio g(k − 1, ∆, c∆).

Proof. The result for k = 1 follows from the L-reduction at the beginning of
the section for s = 1 and a further L-reduction based on s-paddings for s ≥ 2.
For k ∈ {2, 3, 4} If G has minimum degree k − 1, Theorem 4 implies νI(G) ≥
|Vk−1(G)|/f(k − 1, ∆). The result follows using these bounds along with the
reductions in Lemma 4, 5, and 6. ��

Theorem 7. Let c0 be a constant such that 3-MIS is NP-hard to approximate
with ratio c0. Then for every integer s > 0 it is NP-hard to approximate 4s-MIM
with ratio 3913c0

3858c0+55 .

Proof. The reduction at the beginning of this section and Theorem 5 imply that
it is NP-hard to approximate (1, 4)-MIM with ratio c0. If the original cubic
graph G has n vertices, then t1(G) has |V1(t1(G))| = |V4(t1(G))| = n, no vertex
of degree two or three, 5n/2 edges and the maximum number of edges at distance
at most one from a given edge is 19. We call one such graph a special (1, 4)-graph.
Claim 3 There is an L-reduction from (1, 4)-MIM restricted to special (1, 4)-
graphs to (3, 4)-MIM with parameters α = 43

5 and β = 1.
If G is a (1, 4)-graph with |V2(G)| = |V3(G)| = 0, then replacing each vertex v of
degree one with the gadget in Figure 3, gives a (3, 4)-graph G′. The properties
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of special (1, 4)-graphs and the same argument used to prove Theorem 4 imply
νI(G) ≥ 5

38 |V1(G)|. Therefore

νI(G′) = νI(G) + |V1(G)| ≤ νI(G) +
38
5
νI(G) =

43
5
νI(G)

Also, for every matching M ′ in G′, define t2(G′,M ′) as described in Lemma 4.
It is νI(G)− |t2(G′,M ′)| ≤ νI(G′)− |M ′| and the claim is proved.

Therefore, by Theorem 5, (3, 4)-MIM is hard to approximate with ratio c1 =
43c0

38c0+5 . The special (3, 4)-graphs H generated by the last reduction have again
a lot of structure. It is |V3(H)| = |V4(H)|, |E(H)| = 7|V3(H)|/2 and again the
maximum number of edges at distance at most one from a given edge is 23.

Claim 4 There is an L-reduction from (3, 4)-MIM restricted to special (3, 4)-
graphs to 4-MIM with parameters α = 91

11 and β = 1.

The reduction was described in Lemma 6. Theorem 4 and the properties of
special (3, 4)-graphs imply νI(H) ≥ 11

69 |V3(H)|. Therefore νI(H ′) ≤ 91
11νI(H)

and thus, by Theorem 5, 4-MIM is hard to approximate with ratio 91c1
80c1+11 .

Finally by Lemma 3 there is an L-reduction from 4-MIM to 4s-MIM (for s ≥ 2)
with parameters α = β = 1. ��

4 Polynomial Time Solution on Trees

Although NP-complete for several classes of graphs including planar or bipartite
graphs of maximum degree four and regular graphs of degree four, the problem
of finding the largest induced matching admits a polynomial time solution on
trees [3]. The algorithmic approach suggested by Cameron reduces the problem
to that of finding the largest independent set in a graph H that can be defined
starting from the given tree. If G = (V,E) is a tree, the graph H = (W,F ) has
|V |−1 vertices, one for each edge in G and there is an edge between two members
of W if and only if the two original edges in G are either incident or connected
by a single edge. Notice that |F | = O(|V |2). Moreover each induced matching
in G is an independent set of the same size in H . Gavril’s algorithm [7] finds
the largest independent set in a chordal graph with n vertices and m edges in
O(n+m) time. Since the graphH is chordal, the largest induced matching in the
tree can be found in O(|V |2) time. In this section we describe a simpler and more
efficient way of finding a maximum induced matching in a tree. If G = (V,E) is
a tree we choose a particular vertex r ∈ V to be the root of the tree (and we say
that G is rooted at r). If v ∈ V \{r} then parent(v) is the unique neighbour of v in
the path from v to r; if parent(v) �= r then grandparent(v) = parent(parent(v)).
In all other cases parent and grandparent are not defined. If u = parent(v) then
v is u’s child. All children of the same node are siblings of each other. Let c(v)
be the number of children of node v. The upper neighbourhood of v (in symbols
UN(v)) is empty if v = r, it includes r and all v’s siblings if v is a child of r and
it includes v’s siblings, v’s parent and v’s grandparent otherwise. E(UN(v)) is
the set of edges in G connecting the vertices in UN(v).
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Claim 5 If G = (V,E) is a tree and M is an induced matching in G then
|M ∩ E(UN(v))| ≤ 1, for every v ∈ V .
Note that if M is an induced matching in G, any node v in the tree belongs to
one of the following types with respect to the set of edges E(UN(v)):

Type 1. the node {v, parent(v)} is part of the matching,
Type 2. either {parent(v), grandparent(v)} or {parent(v), w} (where w is some

siblings of v) belongs to the matching,
Type 3. Neither Type 1. nor Type 2. applies.

The algorithm for finding the largest induced matching in a tree G with n
vertices handles an n × 3 matrix Value such that Value[i, t] is the size of the
matching in the subtree rooted at i if vertex i is of type t.

Lemma 7. If G is a tree with n vertices, Value[i, t] can be computed in O(n)
time for every i ∈ {1, . . . , n} and t = 1, 2, 3.

Proof. Let G be a tree with n vertices. We assume G is in adjacency list repre-
sentation. If h is the height of the tree, some linear preprocessing is needed to
define an array level[i] (for i = 0, . . . , h) such that level[i] contains all vertices at
distance i from the root.

The matrix Value can be filled in a bottom-up fashion starting from the
deepest vertices of G. If i is a leaf of G then Value[i, t] = 0 for t = 1, 2, 3. In
filling the entry corresponding to node i ∈ V of type t we only need to consider
the entries for all children of i.

(1) Value[i, 1] =
∑c(i)

k=1 Value[jk, 2]. Since {i, parent(i)} will be part of the
matching, we cannot pick any edge from i to one of its children. The matching
for the tree rooted at i is just the union of the matchings of the subtrees rooted
at each of i’s children.

(2) Value[i, 2] =
∑c(i)

k=1 Value[jk, 3]. We cannot pick any edge from i to one of
its children here either.

(3) If node i has c(i) children then Value[i, 3] is the maximum between∑c(i)
k=1 Value[jk, 3] and a number of terms

sjk
= 1 + Value[jk, 1] +

∑

l 	=k

Value[jl, 2]

If the upper neighbourhood of i is unmatched we can either combine the match-
ings in the subtrees rooted at each of i’s children (assuming these children are
of type 3) or add to the matching an edge from i to one of its children jk (the
one that maximises sjk

) and complete the matching for the subtree rooted at i
with the matching for the subtree rooted at jk (assuming jk is of type 1) and
that of the subtrees rooted at each of i’s other children (assuming these children
are of type 3).

Option (3) above is the most expensive involving the maximum over a number
of sums equal to the degree of the vertex under consideration. Since the sum of
the degrees in a tree is linear in the number of vertices the whole table can be
computed in linear time. ��
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Theorem 8. MIM can be solved optimally in polynomial time if G is a tree.

Proof. The largest between Value[r, 1], Value[r, 2] and Value[r, 3] is the size of
the largest matching in G. By using appropriate date structures it is also possible
to store the actual matching. The complexity of the whole process is O(n). ��

5 Conclusions

In this paper we investigated the complexity of finding a largest induced match-
ing in a graph. We suggested a couple of simple heuristics for solving the problem
with O(∆)-bounded ratio on graphs with maximum degree ∆. The definition of
algorithms achieving better performance ratios is an open problem. In Section 3
we complemented these positive results with a number of non-approximability
results. In particular there is a constant c such that it is NP-hard to find in-
duced matchings whose size approximates νI(G) with ratio c even if G is regular
of degree 4s for any integer s > 0. We believe that similar results hold for cubic
graphs and, using the s-padding technique described in Section 3, for regular
graphs of degree 3s for any integer s > 0. Proving hardness on regular graphs of
degree d for every integer d > 2 maybe harder. Finally we presented an algorithm
which solves MIM optimally if the input graph is a tree. Our algorithm is simple
in that it does not reduce the original problem to another one, its complexity
improves the one of the best algorithm known and it is clearly optimal in the
sense that to define an induced matching in a tree Ω(n) operations are needed.
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Abstract. We develop an O(n3) algorithm for deciding if an n-vertex
digraph has a subset of vertices with the property that each vertex of
the graph has an even number of arcs into the subset. This algorithm
allows us to give a combinatorial interpretation of Gauss-Jordan and
Gauss elimination on square boolean matrices. In addition to solving this
independence-mod-2 (even) set existence problem we also give efficient
algorithms for related domination-mod-2 (odd) set existence problems
on digraphs. However, for each of the four combinations of these two
properties we show that even though the existence problem on digraphs
is tractable, the problems of deciding the existence of a set of size exactly
k, larger than k, or smaller than k, for a given k, are all NP-complete
for undirected graphs.

1 Introduction

A large class of well-studied independence and domination properties in graphs
can be characterized by two sets of nonnegative integers σ and ρ. A (σ, ρ)-set
S in a graph has the property that the number of neighbors every vertex u ∈ S
(or u �∈ S) has in S, is an element of σ (of ρ, respectively) [7]. In a recent paper
[3] it is shown that deciding if a given graph has a ({0}, ρ)-set, i.e. vertices in
S forming an independent set with further ρ-imposed domination constraints,
is NP-complete whenever there is a non-negative integer x �∈ ρ with x + 1 ∈ ρ,
unless ρ are exactly the positive numbers, and polynomial in all other cases. For
the cases 0 �∈ ρ the vertices in S form a dominating set. In the present paper
we consider cases of independence and domination modulo 2, where σ and ρ are
either the set of all even numbers or the set of all odd numbers. We denote these
sets EVEN and ODD, respectively, and consider both decision and optimization
versions of the four cases of (σ, ρ) equal to (EVEN, EVEN), (EVEN, ODD),
(ODD, ODD), (ODD, EVEN).

In the next section, we develop an O(n3) algorithm to decide if a given graph
G has an (EVEN, EVEN)-set, i.e. a set S such that each vertex of G has an
even number of neighbors in S. This disproves a 1994 conjecture stating that no
non-trivial (σ, ρ)-set existence problems were solvable in polynomial time [2]. In
� Research support in part by Czech research grants GAUK 194/1996 and 158/1999,
and GAČR 201/1996/0194.
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section 3 we show that quite trivially this problem is equivalent to determining
if the adjacency matrix of the given graph is singular, and that our algorithm
is a combinatorial interpretation of Gauss-Jordan elimination on square boolean
matrices. A recent paper giving combinatorial interpretations of various matrix
algorithms left such a view of Gaussian elimination, for general matrices, as an
open problem [5]. We provide a partial answer to this question by using the
connection with (EVEN, EVEN)-sets to give a combinatorial interpretation of
Gaussian elimination for square boolean matrices.

In section 4 we give polynomial algorithms also for the three remaining ex-
istence problems. In section 5 we consider the complexity of deciding if a given
graph has a desired set of size at least k, at most k, or exactly k, for a given inte-
ger k. By reductions from NP-complete coding problems asking for codewords of
given length, we show that these maximization, minimization and exact versions
of all four problems are NP-complete.

2 Existence of Independence Mod-2 Sets

We will be viewing an undirected graph as a directed graph with arcs uv and vu
for each edge {u, v}. We first generalize the (σ, ρ) problems to directed graphs
with loops, and denote the set of out-neighbors of vertex v by vout = {u : vu ∈ E}
and its in-neighbors by vin = {u : uv ∈ E}. If the graph G is not clear from
context we write vout(G), vin(G).

Definition 1. A nonempty subset of vertices S of a directed graph G = (V,E)
is a (σ, ρ)-set if |vout∩S| ∈ σ for any v ∈ S and |vout∩S| ∈ ρ for any v ∈ V \S.

Note that we could also have chosen to count in-neighbors, since in the graph
with all arcs reversed this would define the exact same vertex subsets as (σ, ρ)-
sets. This simple transformation implies that decision problems over (σ, ρ)-sets
will have the same time complexity regardless of whether we count in-neighbors
or out-neighbors.

Our algorithm for deciding if a graph G has an (EVEN, EVEN)-set will
consist of repeatedly applying a graph operation that will maintain the property
of interest. This will give a series of graphs G(0), G(1), ..., G(i), starting with the
input graph and ending with a graph for which it will be trivial to decide if
it has an (EVEN, EVEN)-set. Let ⊕ be the symmetric difference operator, i.e.
A ⊕ B = {x ∈ A ∪ B : x �∈ A ∩ B}. The main observation is that for any two
vertices u and r, (EVEN, EVEN)-sets are invariant under the operation:

uout := uout ⊕ rout

Lemma 1. Let G′ be the graph G altered by uout(G′) := uout(G) ⊕ rout(G) for
two vertices u, r. Then S is an (EVEN, EVEN)-set of G if and only if S is an
(EVEN, EVEN)-set of G′.

Proof. Outgoing neighbors for any vertex x �= u are identical inG andG′. For the
forward direction of the proof it therefore suffices to show that |uout(G′) ∩ S| =
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|uout(G) ∩ S| + |rout(G) ∩ S| − 2|uout(G) ∩ rout(G) ∩ S| is even. But since S
is an (EVEN, EVEN)-set of G, all 3 terms in the right-hand side of the above
equality are even and thus so is their sum. Conversely, we have |uout(G) ∩ S| =
|uout(G′) ∩ S| − |rout(G) ∩ S| + 2|uout(G) ∩ rout(G) ∩ S| also even for similar
reasons.

Our algorithm will for each of the n vertices in G maintain an in-flag and an
out-flag, initially all lowered. In the ith stage of the algorithm we choose a vertex
c with lowered in-flag that has at least one incoming neighbor r with lowered
out-flag. In addition to raising the in-flag of c and the out-flag of r the code for
this stage consists of the loop:

for each u ∈ cin \ {r} do uout := uout ⊕ rout

In the resulting graph G(i) the vertex c will have only the single incoming
neighbor r. Once flags are raised they are never lowered, thus after n successful
stages each vertex would have exactly one incoming and one outgoing neighbor.
Clearly, such a graph can have no (EVEN, EVEN)-set. However, if there is a
vertex in G(i) with lowered in-flag which has no incoming neighbor with lowered
out-flag, then an (EVEN, EVEN)-set exists and we halt. Before proving this
fact we give the algorithm formally below. Sets C and R represent the subsets
of vertices having raised in-flags and out-flags, respectively.

∃ (EVEN, EVEN)-SET ALGORITHM
input: digraph G = (V,E)
C := R := ∅
i := 0
while (i < n) and (� ∃x ∈ V \ C : xin ⊆ R) do

{ i := i+ 1
pick c ∈ V \C and set C := C ∪ {c}
pick r ∈ cin \R and set R := R ∪ {r}
for each u ∈ cin \ {r} do uout := uout ⊕ rout }

if (i = n) then � ∃ (EVEN, EVEN)-set
else { let x ∈ V \ C : xin ⊆ R

S := {x} ∪ {v ∈ C : v ∈ yout ∧ y ∈ xin} is an (EVEN, EVEN)-set}
Lemma 2. If i < n upon completion of the algorithm then S is an (EVEN,
EVEN)-set of the current graph G(i).

Proof. A vertex v �∈ R has no outgoing edges to C so |vout ∩ S| = 0. Note that
|xin| = |{v ∈ C : v ∈ yout ∧ y ∈ xin}| since xin ⊆ R and each vertex of R has
exactly one, distinct, outgoing neighbor in C. Each vertex v ∈ xin has therefore
2 outgoing neighbors in S, namely x and vout ∩C, while any vertex w ∈ R with
w �∈ xin has no outgoing neighbors in S.

By applying Lemma 1 inductively it follows that the algorithm for existence
of (EVEN, EVEN)-sets is correct. Its time complexity is O(n3) since in each of
the at most n stages the chosen vertex c has at most n incoming neighbors that
each have their at most n outgoing neighbors updated.
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Theorem 1. The algorithm decides, in time O(n3), if the input graph has an
(EVEN,EVEN)-set or not.

3 Gaussian Elimination on Boolean Matrices

Consider what the existence of an (EVEN, EVEN)-set S in a graph G implies
for the boolean adjacency matrix AG of G. Clearly, the columns corresponding
to vertices in S sum to the all-zero vector (over GF(2)). Conversely, any non-
empty set of columns summing to the all-zero vector is linearly dependent and
the corresponding vertices form an (EVEN, EVEN)-set. Thus the matrix AG

has less than full rank, i.e. is singular, i.e. has determinant zero, if and only if G
has an (EVEN, EVEN)-set.

Theorem 2. A square boolean matrix is singular if and only if its associated
directed graph has an (EVEN, EVEN)-set.

Note that the algorithm given for the existence of (EVEN, EVEN)-sets works
for any digraph, even one with self-loops. In fact, viewing it as a matrix algorithm
over GF(2) it is equivalent to Gauss-Jordan elimination, as follows: In the main
loop of the algorithm a new column (c �∈ C) is processed, a non-zero pivot (entry
rc) is chosen from the remaining pivot rows (r �∈ R), and row operations are
performed to make all other entries in column c equal to zero. If the algorithm
completes all n stages then we are left with a permutation matrix, and otherwise
we find a set of columns that are linearly dependent.

Even if it has the same asymptotic time complexity, Gaussian elimination is
usually preferred over Gauss-Jordan in practice, as the constant term is smaller.
Let us consider Gaussian elimination as an algorithm for determining existence
of (EVEN, EVEN)-sets. The changes from the previous algorithm are in: (i)
labelling of chosen vertices for ease, (ii) all in-neighbors of ci in R (previously
only ri) are left untouched in the main loop, and (iii) definition of (EVEN,
EVEN)-set S.

GAUSS ∃ (EVEN, EVEN)-SET ALGORITHM
input: digraph G = (V,E)
C := R := ∅
i := 0
while (i < n) and (� ∃x ∈ V \ C : xin ⊆ R) do

{ i := i+ 1
pick ci ∈ V \ C and set C := C ∪ {ci}
pick ri ∈ ci

in \R and set R := R ∪ {ri}
for each u ∈ ci

in \R do uout := uout ⊕ ri
out }

if (i = n) then � ∃ (EVEN, EVEN)-set
else { S := {x}

for k := i downto 1 if |rk
out ∩ S| is odd then S := S ∪ {ck}

S is an (EVEN, EVEN)-set}
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Lemma 3. The GAUSS ∃ (EVEN, EVEN)-set algorithm is correct.

Proof. Assume the algorithm completes with i < n. Then each v ∈ V \ R has
zero out-neighbors to x by the halting condition of the main loop, and zero
outgoing neighbors to {c1, c2, ..., ci} as the only arcs to ck left after iteration k of
the main loop are from {r1, ..., rk−1} ⊆ R. Since rk has an arc to ck, but none to
{c1, ..., ck−1} the reverse ordering of the final loop in the definition of S implies
that each rk ∈ R will have an even number of out-neighbors to S. Hence, S is
an (EVEN, EVEN)-set.

On the other hand, if i = n, we show by reverse induction on k that ck

cannot belong to an (EVEN, EVEN)-set S. Assume cn, ..., ck+1 �∈ S, for k ≤ n.
We cannot have ck ∈ S as the only out-neighbor of rk among {c1, ..., ck} is ck,
so that rk would then have had exactly one out-neighbor in S.

We thus have a combinatorial interpretation of Gaussian elimination for
square boolean matrices.

4 Existence of Domination Mod-2 Sets

In this section we prove the following result.

Theorem 3. The existence of (σ, ρ)-sets of type (ODD, ODD), (ODD, EVEN)
and (EVEN, ODD) in directed graphs can be decided in polynomial time.

Proof. Let G have n vertices and let AG be its adjacency matrix. We denote
by 1 and 0 the all-one and all-zero vectors of dimension n and by I the n × n
identity matrix. We have observed that G has an (EVEN, EVEN)-set if and only
if there is a non-zero vector x such that AGx = 0. Similarly, a vector x is the
characteristic vector of an (ODD, ODD)-set if and only if AGx = 1. Similarly,
for an (ODD, EVEN)-set we have (AG + I)x = 0 and for an (EVEN, ODD)-set
we have (AG + I)x = 1. Thus, deciding the existence of these kinds of sets can
be done in polynomial time by solving linear equations.

5 Existence of Sets of a Given Size

In this section we show that deciding the existence of independence and domi-
nation mod-2 sets of a given size k, whether exactly k, at least k or at most k,
is NP-complete even for undirected graphs. Note that the properties studied are
not hereditary, so that a graph may for example have an (EVEN, EVEN)-set
of size k, but none of size larger or smaller than k. Our reductions will be from
NP-complete problems in coding theory, that for our purposes can be described
as follows:

Codeword of given weight: Given a binary r× c matrix H and an integer
w, is there a vector x with w ones s.t. Hx = 0?
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This problem on binary linear codes was shown NP-complete in [1]. The
problem Codeword of maximal weight, asking for a vector of weight at least
w is also NP-complete for binary codes [6]. Finally, the problem Codeword of
minimal weight for binary linear codes, asking for a non-zero vector of weight
at most w was conjectured NP-complete in [1], and finally proven to be so in
a recent paper [9]. These problems are equivalent to asking if the orthogonal
complement of the linear space generated by the columns of H contains a non-
zero vector of weight w, at least w, or at most w (in other words, if there are
exactly w, at least w, or nonempty set of at most w columns of H that sum up to
the all-zero vector). They are thus very close to (EVEN, EVEN)-set problems.
However, inputs to the (EVEN, EVEN)-set problems are square matrices, and
for undirected graphs also symmetric matrices with zeros on the diagonal. We
first show NP-completeness for the maximum, minimum and exact versions of
the (EVEN, EVEN)-set undirected graph problems, and then use these results
to give reductions for the other three properties.

Theorem 4. The problems Codeword of maximal weight and Codeword of min-
imal weight remain NP-complete for symmetric matrices with all-zero diagonals.

Proof. The problems are clearly in NP. We first resolve the maximal weight
version by giving a polynomial-time reduction from the NP-complete problem
Codeword of maximal weight. Given a boolean r × c matrix H and an integer
w we construct a symmetric matrix with all-zero diagonals G such that G has a
codeword of size at least k = 2r + w iff H has a codeword of weight at least w.
G will have the following form:




0 0 H
0 0 H
Ht Ht 0





where Ht is the transpose of H , the lower-right 0 is the c × c all-zero matrix,
and the other 0s are r × r all-zero matrices. This is a square (2r + c)× (2r + c)
symmetric matrix with zeros on the diagonal. Since the leftmost 2r columns sum
to the all-zero vector, we conclude that this matrix has a set of at least 2r + w
columns summing to the all-zero vector iff H has a set of at least w columns
summing to the all-zero vector.

We next resolve the minimal weight version by reduction from Codeword of
minimal weight. Given a boolean r× c matrix H and an integer w, we construct
a symmetric all-zero diagonal matrix G such that G has a codeword of size at
most k = w iff H has a codeword of weight at most w.

We may assume wlog that r is even, since we could add an all-zero row to H
otherwise. G will have (w + 1)× (w + 1) blocks Wij , i, j = 1, 2, . . . , w + 1 where
W1,w+1 = H and Ww+1,1 = Ht. The blocks W1,w = Wi,w+1−i = Wi,w+2−i for
i = 2, . . . , w will contain the symmetric permutation matrix P of size r by r with
the unique 1-entry in each row and column in position (r+1−i, i), i = 1..r (since
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r is even P has zeroes on the diagonal.) All other blocks are all-zero matrices of
appropriate size. For the case w = 3 the matrix G thus becomes:





0 0 P H
0 P P 0
P P 0 0
Ht 0 0 0





This is a 3r + c by 3r + c (wr + c by wr + c) symmetric matrix with zeros
on the diagonal consisting of 4 by 4 (w + 1 by w + 1) blocks. The placement
of the permutation matrices ensures that choosing a column from any but the
rightmost column of blocks will force a choice of a column from all the columns
of blocks, i.e. forcing a choice of at least w + 1 = 4 columns. Hence the matrix
has a set of at most w = 3 columns summing to the all-zero vector iff all columns
come from the rightmost block, i.e. from H . A similar argument applies to the
general case.

Corollary 1. Given an undirected graph G and an integer k, deciding if G has
a non-empty (EVEN, EVEN)-set of size at least k, at most k, or exactly k is
NP-complete.

The corollary is immediate since the minimum and maximum versions are
equivalent to the analogous codeword problems and the exact version follows by
a Cook reduction from either of the other two. We turn to the other problems.

Theorem 5. The maximum, minimum and exact versions of the (ODD, ODD),
(ODD, EVEN) and (EVEN, ODD) problems are all NP-complete, even for undi-
rected graphs.

Proof. Since the reductions are quite straightforward we only give a sketch of
the constructions involved and let the reader fill in details. Given graph G as
input to a known NP-complete problem (as specified below), Figure 1 shows the
constructed graphs G1, ..., G5 for five separate NP-completeness reductions for
maximization and minimization versions. NP-completeness of the exact versions
will follow from this. For each graph in Figure 1 is shown two vertices of the
graph G, and the corresponding subgraph that is attached to every vertex of G
to form Gi. The two unique possibilities for membership in a (σ, ρ)-set S′ of Gi

are shown, with black vertices belonging to S′ and white not.
G1 has an (ODD,EVEN)-set of size 2k iff G has an (EVEN,EVEN)-set of

size k. G1 is used to reduce from min and max (EVEN,EVEN) to min and max
(ODD,EVEN), respectively.

Remaining reductions are all from max (EVEN,EVEN) and assume that G
has n vertices.

G2 has an (EVEN,ODD)-set of size 2k + n iff G has an (EVEN,EVEN)-set
of size k, and is used to show that max (EVEN,ODD) is NP-complete.
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G G

G G4 5

G GG

G G G1 2 3

IN S’

Fig. 1. The constructed graphs G1, ..., G5 for five separate reductions. For each
graph is shown two vertices of the given graph G, and the corresponding sub-
graph that is attached to every vertex of G to form Gi. The two unique pos-
sibilities for membership in a (σ, ρ)-set S′ of Gi are shown, with black vertices
belonging to S′ and white not.

G3 has an (EVEN,ODD)-set of size 5n− 2k iff G has an (EVEN,EVEN)-set
of size k, and is used to show that min (EVEN,ODD) is NP-complete.

G4 has an (ODD,ODD)-set of size 2k + 2n iff G has an (EVEN,EVEN)-set
of size k, and is used to show that max (ODD,ODD) is NP-complete.

G5 has an (ODD,ODD)-set of size 6n− 2k iff G has an (EVEN,EVEN)-set
of size k, and is used to show that min (ODD,ODD) is NP-complete.

6 Conclusion

We have resolved the complexity of (σ, ρ)-set existence, maximization, minimiza-
tion and exact size problems for the cases where σ, ρ ∈ {EV EN,ODD}. The
only other cases of polynomial-time solvable (σ, ρ)-set existence problems we
know are either the trivial cases, for example σ = {0}, ρ = {1, 2, ...} where the



Mod-2 Independence and Domination in Graphs 109

answer is always positive since every graph has an independent dominating set,
those solvable by a simple greedy algorithm, see [8], or by exhaustive search, see
[3]. We believe these are the only easy cases.

Conjecture 1. The only (σ, ρ)-set existence problems solvable in polynomial time,
apart from the trivial cases and those resolved by exhaustive search or a simple
greedy algorithm, are when σ, ρ ∈ {EV EN,ODD}.

To decide if a graph had an (EVEN,EVEN)-set we essentially did Gaussian
elimination on its boolean adjacency matrix. The more general graph property
resolved by Gaussian elimination on square matrices over the finite field Zp for
a prime p is: Given an edge-weighted digraph, can we assign vertex weights (not
all zero) in such a way that after multiplying each edge weight by the weight of
its sink vertex, the weights of edges leaving each vertex sum to zero mod p?
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Abstract. NLCk is a family of algebras on vertex-labeled graphs intro-
duced by Wanke. An NLC-decomposition of a graph is a derivation of this
graph from single vertices using the operations in question. The width
of the decomposition is the number of labels used, and the NLC-width
of the graph is the smallest width among its NLC-decompositions. Many
difficult graph problems can be solved efficiently with dynamic program-
ming if an NLC-decomposition of low width is given for the input graph.
It is unknown though whether arbitrary graphs of NLC-width at most k
can be decomposed with k labels in polynomial time. So far this has been
possible only for k = 1, which corresponds to cographs. In this paper, an
algorithm is presented that works for k = 2. It runs in O(n4 log n) time
and uses O(n2) space. Related concepts: clique-decomposition, clique-
width.

1 Introduction

In [15] Wanke introduces an algebra for a class of vertex-labeled graphs called
NLCk. This class consists of all graphs that can be obtained from single vertices
with labels in [k] = {1, . . . , k} using the two operations of the algebra, union and
relabeling, defined as follows: Union requires two disjoint graphs, and permits
edges to be drawn between these. More precisely, all such edges will be added that
match a set of ordered label pairs accompanying the union operator. Relabeling
requires just one graph, and changes its labels according to a likewise specified
mapping from [k] to [k]. With k = 1, one obtains the class already known as
cographs, described in [2] for example. (In such a comparison, we are referring
to edge-structure only, since cographs are unlabeled.)

A similar algebra has been defined in [6]. The main difference is that in the
latter, no edges can be added when two graphs are united; edge-drawing is a
separate unary operator.

By a decomposition of a graph with respect to one of these algebras, we
mean a derivation of this graph from single vertices using the operations in
question. Specifically, the terms NLC-decomposition and clique-decomposition
refer to the two algebras discussed above. The width of a decomposition is the
number of distinct labels actually used, and the NLC-width and clique-width of
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a graph are the smallest widths among all its NLC-decompositions and clique-
decompositions respectively.

The relationship between these algebras has been studied in [10]. It was found
that a clique-decomposition can be transformed into an NLC-decomposition of
the same graph and vice versa. In the first direction, no additional labels are
needed. In the second direction, at most a doubling of the label set may be
necessary. Thus, the NLC-width of a graph is bounded by the clique-width,
which in turn is bounded by two times the NLC-width. NLC-width 1 (cographs)
corresponds exactly to clique-width 1 and 2. Less clear is the relationship between
the classes with NLC-width 2 and clique-width 3 for example. They may intersect
properly. An indication for this is given by the fact that neither of the two bounds
above can be improved by a constant multiplicative factor.

NLC-decompositions and clique-decompositions have a binary tree structure.
What makes them important is that decomposing a graph can be an excellent
first step in solving more particular problems on it. Many problems which are
hard for arbitrary graphs can be solved with dynamic programming in polyno-
mial or even linear time on graphs which can be decomposed using a bounded
number of labels, assuming that the graph is given in such a decomposed form.
For example, decision, optimization, and enumeration problems expressible in
MS1 logic, such as 3-Colorability, MaxClique and #MaxClique, can be solved in
linear time on graphs given as clique-decompositions of width at most k [4,5].
And P -recognizable problems, such as Hamiltonian Circuit (which is not MS1-
expressible [4]), can be solved in polynomial time on graphs given as NLC-
decompositions of width at most k [15]. Note here that in theory it does not
really matter which decomposition we have. For the transformations between
NLC-decompositions and clique-decompositions mentioned above can in fact be
carried out in linear time.

However, these transformations do not necessarily preserve minimality of
width. Since the time complexities of the dynamic programming algorithms in
question grow quickly with increasing k, it is of practical interest to use “first-
hand” decompositions for that algebra which best captures a particular graph
problem. It is by no means clear though that the problems of finding NLC-
decompositions and clique-decompositions of minimal width are equally hard.
In fact, it is unknown whether arbitrary graphs of NLC-width (clique-width) at
most k can be NLC-decomposed (clique-decomposed) with k labels in polynomial
time. For cographs, algorithms follow easily from [3], for example. A more recent
result concerns certain families of graphs with restrictions on the number of
induced P4s [11]. (A P4 is shown in Fig. 3.)

With the algorithm in this paper, it is now possible to NLC-decompose, using
a minimum number of labels, all graphs of NLC-width at most 2 in polynomial
time. Concerning these, one can note that although cographs are equivalent with
P4-free graphs [2], a graph with NLC-width 2 — as well as one with clique-width
3 — can have an exponential number of induced P4s. (Consider for example
those fourpartite graphs whose edges we can define by letting each vertex part
correspond to one of the vertices in a P4.)
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It was pointed out in [6] that clique-decomposition can refine the modular
decomposition of a graph. This refinement idea works equally well for NLC-
decomposition. In either case, a minimum-width decomposition of a graph G
can be obtained from minimum-width decompositions of the quotient graphs in
the modular decomposition of G. Accordingly, the algorithm presented in this
paper uses modular decomposition as a first step. Thus, in Sect. 4 we discuss
modular decomposition of labeled graphs, and we summarize some properties of
the resulting quotient graphs. In Sect. 5 we then show how to NLC-decompose
these quotient graphs, as long as their NLC-width is at most 2. We indeed exploit
some observations particular to NLC-width 2, and no generalization to higher
width seems readily obtainable.

2 Preliminaries

Unless stated otherwise, a graph G is assumed to be undirected, but it may be
either labeled (see below) or unlabeled. V(G) and E(G) denote the vertex and
edge sets of G.

With a labeled graph G we mean an unlabeled graph, also denoted unlab(G),
together with a labeling function, labG, mapping each vertex in V(G) to a posi-
tive integer. In this context, we often use the set [k] = {1, . . . , k}. If all vertices
in a set V ⊆ V(G) have (that is, are mapped to) the same label (by labG), we
say that V is uniformly labeled (in G). If this holds for V = V(G), G is uniformly
labeled.

Two graphs G1 and G2 are disjoint when V(G1) ∩ V(G2) = ∅. Then, if G1

and G2 are both unlabeled or both labeled, their disjoint union G is defined as
follows: In either case, V(G) = V(G1)∪V(G2) and E(G) = E(G1)∪E(G2). In case
G1 and G2 are both unlabeled, so is G. In case G1 and G2 are both labeled, G is
labeled too, with labG(u) = labG1(u) for all u ∈ V(G1), and labG(u) = labG2(u)
for all u ∈ V(G2).

For a set of vertices V in a graph G, G|V denotes the subgraph of G induced
by V . The usual definition for unlabeled graphs is extended to labeled graphs in
the obvious way.

3 NLC-Decomposition

In this section we give basic definitions related to NLC-decomposition, as well
as a first lemma. We begin with the fundamental operations and expressions.

Definition 1 (Union [15]). Let G1 and G2 be disjoint graphs labeled with num-
bers in [k], and let S ⊆ [k]2 (that is, S is a set of ordered label pairs). Then
×S (G1, G2) is defined as the graph obtained by forming the disjoint union of G1

and G2, and adding to that all edges {u, v} satisfying u ∈ V(G1), v ∈ V(G2),
and (labG1(u), labG2(v)) ∈ S. See Fig. 1.
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Definition 2 (Relabeling [15]). Let G be a graph labeled with numbers in [k],
and let R be a mapping from [k] to [k]. Then ◦R (G) is the labeled graph G′

defined by V(G′) = V(G), E(G′) = E(G), and labG′(u) = R(labG(u)) for all
u ∈ V(G′). See Fig. 1.

1 2

G1

1 2

G2

1 2 1 2

G3

1 1 1 1

G4

Fig. 1. Union and relabeling. G3 = ×{(2,1)} (G1, G2) and G4 = ◦{(1,1),(2,1)} (G3).

Definition 3 (NLCk-term). An NLCk-term D is a graph-producing expres-
sion in the above operators ×S and ◦R, as well as the unary operator λi, where
i ∈ [k]. The latter produces a graph consisting of a single vertex labeled with i.
(The operand may be the name of the vertex, or a bullet symbol, •, making the
vertex nameless but unique.) G(D) is the graph produced by D, and L(D) is the
set of all labels in graphs produced by subexpressions of D, including D itself.

Example 1. Let D = ×{(2,1)}
(×{(1,2)} (λ1(•), λ2(•)) ,×{(1,2)} (λ1(•), λ2(•))

)
.

Then D is an NLC2-term, and L(D) = {1, 2}. D produces the graph G3 in
Fig. 1.

It is often convenient to view NLCk-terms as rooted ordered binary trees.
See Fig. 2.

λ1(•) λ2(•)

×{(1,2)}

λ1(•) λ2(•)

×{(1,2)}

×{(2,1)}

Fig. 2. The NLC2-term in Example 1 expressed with a binary tree.

We are now prepared to define the class NLCk, as well as what will be our
most frequently used concepts.

Definition 4 (NLCk [15]). NLCk is the class of all (labeled) graphs produced
by NLCk-terms.
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Definition 5 (NLCk-decomposition, NLC-decomposition [10]). An
NLCk-decomposition of a graph G is an NLCk-term D such that G = G(D)
if G is labeled, and such that G = unlab(G(D)) if G is unlabeled. If D ex-
ists, G is said to be NLCk-decomposable. An NLC-decomposition of G is an
NLCk-decomposition of G for some unspecified value of k. Note that G always
is “NLC-decomposable”.

Definition 6 (Width). The width of an NLCk-term D is |L(D)|.

Definition 7 (NLC-width [10]). The NLC-width of a graph G, widthNLC(G),
is the smallest width among all NLC-decompositions of G.

The NLCk-decomposition problem. A graph G is given, unlabeled or labeled
with numbers in [k]. The task is to find an NLCk-decomposition of G, if that
exists.

Example 2. The NLC2-term D in Example 1 is an NLC2-decomposition of G3

in Fig. 1, as well as of its unlabeled variant called P4, shown in Fig. 3. D has
width 2. The reader is invited to show that there is no NLC-decomposition of
P4 with width 1. Thus P4 has NLC-width 2.

Fig. 3. The graph P4.

Definition 8 (Restriction). Let D be an NLCk-term, and let V ⊆ V(G(D)).
Then D|V denotes the restriction of D to V , the expression obtained by deleting
the terms for vertices not in V , and removing superfluous operations in the
obvious way. Evidently, G(D|V ) = G(D)|V .

Since restricting a decomposition does not increase its width, we immediately
have:

Lemma 1. If H is an induced subgraph of G, then widthNLC(H) ≤
widthNLC(G), and H is NLCk-decomposable if G is.

4 Modular Decomposition

In general, the modular decomposition of a structure S is a derivation of S with
the implicit or explicit help of a substitution operation. Each substitution step
is described by a quotient structure. In the full paper, we extend ordinary graph
substitution so that it can produce labeled graphs as well. We then use the
results in [13] to define and characterize the modular decomposition, DM(G),
of any labeled or unlabeled graph G. In particular, when G is labeled, a set
M ⊆ V(G) is a module of G if and only if
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(i) M is nonempty;
(ii) for each vertex v ∈ V(G) −M , v has edges, either to all vertices in M ,

or to none of them; and
(iii) either M is uniformly labeled, or M = V(G);

whereas if G is unlabeled, M ⊆ V(G) is a module of G if and only if (i)
and (ii) hold. As usual, a graph is prime if its only modules are V(G) and the
singleton subsets thereof.

Moreover, whether G is labeled or not, each quotient graph Q of DM(G)
satisfies one of the following, (where “properly” means “having three or more
vertices”):

– Q has two vertices.
– Q is properly degenerate, implying that it is complete or discrete, and either

unlabeled or uniformly labeled.
– Q is properly prime.

It is shown in the full paper that we can compute DM(G) in O(n2) time by
first expressing G as a two-structure [7,8], and then using the algorithm in [12].

5 NLC2-Decomposition

In this section we solve the NLCk-decomposition problem for k = 2. But before
we restrict our choice of k, let us state the following from the full paper:

Proposition 1. Let G be a graph with more than one vertex. Then the NLC-
width of G equals the highest NLC-width among the quotient graphs in the mod-
ular decomposition of G, and an NLC-decomposition of G with this width can be
obtained from NLC-decompositions of these quotient graphs.

So let Q be a quotient graph in the modular decomposition of a graph G. Q
may be labeled or unlabeled. If Q has two vertices, its NLC-width is at most 2,
and if Q is properly degenerate, its NLC-width is 1. In each of these cases, it is
trivial to find an NLC-decomposition of Q with minimum width.

From here on, we study the remaining case — Q is properly prime — and
we restrict our discussion to NLC2-decomposition. Thus, Q will be unlabeled or
labeled with numbers in {1, 2}. A key observation then is that in NLC2, any
nontrivial use of the relabeling operator will produce a graph where all vertices
have the same label. This means that these vertices will be treated equally by
subsequent operations. Thereby, they will make up a module of the final graph,
which will not be prime.

Therefore, to NLC2-decompose, if possible, a properly prime graph Q, we
shall do as follows:

– If Q is non-uniformly labeled, then we use Algorithm 1, which searches for
a relabeling-free NLC2-decomposition of Q.
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– If Q is unlabeled, then we use Algorithm 2. It searches for a non-uniform
labeling of Q that permits a relabeling-free NLC2-decomposition, as deter-
mined by Algorithm 1.

– If Q is uniformly labeled, then we use Algorithm 2 to search for an NLC2-
decomposition D′ of unlab(Q). If we find D′, we can easily construct an
NLC2-decomposition ◦R (D′) of Q.

5.1 Algorithm 1

The input to this algorithm is a graph G labeled with numbers in {1, 2}. The
output is a relabeling-free NLC2-decomposition D of G, if such a decomposition
exists.

The algorithm is of divide-and-conquer type. If the decomposition D above
exists, it has the form ×S (D1, D2), where S is one of the 16 subsets of
{(1, 1), (1, 2), (2, 1), (2, 2)}. More interesting, as soon as we find a partition
{V1, V2} of the vertices of G such that G = ×S (G1, G2) for G1 = G|V1,
G2 = G|V2, and S among the 16 possibilities above, we know that G has a
relabeling-free NLC2-decomposition if and only if G1 and G2 do. For if D is a
relabeling-free NLC2-decomposition of G, then the restrictions D|V1 and D|V2

are relabeling-free NLC2-decompositions of G1 and G2. And conversely, if D1

and D2 are relabeling-free NLC2-decompositions of G1 and G2, then ×S (D1, D2)
is a relabeling-free NLC2-decomposition of G.

To find, if possible, a partition {V1, V2} such that G = ×S (G1, G2), where
G1 = G|V1 and G2 = G|V2, we are going to try each S, if needed. But first, we
select any vertex u in G and specify that u shall belong to V2. This will be no
restriction, since ×S (G1, G2) = ×S′ (G2, G1), where S′ is obtained by reversing
each pair in S. We now try each relation S as follows: First, we let V2 = {u}.
For each vertex v in V1 = V(G) \ u, we check if u has an edge to v if and only if
it should, according to S. If not, we move v from V1 to V2. Each time we move
a vertex to V2, we check this vertex with respect to those left in V1; we compare
with S, and move more vertices if needed. Continuing like this, we end up either
with a valid partition, or with an empty V1. If a partition is found, we continue
to partition V1 and V2, and so on, until all obtained sets have size one. All in
all, this can be done in O(n3) time (where n = |V(G)|), and only O(n) space is
needed besides the input.

5.2 Algorithm 2

The input to this algorithm is a properly prime unlabeled graph G. The output
is a relabeling-free NLC2-decomposition D of G, if such a decomposition exists.

As before, if D exists, it has the form ×S (D1, D2), where S is a subset
of {(1, 1), (1, 2), (2, 1), (2, 2)}. However, G is now unlabeled, and the number of
interesting possibilities for S is then smaller. Firstly, D produces a labeled graph
such that G = unlab(G(D)). Our freedom in choosing the labeling makes many
possibilities for S equivalent. Secondly, many values of S would make G contain
modules. These values can be excluded.
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It so turns out that we only have to try three possibilities for S: {(1, 1)},
{(1, 1), (2, 2)}, and {(1, 2), (2, 1), (2, 2)}. (A detailed argument can be found in
the full paper.) For the rest of this paper, we devote ourselves to the first pos-
sibility. To try the second possibility is similar but a little simpler. (See the full
paper.) The third possibility is easily reduced to the first by edge complementa-
tion of G.

Thus, we now let S = {(1, 1)}. To find a decomposition of G on the form
×S (D1, D2), we may go through all edges {v1, v2} in G, and determine for each
the satisfiability of G = unlab(×S (G1, G2)), where G1 and G2 are required to
be NLC2-decomposable and to contain v1 and v2 respectively, both of which
must then be labeled with 1. We will later on develop this idea a little further,
in order to reduce the number of edges {v1, v2} that we have to go through.

We assume from now on that v1 and v2 have been fixed like this. The fact
that S = {(1, 1)} then implies that as soon as we place any other vertex v in
G1 or G2, we know what its label must be. For example, if v is placed in G1, its
label must be 1 if it has an edge to v2, and 2 otherwise. Therefore, given a subset
V of V(G) containing v1 possibly, but not v2, let Gleft (V ) denote the graph on
V whose edges are induced by G, and in which a vertex is labeled with 1 if it
has an edge to v2, and 2 otherwise. In the same way, but with the roles of v1

and v2 swapped, we define Gright (V ).
The fixation of v1 and v2 not only helps us to label the vertices in V ∗ =

V(G) \ {v1, v2} once they have been placed in G1 or G2, but it also creates a
useful dependency among these vertices with respect to their placement. For
i, j ∈ {1, 2}, let an i–j-vertex — a vertex of type i–j — be a vertex in V ∗ which
will be labeled with i if placed in G1, and with j if placed in G2. Notice that each
vertex in V ∗ is an i–j-vertex for some i and j. As an example of the dependency,
let us look at two 1–1-vertices u and v. If there is no edge between u and v, then
they must be placed together, either in G1 or in G2, since ×S (G1, G2) produces
edges between 1-labeled vertices in G1 and 1-labeled vertices in G2.

We use a directed graph, Gdep , to reflect this dependency. Gdep is unlabeled,
has vertex set V ∗, and there is an edge from u to v in Gdep , also written u → v,
whenever the existence or not of an edge between u and v does not match S when
u is placed in G2 and v is placed in G1. So if u → v, then u cannot be placed in
G2 without v being placed there too. We let u ↔ v mean that both u → v and
v → u hold, and we let u | v mean that neither u → v nor v → u holds. Finally,
we define . to be the reflexive and transitive closure of the relation →.

A partition {V ∗
1 , V ∗

2 } of V ∗ is said to respect . if u . v does not hold for any
vertices v ∈ V ∗

1 and u ∈ V ∗
2 . Notice that given a partition {V ∗

1 , V ∗
2 } of V ∗ (where

we allow one of V ∗
1 and V ∗

2 to be empty), G = unlab(×S (G1, G2)) is true for
G1 = Gleft(v1 ∪ V ∗

1 ) and G2 = Gright (v2 ∪ V ∗
2 ) if and only if {V ∗

1 , V ∗
2 } respects

.. As soon as this is the case, we can use Algorithm 1 to search for NLC2-
decompositions D1 and D2 of G1 and G2. If they exist, D = ×S (D1, D2) is an
NLC2-decomposition of G, and {V ∗

1 , V ∗
2 } is said to be a successful partition. If

D1 and D2 do not both exist, we can try another partition of V ∗. Below we show
that if we choose these partitions carefully, we only need to try O(log(|V(G)|))
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of them. If we have not found D after that, we can conclude that we have to
continue with a new fixation of v1 and v2.

To bound the number of partitions we have to consider, we first collect ver-
tices into clusters. If C is a strongly connected component in Gdep , then all
vertices of C must be placed together, either in G1 or in G2. We then say that
C is a cluster of V ∗. For clusters C1 and C2, we may write C1 . C2 if u . v
for some u ∈ C1 and v ∈ C2. However, unless stated otherwise, clusters will be
assumed distinct, and we will write C1 < C2 instead of C1 . C2. (To have both
C1 . C2 and C2 . C1 is then not possible.) If neither C1 < C2 nor C2 < C1

holds, we write C1 ‖ C2.
In agreement with previous notation, we also write C1 → C2 if u → v for

some u ∈ C1 and v ∈ C2, and we write C1 | C2 if neither C1 → C2 nor C2 → C1

holds. Of course, we never have “C1 ↔ C2”. Note that C1 → C2 implies C1 < C2.
Conversely, C1 ‖ C2 implies C1 | C2.

We can get a deeper understanding of clusters by looking at → for specific
pairs of vertex types. The reader is referred to the full paper for these details. To
summarize our findings, we call the vertex types 1–1, 1–2, and 2–1, determining.
We have:

– Each cluster contains one or more vertices of at least one determining type.
(Here we have used the fact that G is connected.)

– If t is a determining type in a cluster C1, and a cluster C2 contains a vertex
of some other determining type, then C1 → C2 or C2 → C1.

– If two clusters, C1 and C2, contain exactly one and the same determining
type, then C1 | C2.

Using these statements only, it is not hard show that if C1 and C2 are clusters
satisfying C1 ‖ C2, and if C is a third cluster, then C < C1 implies C < C2, and
C1 < C implies C2 < C.

It is now easy to see that we can group (in a unique way) clusters into boxes,
so that we satisfy the following box structure properties:

– There is a linear order, <, on the boxes.
– Each box contains at least one cluster.
– If B1 and B2 are boxes with B1 < B2, then C1 < C2 for any clusters C1 ∈ B1

and C2 ∈ B2.
– If C1 and C2 are clusters in the same box, then C1 ‖ C2.

We define boxes like this, and for simplicity, we let each box denote the union
of its clusters. We can observe that a partition {V ∗

1 , V ∗
2 } of V ∗ respects . if and

only if the following monotonicity conditions are satisfied:

– When V ∗
1 contains a box B1, it also contains each box B < B1.

– When V ∗
2 contains a box B2, it also contains each box B such that B2 < B.

– At most one box is split by the partition — that is, has some clusters in V ∗
1

and some in V ∗
2 .
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Thereby we are ready to discuss the partitioning procedure. We will use a
somewhat informal language — the boxes are assumed to be ordered from left
to right, so that if B1 < B2, we can formulate this as “B1 is to the left of B2”.

We first try to partition in between boxes. We describe this by extending the
total order to include separator elements between the boxes, and at the ends.
Given a separator s, we partition V ∗ as {V ∗

1 , V ∗
2 }, where V ∗

1 is the union of all
boxes to the left of s, and V ∗

2 is the union of all boxes to the right of s. As
described previously, we then define G1 = Gleft (v1 ∪ V ∗

1 ) and G2 = Gright (v2 ∪
V ∗

2 ). From what we already know about partitions respecting ., we note, with
the help of Lemma 1:

– If G1 is not NLC2-decomposable, any successful partition {V ′
1 , V ′

2}, must
satisfy V ′

1 ⊂ V ∗
1 .

– If G2 is not NLC2-decomposable, any successful partition {V ′
1 , V ′

2}, must
satisfy V ′

2 ⊂ V ∗
2 .

We can therefore use binary search among separators with one of the following
results:

– We find a successful partition.
– We find a partition such that neither G1 nor G2 is NLC2-decomposable. We

can conclude that there is no successful partition for the current fixation of
v1 and v2.

– We find separators sl and sr immediately to the left and right of some box,
B, such that when sl is used, G1 is NLC2-decomposable but G2 is not, and
such that when sr is used, G2 is NLC2-decomposable but G1 is not. We can
conclude that if there exists a successful partition, it must split B.

In the last case, we must examine B more closely. As we shall see, we only
need to try one more partition, and we can find it as follows: First, for each cluster
C in B, we use Algorithm 1 to search for NLC2-decompositions of Gleft (C) and
Gright (C). If only one of these is decomposable, there is no doubt about in what
part of a successful partition that C must be placed. (If neither Gleft (C) nor
Gright (C) is decomposable, the conclusion is of course simple.) We may now
be left with a number of clusters for whose placement we have not yet seen
any restrictions. Let us call them remaining clusters. Fortunately, all of them
can safely be placed together. It is the vertex types in B that matter: When
B contains 1–2-vertices, the remaining clusters can be placed in V ∗

1 . When B
contains 2–1-vertices, the remaining clusters can be placed in V ∗

2 . And when
B contains 1–1-vertices, the remaining clusters can be placed anywhere. The
detailed arguments can be found in the full paper.

Let us now summarize: To determine the satisfiability of G =
unlab(×S (G1, G2)), where S = {(1, 1)}, and where G1 and G2 are required
to be NLC2-decomposable and to contain v1 and v2 respectively, we first group
the vertices in V ∗ = V(G)\{v1, v2} into clusters by computing the strongly con-
nected components of Gdep — the dependency graph with respect to v1 and v2.
This can be done with two depth-first searches, as described in [1]. The time
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needed is linear in the size of Gdep , which is O(n2), where n = |V(G)|. We
assume here that Gdep is stored explicitly.

We thereafter compute the box structure. This we do by inserting one cluster
C at a time. Either C fits in an existing box, or it must be placed in a new one.
This new box will appear either between two unaffected old boxes (or at an end),
or between the divided contents of an old box. The arrangement of all clusters
can easily be computed in O(n2) time.

We are now set to search for a successful partition of V ∗. The binary search
phase involves O(log n) partitions, each of which takes O(n3) time to check with
Algorithm 1. If needed, we continue with the “box-splitting” phase. We then call
Algorithm 1 twice for each cluster in the box in question. The total time for this
sums to O(n3). The final partition can then be checked, again in O(n3) time.
All in all, we use O(n3 log n) time and O(n2) temporary space for each fixation
of v1 and v2.

To find out if G has an NLC2-decomposition on the form ×S (D1, D2), we can
now repeat the above procedure for each edge {v1, v2}. However, without making
things more than marginally more complicated, we can get by with only n − 1
such repetitions. By the symmetry of S, we can take any vertex u ∈ V(G) and
require that it shall belong to G2 = G(D2). First, we let v2 = u, and we let each
neighbor of u play the role of v1. If this does not lead us to a successful partition,
we know that u must be labeled with 2. This in turn brings all neighbors of u to
G2. Next, we let one of these neighbors, u′, play the role of v2, and we let each
neighbor of u′ that is not already in G2 play the role of v1, and so on.

The new thing here is that not only v1 and v2 are fixed, but other vertices
are fixed too — some to G2, and some of these even to the label 2. It is argued
in the full paper that this does not cause any problems. Thus, we can find a
possible NLC2-decomposition of G on the form ×S (D1, D2) in O(n4 log n) time
and O(n2) space.

5.3 Concluding Analysis

Given a graph G that is unlabeled or labeled with numbers in {1, 2}, we can
now find an NLC2-decomposition DQ (if existing) of each quotient graph Q in
the modular decomposition of G in O(nQ

4 log nQ) time, where nQ = |V(Q)|.
It is shown in the full paper that the sum of nQ for all Q is bounded by 2n,
(where n = |V(G)|). Thus, the total time to find DQ for all Q is O(n4 log n).
These decompositions can then easily be pieced together in linear time into an
NLC2-decomposition of G.
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Abstract. When working on systems of the real world, abstractions in
the form of graphs have proven a superior modeling and representation
approach. This paper is on the analysis of such graphs. Based on the
paradigm that a graph of a system contains information about the sys-
tem’s structure, the paper contributes within the following respects:

1. It introduces a new and lucid structure measure, the so-called
weighted partial connectivity, Λ, whose maximization defines a
graph’s structure (Section 2).

2. It presents a fast algorithm that approximates a graph’s optimum
Λ-value (Section 3).

Moreover, the proposed structure definition is compared to existing clus-
tering approaches (Section 4), resulting in a new splitting theorem con-
cerning the well-known minimum cut splitting measure. A key concept
of the proposed structure definition is its implicit determination of an
optimum number of clusters.

Different applications, which illustrate the usability of the measure and
the algorithm, round off the paper (Section 5).

1 What Is Structure?

“Structure defines the organization of parts as dominated by the general
character of the whole.”

This informal definition reflects the common sense understanding of the no-
tion “structure”. Structure information is some kind of meta information and
may take different shapes. However, the nature of structure can often be captured
by a graph. Figure 1, for example, shows a gantry crane, its graph representation
in the form of the component graph G, and two abstractions, say contractions
of G, that can be interpreted as the crane’s structure. The paper in hand is on
the automatic detection of such structure information.

To allow of a more formal definition of the term structure, the following
abstraction is useful.

1. The system, the “whole”, is mapped onto a graph, G = 〈V, E〉. The system’s
elements form the set of nodes, V ; the relations between the elements are
represented by the set of (weighted) edges, E.

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 122–134, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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Fig. 1. Gantry crane with component graph and two structural abstractions.

2. The system’s structure, its “general character”, is reflected by the distribu-
tion of G’s edges.

This understanding of a system’s structure relies on the following paradigms.

1. Modular Character. The system (say, the graph G = 〈V, E〉) can be decom-
posed into several modules or functions such that each element of the system
(say, each node v ∈ V ) belongs to exactly one module.

2. Connectivity. Modules are defined implicitly, merely exploiting the graph-
theoretical concept of connectivity: The connectivity between nodes assigned
to the same module is assumed to be higher than the connectivity between
any two nodes from two different modules.

3. Contraction. The system’s structure is the contraction of G where a single
node is substituted for all nodes belonging to the same module.

Remarks. Point 1 reflects hierarchy or decentralization aspects of a system or
an organization. Point 2 is based on the observation, that the elements within
a module are closely related; the modules themselves, however, are coupled by
narrow interfaces only. A similar observation can be made respecting organiza-
tional or biological structures. Point 3 states that structure information can be
derived by a simple abstraction.

These structuring paradigms may not apply to all kinds of systems—but, for
a broad class of (technical) systems they form a useful set of assumptions.
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1λ  = 2

2λ  = 1

3λ  = 2

Λ = 3∗2+2∗1+3∗2 = 14Λ = 5∗1+3∗2 = 11

λ  = 11
2λ  = 2

1λ  = 2

2λ  = 3

Λ =Λ∗= 4∗2+4∗3 = 20

Fig. 2. Graph decompositions and related Λ values.

2 Quantifying a Graph’s Structure

The structure of a system G has been introduced as some contraction of G.
This descriptive definition can be quantified by means of a new measure called
“weighted partial connectivity”, Λ, which is introduced now. The weighted par-
tial connectivity is defined for a decomposition of a graph G, and it is based on
the graph-theoretical concept of edge connectivity.
Let G = 〈V, E〉 be the graph abstraction of the interesting system.1

1. C(G) = (C1, . . . , Cn) is a decomposition of G into n subgraphs induced on
the Ci, if

⋃
Ci∈C = V and Ci ∩ Cj,j 6=i = ∅. The induced subgraphs G(Ci)

are called cluster. EC ⊆ E consists of the set of edges between the clusters.
2. The edge connectivity λ(G) of a graph G denotes the minimum number of

edges that must be removed to make G a not-connected graph: λ(G) =
min{|E′ | : E

′ ⊂ E and G
′
= 〈V, E \E′〉 is not connected}.

Definition 2.1 (Λ). Let G be a graph, and let C = (C1, . . . , Cn) be a decom-
position of G. The weighted partial connectivity of C, Λ(C), is defined as

Λ(C) :=
∑n

i=1 |Ci| · λi, where

λ(Ci) ≡ λi designates the edge connectivity of G(Ci).
Figure 2 illustrates the weighted partial connectivity Λ.
Definition 2.2 (Connectivity Structure). Let G be a graph, and let C∗ be
a decomposition of G that maximizes Λ:

Λ(C∗)≡Λ∗ := max{Λ(C) | C is a decomposition of G}
Then the contraction H = 〈C∗(G), EC∗〉 is called connectivity structure (or

simply: structure) of the system represented by G.
Figure 3 shows that Λ-maximization means structure identification.
1 Concepts and definitions of graph theory are used in their standard way; they are

adopted from [10,7].
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Unstructured graph Structure

Λ∗ =12

Λ∗ = 46

ΛOptimum structured graph wrt.

Fig. 3. Examples for decomposing a graph according to our structure definition.

Remarks. A key feature of the above structure measure is its implicit definition
of a structure’s number of clusters.

Two rules of decomposition, which are implied in our structure definition,
are worth to be noted.

(i) If for a (sub)graph G = 〈V, E〉 and a decomposition (C1, . . . , Cn) the
strong splitting condition

λ(G) < min{λ1, . . . , λn}
is fulfilled, G will be decomposed. Note that the strong splitting condition

is commensurate for decomposition, and its application lessens the mean value
of the standard deviations of the clusters’ connectivity values λi. Obviously
this splitting rule follows the human sense when identifying clusters in a graph,
and there is a relation to the Min-Cut-splitting approach, which is derived in
Section 4.

(ii) If for no decomposition C the strong splitting condition holds, G will be
decomposed only, if for some C the condition |V | · λ(G) < Λ(C) is fulfilled. This
inequality forms a necessary condition for decomposition—it is equivalent to the
following special case of the structure definition: max{Λ({V }), Λ(C)} = Λ(C),
because Λ({V }) ≡ |V | · λ(G).

The weighted partial connectivity, Λ, can be made independent of the graph
size by dividing it by the graph’s node number |V |. The resulting normalized Λ
value is designated by Λ̄ ≡ 1

|V | · Λ.

3 Operationalizing Structure Identification

In this section a fast clustering algorithm optimizing the weighted partial con-
nectivity Λ is presented. This algorithm implements a local heuristic and is
suboptimal.

Initially, the algorithm assigns each node of a graph its own cluster. Within
the following re-clustering steps, a node adopts the same cluster as the majority
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Fig. 4. A definite majority clustering situation (left) and an undecided majority
clustering situation (right).

of its neighbors belong to. If there exist several such clusters, one of them is
chosen randomly. If re-clustering comes to an end, the algorithm terminates.

The left hand side of Figure 4 shows the definite case: most of the neighbors
of the central node belong to the left cluster, and the central node becomes a
member of that cluster. In the situation depicted on the right hand side, the
central node has the choice between the left and the right cluster.

We now write down this algorithm formally.

Majorclust.
Input. A graph G = 〈V, E〉.
Output. A function c : V 7→ N, which assigns a cluster number to each node.

(1) n = 0, t = false
(2) ∀v ∈ V do n = n + 1, c(v) = n end
(3) while t = false do
(4) t = true
(5) ∀v ∈ V do
(6) c∗ = i if

∣
∣{u : {u, v} ∈ E ∧ c(u) = i

}∣
∣ is max.

(7) if c(v) 6= c∗ then c(v) = c∗, t = false
(8) end
(9) end

The runtime complexity of Majorclust is Θ(|E| · |Cmax|), where Cmax ⊆ V
designates a maximum cluster. In the While-loop (line 3 to 8) each edge of
G is investigated twice; within each pass, a growing cluster is enlarged by at
least one node; if no node changes its cluster Majorclust terminates. Note
that this evaluation neglects “pathological” cases, where the algorithm oscillates
between two (or more) decompositions. However, such a situation constitutes
neither a clustering nor a runtime problem: It can be detected easily since all
nodes are either stable or in an undecided constellation. This advisements and
experimental results (see Section 5) show the usability of the algorithm for large
graphs with several thousand nodes.

The algorithm’s greatest strength, its restriction to local decisions, is bound
up with its sub-optimality. In every step only a node’s neighbors are considered,
resulting in an excellent runtime behavior. On the other hand, by disregard-
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(a)
MAJORCLUST
resembles
    −maximizationΛ

(b)

v1

MAJORCLUST
clustering

Λ−value maximization

Fig. 5. The local behavior of Majorclust may lead to sub-optimum Λ values.

ing global criteria like the connectivity, Majorclust cannot always find the
optimum solution. Figure 5 illustrates this.

The optimum solution for graph (a) is one cluster, which is also the solution
as found by Majorclust. For graph (b), a splitting into the two clusters {v1}
and V \{v1} is optimum. Majorclust cannot find this decomposition—working
strictly locally, it behaves exactly as on graph (a) and creates only one cluster.

3.1 Extension for Weighted Graphs

It is both useful and obvious to extend our structure identification approach by
introducing edge weights. The amount of the weight w(e) models the importance
of an edge e. A prerequisite for this is a generalization of Λ(C) by introducing
the weighted edge connectivity λ̄ of a graph as follows:
λ̃(G) = min{∑e∈E′ w(e) : E

′ ⊂ E and G
′
= 〈V, E \E′〉 is not connected}. Using

this definition all results from Section 2 can be directly extended to graphs with
edge weights.

In the same way the algorithm Majorclust is altered: Every node v now
adapts the same cluster as the weighted majority of its neighbors, i. e. every
neighbor counts according to the weight (i.e. importance) of the edge connecting
it to v.

4 Existing Clustering Approaches

Clustering data given as graphs has been a focus of research for years. The
existing approaches can be classified as follows.

Hierarchical versus Non-hierarchical Algorithms. Hierarchical algorithms create
a tree of node subsets by successively subdividing or merging the graph’s nodes.
In order to obtain a unique clustering, a second step is necessary that prunes
this tree at adequate places.

Hierarchical algorithms can be further classified into divisive and agglom-
erative approaches. Divisive algorithms start with each vertex being its own
cluster and union clusters iteratively. For agglomerative algorithms on the other
hand, the entire graph initially forms one single cluster which is successively
subdivided. Examples for divisive algorithms are Min-cut-clustering [10,20] or
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dissimilarity-based algorithms e. g. [11]. Typical agglomerative algorithms are
k-nearest-neighbor or linkage methods [4,16,6].

Non-Hierarchical algorithms subdivide the graph into clusters within one
step. Examples are clustering techniques based on Minimal-Spanning-Trees [22],
self-organizing Kohonen networks [9] or approaches which optimize a given goal
criterion [1,13,14,13].

Exclusive versus Non-exclusive Algorithms. Exclusive clustering algorithms as-
sign every node to exactly one cluster, while non-exclusive algorithms assign to
a node a membership value respecting each cluster. The algorithms mentioned
above are of exclusive type; an example for a non-exclusive algorithm is Fuzzy
clustering [21].

Clustering versus Partitioning. The clustering algorithms described above do
not impose any constraint on cluster sizes. Partitioning algorithms as used in
the fields of parallel computing or VLSI design typically demand homogeneous
cluster sizes. Examples for partitioning algorithms can be found in [10,8].

Λ-maximization and Majorclust can be classified as non-hierarchical and
exclusive. Majorclust finds a fast, but possibly suboptimal solution for the
problem of Λ-maximization. I. e., unlike most optimization approaches, Λ-maxi-
mization as performed by Majorclust does not rely on slow optimization tech-
niques and can be used for large graphs.

The clustering quality of the Λ criterion and the Majorclust algorithm
will be illustrated by the following two comparisons with well-known clustering
techniques as well as by different applications in Section 5.

4.1 Clustering Based on the Minimum Cut

Majorclust is a divisive approach, that recursively subdivides a graph at its
smallest cut. The following theorem relates Min-cut-clustering to clustering by
means of Λ-maximization.

Theorem4.1 (Strong Splitting Condition). Applying the strong splitting
condition (see Section 2) results in a decomposition at minimum cuts.

To proof this theorem we first show that λ(G) equals the cardinality of the
minimum cut of G.

Proof of Lemma. Let µ(G) denote the minimum cut of G. λ(G) ≤ |µ(G)| because
the removal of all edges belonging to the cut splits G into two components.
λ(G) ≥ |µ(G)| because in G there exists v1, v2 ∈ V so that exactly λ(G) edge
disjoint paths connect them. By removing one edge from each path, v1 will not
be connected to v2 anymore, therefore exists a cut with λ(G) edges.

Proof of Theorem. Let cut(Vi, Vj) denote the edges between G(Vi) and G(Vj).
From λ(G) ≤ min{λ1, . . . , λr} follows |µ(G)| ≤ min{|µ(G(V1))|, . . . , |µ(G(Vr))|},
i.e. no cut in G(Vi), i = 1, . . . , r is smaller than µ(G). Since every cut µ′(G)
except of cut(V1, . . . Vr) decomposes at least one G(Vi), µ′(G) must consist of
more than |µ(G)| edges. It follows that cut(V1, . . . Vr) must be minimum.
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Fig. 6. Weighted partial connectivity (Λ-) maximization versus Min-Cut-
clustering.

When the strong splitting condition does not hold, an optimum decomposi-
tion according to the structuring value need not be the same decomposition as
found using the minimum cut. This is because of the latter’s disregard for cluster
sizes. Figure 6 is such an example. Here Cx refers to a clique with x ≥ 3 nodes.
An optimum solution according to the weighted partial connectivity Λ (which
is also closer to human sense of esthetics) consists of one cluster {v1, v2, v3, v4}
and a second cluster Cx. An algorithm using the minimum cut would only sep-
arate v1.

The reader may also notice that, as mentioned before, maximizing the
weighted partial connectivity implies an optimum number of clusters, while the
minimum cut approach lacks any criterion for the number of necessary division
steps.

4.2 Clustering Based on Nearest-Neighbor Strategies

Nearest-Neighbor clustering is an agglomerative approach that iteratively merges
the two closest clusters. Its widespread use results in several variations [3,4,16,6].
The following qualitative comparison to Majorclust does not take all existing
variations into consideration, but we claim that Λ-maximization and Major-
clust respectively can indeed overcome typical problems inherent to Nearest-
Neighbor clustering concepts.

1. Nearest-Neighbor clustering, like all hierarchical algorithms, does not define
the (optimal) number of clusters. Λ-maximization (as well as Majorclust)
implicitly defines both number and sizes of the clusters.

2. The greedy nature of Nearest-Neighbor methods (unlike as in Majorclust,
nodes are never reassigned to another cluster) leads to the so-called chaining
effect [3], as illustrated in Figure 7.

3. The step of transforming the tree as created by a Nearest-Neighbor algorithm
into a unique clustering often depends on extra parameters such as the min-
imum cluster or vertex distance. This results in difficulties if clusters have
strongly varying point densities or inter-cluster distances. Λ-maximization
and Majorclust do not depend on additional parameters and behave more
sensible in such clustering situations.
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Fig. 7. The (undesired) chaining behavior of Nearest-Neighbor methods.

4. Nearest-Neighbor methods rely on distance information only. They thus dis-
regard connectivity information. For weighted graphs this may lead to clus-
ters which lack the human sense of esthetics, for unweighted graphs this
behavior may result in a failure to find any clusters.

5 Application

This section outlines three applications for structure identifications.2

5.1 Monitoring Computer Networks

Monitoring traffic, i. e. recording inter-computer communications, is substantial
for administrating and analyzing computer networks. The amount of traffic be-
tween all pairs of computers in the network is recorded in the so-called traffic
matrix. By interpreting the traffic matrix as the adjacency matrix of a weighted
graph, cluster identification techniques can be applied to the problem of traffic
analysis. Figure 8 illustrates the procedure.

Being faced with rather large traffic matrices (> 400 nodes, > 800 edges),
human experts need to fall back upon computer support for cluster identification.
However, this clustering problem is difficult to solve since no features about
communication structures are known beforehand, which makes this problem an
ideal testbed for Majorclust.

Cooperations with network experts allowed the application of Majorclust
under realistic conditions. Majorclust revealed several interesting structures
in traffic matrixes: (i) subnets were subdivided according to main applications,
(ii) project member in different subnets were identified, and (iii) computer serv-
ing similar purposes were clustered together.

These insights are helpful in several ways. Firstly, they render a general
understanding of traffic structure possible, e. g. clusters combining computers
in different subnets mean high traffic on the backbone. Secondly, they provide
additional information for planning tasks in the form of modification hints for
the network architecture.
2 Aside from the presented applications, structure identification has been investigated

for the preprocessing of configuration knowledge bases and the topological analysis
of fluidic systems [5,18].
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Packet 10:
eth: 170, 0:90:27:10:e7:68 −−> 0:90:27:12:26:d2
ip: 152, 131.220.6.35 −−> 131.220.6.51
tcp: 132, 22 −−> 1022

Packet 11:
eth: 60, 8:0:20:12:cd:83 −−> ff:ff:ff:ff:ff:ff

Packet 12:
eth: 54, 0:90:27:12:26:d2 −−> 0:90:27:10:e7:68
ip: 36, 131.220.6.51 −−> 131.220.6.35
tcp: 16, 1022 −−> 22

Packet 13:
eth: 170, 0:90:27:12:26:d2 −−> 0:10:2f:e:0:0
ip: 152, 131.220.6.51 −−> 194.64.183.62
tcp: 132, 22 −−> 1021

Packet 14:
eth: 60, 0:a0:c9:a6:dc:18 −−> 1:0:5e:7f:73:7d
ip: 42, 131.220.5.203 −−> 239.255.115.125
udp: 22, 1031 −−> 17076

Packet 15:
eth: 60, 0:10:2f:e:0:0 −−> 0:90:27:12:26:d2
ip: 42, 194.64.183.62 −−> 131.220.6.51
tcp: 22, 1021 −−> 22

Packet 16:
eth: 60, 0:a0:c9:8a:3:ea −−> ff:ff:ff:ff:ff:ff

Packet 17:
eth: 60, 0:10:2f:e:0:0 −−> 1:0:5e:0:0:2
ip: 42, 131.220.4.3 −−> 224.0.0.2

Packet 17:
eth: 60, 0:10:2f:e:0:0 −−> 1:0:5e:0:0:2
ip: 42, 131.220.4.3 −−> 224.0.0.2

Packet 18:
eth: 60, 0:60:83:9:cd:76 −−> 1:80:c2:0:0:0

Packet 19:
eth: 60, 0:a0:24:ea:39:4a −−> 0:90:27:2d:2:71

Packet 0:
eth: 60, 8:0:20:82:ce:e5 −−> ff:ff:ff:ff:ff:ff

Packet 1:
eth: 60, 0:60:83:9:cd:76 −−> 1:80:c2:0:0:0

Packet 2:
eth: 118, 0:90:27:12:3b:43 −−> 0:10:2f:e:0:0
ip: 100, 131.220.6.52 −−> 131.220.4.4
udp: 80, 967 −−> 664

Packet 3:
eth: 70, 8:0:20:12:cd:83 −−> 0:90:27:12:3b:43
ip: 52, 131.220.4.4 −−> 131.220.6.52
udp: 32, 664 −−> 967

Packet 4:
eth: 60, 0:a0:c9:a6:dc:18 −−> 1:0:5e:7f:73:7d
ip: 42, 131.220.5.203 −−> 239.255.115.125
udp: 22, 1031 −−> 17076

Packet 5:
eth: 60, 8:0:20:82:ce:e5 −−> ff:ff:ff:ff:ff:ff

Packet 6:
eth: 74, 0:10:2f:e:0:0 −−> 0:90:27:12:26:d2
ip: 56, 194.64.183.62 −−> 131.220.6.51
tcp: 36, 1021 −−> 22

Packet 7:
eth: 74, 0:90:27:12:26:d2 −−> 0:90:27:10:e7:68
ip: 56, 131.220.6.51 −−> 131.220.6.35
tcp: 36, 1022 −−> 22

Packet 8:
eth: 54, 0:90:27:12:26:d2 −−> 0:10:2f:e:0:0
ip: 36, 131.220.6.51 −−> 194.64.183.62
tcp: 16, 22 −−> 1021

Packet 9:
eth: 60, 0:90:27:10:e7:68 −−> 0:90:27:12:26:d2
ip: 42, 131.220.6.35 −−> 131.220.6.51
tcp: 22, 22 −−> 1022

Records with traffic information

...

...

...

Fig. 8. Communication clusters can be identified in the traffic matrix of a net-
work.

5.2 Visualizing Knowledge Bases

Automatic graph visualization is a key problem when supporting human under-
standing of complex data structures. To reduce the complexity of the visualiza-
tion problem, one strategy is to apply a Divide-and-Conquer approach [2,14].

The role of clustering in this connection is to tackle the divide task, i. e., to
break down a large graph into useful subgraphs. By a second step the resulting
clusters are arranged on a grid, and by a third step the nodes within each cluster
are positioned.

We have operationalized and applied this concept for the analysis and vi-
sualization of resource-based configuration knowledge bases. A resource-based
knowledge base textually describes the configuration objects by tuples compris-
ing an object’s supplied and demanded functions. From such a description a
global overview can be created that envisions the closely connected modules and
their functional interplay. Figure 9 shows a part of a visualized knowledge-base
for the resource-based configuration of telecommunication system. Details and
related information can be found in [12,17,19,15,2].

5.3 Clustering Metric Data

Data for clustering is often given as positions in a metric space, which can canon-
ically be transfered into a graph. Based on this graph, the structure measure Λ,
operationalized in the form of Majorclust, can be applied for clustering. Figure
10 shows a set of points and the identified clusters. Recall that Majorclust did
not need meta information about the number and the size of the clusters. Input
for Majorclust was the totally connected graph of points. However, instead
of connecting all pairs of vertices, connecting a vertex solely to its nth closest



132 Benno Stein and Oliver Niggemann

Digitale_Teilnehmer_S0 CUSTOMER_DEMAND
Digitale_Teilnehmer_S0 DEMANDS S0_Anschluß 1
Digitale_Teilnehmer_S0 MAX NIL
Digitale_Teilnehmer_UK0 CUSTOMER_DEMAND
Digitale_Teilnehmer_UK0 DEMANDS UK0_Anschluß 1
Digitale_Teilnehmer_UK0 MAX NIL
Digitale_Teilnehmer_UP0 CUSTOMER_DEMAND
Digitale_Teilnehmer_UP0 DEMANDS UP0_Anschluß 1
Digitale_Teilnehmer_UP0 MAX NIL
Doppelung_Steuerung CUSTOMER_DEMAND
Doppelung_Steuerung DEMANDS Möglichkeit_zur_DST 1
Doppelung_Steuerung MAX 1
Doppelung_Stromversorgung CUSTOMER_DEMAND
Doppelung_Stromversorgung DEMANDS Möglichkeit_zur_DSV 1
Doppelung_Stromversorgung DEMANDS Vorhandensein_von_Notstrom 1
Doppelung_Stromversorgung MAX 1
EOC MAX 2
Extern_Signalisierung DEMANDS STPL_ES 1
Extern_Signalisierung PRESUMES Kabel_2_24x2_für_ES_EES1
Extern_Signalisierung SUPPLIES AS_ES 1
Extern_Signalisierung MAX NIL
Externe_Signalisierung CUSTOMER_DEMAND
Externe_Signalisierung DEMANDS AS_ES 1
Externe_Signalisierung MAX NIL
Festverbindung_EM4 DEMANDS Steckplatz_für_Querverbindung 1
Festverbindung_EM4 SUPPLIES Anschlu_für_EM4 1
Festverbindung_EM4 MAX NIL
Festverbindung_Gruppe_1_analog DEMANDS Steckplatz 1
Festverbindung_Gruppe_1_analog PRESUMES Kabeladapter_1
Festverbindung_Gruppe_1_analog SUPPLIES Steckplatz_für_Querverbindung 8
Festverbindung_Gruppe_1_analog MAX NIL
Festverbindung_QMF DEMANDS Steckplatz_für_Querverbindung 1

Amtsanschluß_S0 DEMANDS Steckplatz 1
Amtsanschluß_S0 PRESUMES Kabeladapter_1
Amtsanschluß_S0 SUPPLIES S0_Amtsanschluß 8
Amtsanschluß_S0 MAX NIL
Amtsanschluß_S2M DEMANDS Steckplatz 1
Amtsanschluß_S2M PRESUMES Kabeladapter_1
Amtsanschluß_S2M SUPPLIES S2M_Amtsanschluß 1
Amtsanschluß_S2M MAX NIL
Amtsanschluß_S2MCoax DEMANDS Steckplatz 1
Amtsanschluß_S2MCoax PRESUMES Kabeladapter_4
Amtsanschluß_S2MCoax SUPPLIES S2M_Amtsanschluß_Coax 1
Amtsanschluß_S2MCoax MAX NIL
Amtsanschluß_analog_mit_DuWa DEMANDS Steckplatz 1
Amtsanschluß_analog_mit_DuWa PRESUMES Kabeladapter_1
Amtsanschluß_analog_mit_DuWa SUPPLIES DuWa_Anschluß 8
Amtsanschluß_analog_mit_DuWa MAX NIL
Amtsanschluß_analog_ohne_DuWa DEMANDS Steckplatz 1
Amtsanschluß_analog_ohne_DuWa PRESUMES Kabeladapter_1
Amtsanschluß_analog_ohne_DuWa SUPPLIES Amtsanschluß 8
Amtsanschluß_analog_ohne_DuWa SUPPLIES Steckplatz_für_SIGA 4
Amtsanschluß_analog_ohne_DuWa MAX NIL
Analoge_Querverbindung_QUW CUSTOMER_DEMAND
Analoge_Querverbindung_QUW DEMANDS Anschluß_für_QUW 1
Analoge_Querverbindung_QUW MAX NIL
Analoge_Querverbindung_EM4 CUSTOMER_DEMAND
Analoge_Querverbindung_EM4 DEMANDS Anschlu_für_EM4 1
Analoge_Querverbindung_EM4 MAX NIL
Analoge_Querverbindung_QMF CUSTOMER_DEMAND
Analoge_Querverbindung_QMF DEMANDS Anschluß_für_QMF 1
Analoge_Querverbindung_QMF MAX NIL
...
...

Configuration knowledge base

Fig. 9. Part of a configuration knowledge base with analyzed and visualized
structure.

neighbors improves the performance. Both the quality of the clusters found and
the runtime needed by Majorclust have been examined using our VisioDat
tool.

6 Summary

The paper presented a new approach to quantify the structure of graphs. Fol-
lowing this approach, a domain, a problem, or a system can syntactically be
analyzed regarding its structure—provided that a graph constitutes the ade-
quate modeling paradigm.

The proposed structure measure, the weighted partial connectivity Λ, relies
on subgraph connectivity, which is weighted with the subgraphs’ sizes. The sub-
graphs in turn are determined by that decomposition of a graph that maximizes
Λ. Hence, cluster number as well as cluster size of the structure are defined
implicitly by the optimization—a characteristic which makes this approach su-
perior to other clustering concepts. Λ-maximization resembles the human sense
when trying to identify a graph’s structure: Rather than searching for a given
number of clusters, the density distribution of a graph’s edges is analyzed.

Aside from the mathematical definition, the fast algorithm Majorclust op-
erationalizing Λ-maximization has been developed. Applications from the fields

Fig. 10. Clusters in a set of points in a metric space.
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of monitoring, visualization, and configuration revealed both usability (the de-
tected structures are reasonable) and applicability (efficient runtime behavior).
Structure processing as proposed here thus provides a powerful knowledge pre-
processing concept.
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Abstract. Graphs of clique–width at most k were introduced by Cour-
celle, Engelfriet and Rozenberg (1993) as graphs which can be defined
by k-expressions based on graph operations which use k vertex labels.

In this paper we study the clique–width of perfect graph classes.

On one hand, we show that every distance–hereditary graph, has clique–
width at most 3, and a 3–expression defining it can be obtained in linear
time. On the other hand, we show that the classes of unit interval and
permutation graphs are not of bounded clique–width. More precisely,
we show that for every n ∈ N there is a unit interval graph In and a
permutation graph Hn having n2 vertices, each of whose clique–width is
exactly n+1. These results allow us to see the border within the hierarchy
of perfect graphs between classes whose clique–width is bounded and
classes whose clique–width is unbounded.

Finally we show that every n× n square grid, n ∈ N , n ≥ 3, has clique–
width exactly n+ 1.

1 Introduction

The notion of clique–width of graphs was first introduced by Courcelle, Engelfriet
and Rozenberg in [CER93], as graphs which can be defined by k-expressions
based on graph operations which use k vertex labels. The clique–width of a
graph G, denoted by cwd(G), is defined as the minimum number of labels needed
to construct G, using the 3 graph operation: disjoint union (⊕), connecting
vertices with specified labels (η) and renaming labels (ρ). More details, are given
in section 2.

A detailed study of clique–width is [CO98]. Clique–width has analogous prop-
erties to tree–width: If the clique–width of a class of graphs C is bounded by k
(and the k–expression can be computed from its corresponding graph in time
T (|V |+ |E|), then every decision, optimization, enumeration or evaluation prob-
lem on C which can be defined by a Monadic Second Order formula ψ can be
solved in time ck · O(|V | + |E|) + T (|V | + |E|) where ck is a constant which
� Supported in part by postdoctoral fellowships at Bar-Ilan University and the Uni-
versity of Toronto.
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depends only on ψ and k, where |V | and |E| denote the number of vertices and
edges of the input graph, respectively. For details, cf. [CMRa,CMRb].

In this paper we study the clique–width of perfect graph classes. We first
show that:

Theorem 1. For every distance–hereditary graph G, cwd(G) ≤ 3, and a
3–expression defining it can be constructed in time O(|V |+ |E|).

Let dG(x, y) denote the length of the shortest path connecting vertices x and y
in the graph G. A graph G is called distance hereditary if for every connected
induced subgraph H of G, dG(x, y) = dH(x, y) holds for every pair of vertices
from H . These graphs were introduced by E. Howorka [How77] and have been
studied intensively in recent years, cf. [DM88,HM90,Dra94,DNB97,BD98]. Lin-
ear time O(|E| + |V |) algorithms were presented for all the following problems
on distance hereditary graphs: dominating set [BD98], Steiner tree [BD98], max-
imum weighted clique [HM90], maximum weighted stable set [HM90], diameter
[Dra94], and diametral pair [DNB97].

Since all these problems are in the class of Monadic Second Order Logic
optimization problems presented in [CMRa], it follows from Theorem 1 above
and from Theorem 4 of [CMRa] that all these problems, and many others, have
linear time solutions on the class of distance–hereditary graphs. For example:

Corollary 1. All the following problems have linear time O(|V |+ |E|) solution
on the class of distance–hereditary graphs: minimum dominating set, minimum
connected dominating set, minimum Steiner tree, maximum weighted clique,
maximum weighted stable set, diameter, domatic number for fixed k, vertex cover,
and k–colorability for fixed k.

Other problems which are known to have linear time solutions on the class of
distance hereditary graphs are: central vertex [Dra94], radius [Dra94], minimum
r–dominating clique [Dra94],and the connected r–domination problem [BD98].
These problems cannot be added to the list of problems mentioned in Corollary 1
above, since they are not included in the class of Monadic Second Order Logic
optimization problems presented in [CMRa].

Clearly Theorem 1 above also holds for any subclass of the class of distance
hereditary graphs. For example:

Corollary 2. Let C be any of the following graph classes, (defined in [PW99]):
block graphs, block duplicate graphs, restricted block duplicate graphs, restricted
unimodular chordal graphs, (6,2)–chordal bipartite graphs and Ptolematic graphs.
For every graph G ∈ C, cwd(G) ≤ 3, and a 3–expression defining it can be
constructed in time O(|V |+ |E|).

We say that a class of graphs C is not of bounded clique–width if there is no
fixed integer k, such that for every graph G ∈ C, cwd(G) ≤ k. We continue by
showing that:

Theorem 2. The class of unit interval graphs is not of bounded clique–width.
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Theorem 3. The class of permutation graphs is not of bounded clique–width.

Since many graph classes contain the classes of unit interval or permutation
graphs, it follows that many perfect graph classes are not of bounded clique–
width. For example:

Corollary 3. All the following graph classes (defined in [Gol80]) and their com-
plements are not of bounded clique–width: interval graphs, circle graphs, circu-
lar arc graphs, unit circular arc graphs, proper circular arc graphs, directed path
graphs, undirected path graphs, comparability graphs, chordal graphs, and strongly
chordal graphs.

The reason the complements of all graph classes mentioned in Corollary 3 are
not of bounded clique–width, is that for every graph G, cwd(G) ≤ 2 ∗ cwd(G),
(cf. [CO98]).

Finally, we show that:

Theorem 4. For every n× n square grid G, n ∈ N , n ≥ 3, cwd(G) = n + 1.

Corollary 4. For every n × m rectangular grid G, n, m ∈ N , n, m ≥ 3,
min{n, m}+ 1 ≤ cwd(G) ≤ min{n, m}+ 2.

Theorem 4 above improves the result of Makowsky and Rotics (cf. [MR99]), who
showed that for every n× n square grid G, cwd(G) ≥ n/3. The clique–width of
the 2× 2 grid is easily seen to equal 2.

In this extended abstract we just sketch the proofs of the theorems mentioned
above. The detailed proofs will be presented in the full paper.

2 Background

In this section we define the notions of graph operations and clique–width, as
presented in [CO98].

Definition 1 ((k–graph)). A k-graph is a labeled graph with (vertex) labels
in {1, 2, . . . , k}. A k-graph G, is represented as a structure 〈V, E, V1, . . . , Vk〉,
where V and E are the sets of vertices and edges respectively, and V1, . . . , Vk

form a partition of V , such that Vi is the set of vertices labeled i in G. Note that
some Vi’s may be empty. A non-labeled graph G = 〈V, E〉, will be considered as
a 1-graph with all vertices labeled by 1.

Definition 2 ((G ⊕ H)). For k-graphs G, H such that G = 〈V, E, V1, . . . , Vk〉
and H = 〈V ′, E′, V ′

1 , . . . , V ′
k〉 and V ∩ V ′ = ∅ (if this is not the case then replace

H with a disjoint copy of H), we denote by G⊕H, the disjoint union of G and
H such that:

G⊕H = 〈V ∪ V ′, E ∪ E′, V1 ∪ V ′
1 , . . . , Vk ∪ V ′

k〉

Note that G⊕G �= G.
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Definition 3 ((ηi,j(G))). For a k-graph G as above we denote by ηi,j(G), where
i �= j, the k-graph obtained by connecting all the vertices labeled i to all the
vertices labeled j in G. Formally:

ηi,j(G) = 〈V, E′, V1, . . . , Vk〉 , where

E′ = E ∪ {(u, v) : u ∈ Vi, v ∈ Vj}

Definition 4 ((ρi→j(G))). For a k-graph G as above we denote by ρi→j(G) the
k–graph obtained by the renaming of i into j in G such that:

ρi→j(G) = 〈V, E, V ′
1 , . . . , V ′

k〉, where

V ′
i = ∅, V ′

j = Vj ∪ Vi, and V ′
p = Vp for p �= i, j.

These graph operations have been introduced in [CER93] for characterizing
graph grammars. For every vertex v of a graph G and i ∈ {1, . . . , k}, we de-
note by i(v) the k-graph consisting of one vertex v labeled by i.

Example 1. A clique with four vertices u, v, w, x can be expressed as:

ρ2→1(η1,2(2(u)⊕ ρ2→1(η1,2(2(v)⊕ ρ2→1(η1,2(1(w) ⊕ 2(x)))))))

Definition 5 ((k–expression)). With every graph G one can associate an al-
gebraic expression which defines G built using the 3 types of operations men-
tioned above. We call such an expression a k–expression defining G, if all the
labels in the expression are in {1, . . . , k}. Trivially, for every graph G, there is
an n–expression which defines G, where n is the number of vertices of G.

Definition 6 ((The clique–width of a graph G, cwd(G))). Let C(k) be the
class of graphs which can be defined by k–expressions. The clique–width of a
graph G, denoted cwd(G), is defined by: cwd(G) = Min{k : G ∈ C(k)}.

C(1) is the class of edge-less graphs, cographs are exactly the graphs of clique–
width at most 2, and trees have clique–width at most 3 (cf. [CO98]).

In the following sections when considering a k–expression t which defines
a graph G, it will often be useful to consider the tree structure, denoted as
tree(t), corresponding to the k–expression t. For that we shall need the following
definitions.

Definition 7 ((tree(t))). Let t be any k–expression, and let G be the graph de-
fined by t. We denote by tree(t) the parse tree constructed from t in the usual
way. The leaves of this tree are the vertices of G, and the internal nodes cor-
respond to the operations of t, and can be either binary corresponding to ⊕ or
unary corresponding to η or ρ.

Definition 8 ((tree(a, t))). Let t be any k–expression, a be any node in t, we
denote by tree(a, t) the subtree of tree(t) rooted at a.
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Definition 9 ((t1 is a sub–expression of t2)). Let t1 be a k–expression and
let t2 be an l–expression, k ≤ l. We say that t1 is a sub–expression of t2 if there
exists a node a such that tree(t1) is the sub–tree of tree(t2) rooted at a. In other
words tree(t1) is equal to tree(a, t2).

Definition 10 ((The label of a vertex v at an internal node a)). Let t
be any k–expression, and let G be the graph defined by t. Let a be any internal
node of tree(t) and let v be any vertex of G occurring in tree(a, t), i.e. v is a
leaf of tree(a, t). The labels of v may change by the ρ operations in t. However,
whenever an operation is applied on a sub–expression t1 of t which contains v,
the label of v (like the labels of all the other vertices occurring in t1) is well
defined. The label of v at a is defined as the label that v has immediately before
the operation a is applied on the subtree of tree(t) rooted at a.

3 Distance Hereditary Graphs

Let dG(x, y) denote the length of the shortest path connecting vertices x and y
in the graph G. Recall that a graph G is called distance hereditary if for every
connected induced subgraph H of G, dG(x, y) = dH(x, y) holds for every pair of
vertices from H . For every vertex x, we denote by N(x) the set of all neighbors
of x (not including x). A leaf is a vertex having exactly one neighbor. We say
that x and y are twins if they have the same neighborhood outside x and y, i.e.
N(x)−{y} = N(y)−{x}. The vertices x and y are called true twins (resp. false
twins) if x and y are twins and x is adjacent (resp. not adjacent) to y.

Definition 11 ((Pruning sequence, cf. [HM90])). Let G be a graph with n
vertices denoted by v1, . . . , vn, and let S = {s2, . . . , sn} be a sequence of pairs of
the form 〈(vi, vj), type〉, where j < i and type is either leaf , true or false. We
say that S is a pruning sequence for G, if for 2 ≤ i ≤ n, if si = 〈(vi, vj), leaf〉
(resp. if si = 〈(vi, vj), false〉, or si = 〈(vi, vj), true〉) then the subgraph of G
induced by {v1, . . . , vi} is obtained from the subgraph induced by {v1, . . . , vi−1}
by adding the vertex vi and making it a leaf (resp. a false twin, or a true twin)
of the vertex vj.

Theorem 5 (Hammer and Maffray [HM90]). For every connected
graph G, G is distance hereditary if and only if there exists a pruning sequence
for G. Moreover, there is a linear time algorithm which constructs a pruning
sequence for a given graph G, if it exists, or claims that there is no pruning
sequence for G.

Definition 12 ((Pruning–tree)). Let G be a graph having n vertices denoted
by v1, . . . , vn, and let S = {s2, . . . , sn} be a pruning sequence for G. The pruning–
tree corresponding to the pruning sequence S of G, is the labeled ordered tree T
constructed as follows:
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Fig. 1. A connected distance hereditary graph G and a pruning tree for G.

(i) Set T1 as the tree consisting of a single root vertex v1, and set i := 1.
(ii) Set i := i + 1. If i > n then set T := Tn and stop.
(iii) Let si = 〈(vi, vj), leaf〉 (resp. si = 〈(vi, vj), false〉, or si =

〈(vi, vj), true〉), then set Ti as the tree obtained from Ti−1 by adding
the new vertex vi and making it a rightmost son of the vertex vj , and
labeling the edge connecting vi to vj by leaf (resp. by false or true).

(iv) Go back to step (ii) above.

Example 2. Figure 1 illustrates a connected distance hereditary graph G. The
vertices of G are denoted by {1, 2, . . . , 10}. Figure 1 also illustrates the pruning–
tree corresponding to the pruning sequence S of G defined by

S = { 〈(2, 1), true〉, 〈(3, 2), leaf〉, 〈(4, 2), false〉, 〈(5, 3), true〉, 〈(6, 1), leaf〉,
〈(7, 4), true〉, 〈(8, 1), true〉, 〈(9, 8), false〉, 〈(10, 8), leaf〉}.

In the figure we denoted true (resp. false or leaf) shortly by t (resp. f or l).

Definition 13 ((Ta)). Let T be any rooted tree, and let a be any node occurring
in T . We denote by Ta the sub–tree of T rooted at a.
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Definition 14 ((True/false twin son, leaf son, twin descendant)). Let
G be a graph having a pruning sequence S, T be the pruning–tree corresponding
to S and let v and u be any two vertices of G. We say that v is a true twin
son (resp. false twin son, leaf son) of u, if v is a son of u in T and the edge
connecting v to u in T is labeled with true (resp. false, leaf). We say that v is
a twin descendant of u, if v is either the same vertex as u, or v is a descendant
of u in T such that all the edges of the path connecting v to u in T are labeled
with true or false.

Lemma 1. Let G be a graph having a pruning sequence S with corresponding
pruning–tree T , and let a be any internal node in T whose sons in T are denoted
by a1, . . . , al ordered from left to right. For all 1 ≤ i < j ≤ l, and for every two
vertices v and u occurring in Tai and Taj respectively, v is adjacent to u in G if
and only if ai is either a leaf son or a true twin son of a, aj is either a true or
false twin son of a, and v and u are twin descendants of ai and aj respectively.

Let A ⊆ V be a subset of the vertices of G = 〈V, E〉. We denote by G[A] the
subgraph of G induced by A. Furthermore, if Ta1 , . . . , Tak

are disjoint sub–trees
of a pruning–tree, then G[Ta1 ∪ . . . ∪ Tak

] is the subgraph of G induced by the
vertices of Ta1 ∪ . . . ∪ Tak

.
The following lemma follows immediately from Lemma 1 above.

Lemma 2. Let G be a graph having a pruning sequence S, with corresponding
pruning–tree T , and let a be any internal node in T whose sons ordered from left
to right are a1, . . . , al. For 1 ≤ i ≤ l, we have the following:

(i) If ai is a false twin son of a, then G[{a}∪Tai ∪Tai+1 ∪ . . .∪Tal
] is equal

to the disjoint union of G[{a} ∪ Tai+1 ∪ . . . ∪ Tal
] and G[Tai ].

(ii) If ai is either a leaf or a true twin son of a, then G[{a} ∪ Tai ∪ Tai+1 ∪
. . . ∪ Tal

] can be constructed by taking the disjoint union of G[{a} ∪
Tai+1 ∪ . . .∪Tal

] and G[Tai ], and connecting all the twin descendants of
ai to a and to all the twin descendants of ai+1, . . . , al.

Theorem 1 For every distance hereditary graph G, cwd(G) ≤ 3, and a
3–expression defining it can be constructed in time O(|V |+ |E|).
Proof:
Let G be a distance hereditary graph. We assume that G is connected, since
if G is not connected we can construct a 3–expression for G by applying the
disjoint union operation (i.e. the ⊕ operation) on the 3–expressions obtained
for the connected components of G. By Theorem 5 above there is a pruning se-
quence S for G, which can be obtained in linear time. Let T be the pruning–tree
corresponding to the pruning sequence S.

Claim. For each internal node a of the pruning tree T , there is a 3–expression ta
which defines the labeled graph G′, such that G′ = G[Ta], all the twin descen-
dants of a are labeled with 2 in G′, and all the other vertices of G′ are labeled
with 1.
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proof of claim:We shall prove the claim by induction on the height of sub–trees
of T . The claim trivially holds for all the sub–trees of T of height 1. Suppose the
claim holds for all the sub–trees of T of height n−1. Let a be any internal node of
T such that Ta is of height n and let a1, . . . , al be the sons of a ordered from left
to right. By the induction hypothesis there are 3-expressions ta1 , . . . , tal

which
defines the disjoint labeled graphs G[Ta1 ], . . . , G[Tal

], respectively, such that all
the vertices which are twin descendants of a1, . . . , al are labeled with 2 and all
other vertices in these graphs are labeled with 1. We construct the expression ta
as follows:

Procedure A

(i) Set el+1 := 2(a) and set i := l + 1.
(ii) Set i := i− 1. If i = 0 then set ta := e1 and stop.
(iii) If ai is either a leaf son or a true twin son of a then set

ei := ρ3→2(η2,3(tai ⊕ ρ2→3(ei+1))

(iv) If ai is a false twin son of a then set ei := tai ⊕ ei+1.
(v) Go back to step (ii) above

From Lemma 2 above it follows that for 1 ≤ i ≤ l, the 3–expression ei

constructed by the above procedure, defines the graph G[{a} ∪ Tai ∪ . . . ∪ Tal
].

Hence, the 3–expression ta constructed by the above procedure (which is equal
to e1), defines the graph G[Ta]. Since in the graph defined by ta, all the twin
descendants of a are labeled with 2 and all the other vertices are labeled with 1,
this completes the proof of Claim 3.

Let x be the root of the pruning–tree T . By the above claim there is a
3–expression tx which defines the graph G. Moreover, using Procedure A above,
it is easy to see that the 3–expression tx which defines G can be constructed in
linear time, and by that the proof of Theorem 1 is completed. ✷

4 Unit Interval Graphs and Permutation Graphs Are
Not of Bounded Clique–Width

In this section we show that the classes of unit interval graphs and permutation
graphs are not of bounded clique–width. Below (cf. definition 15) we define the
graph In which is a unit interval graph with n2 vertices (cf. Fact 1). Informally,
the vertices of the graph In can be thought as being arranged in an n × n
square array, such that all the vertices occurring in the same column form a
clique, vertices in non-consecutive columns are not connected, and a vertex vi,j

occurring in row i and column j is adjacent to all the vertices occurring in column
j + 1 and in rows 1, . . . , i − 1. Figure 2 illustrates the graph I4, and Figure 3
shows its representation as intersecting intervals.
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Definition 15 ((The graph In)). We denote by In the graph 〈V, E〉, where
the set of vertices V is defined by:

V = {vi,j : 1 ≤ i ≤ n, 1 ≤ j ≤ n}
and the set of edges E is defined by: E = E′ ∪ E′′, where

E′ = { (vi1,j , vi2,j) : 1 ≤ i1 ≤ n,
1 ≤ i2 ≤ n, 1 ≤ j ≤ n, i1 �= i2}

E′′ = { (vi1,j , vi2,j+1) : 1 ≤ j ≤ n− 1,
2 ≤ i1 ≤ n, 1 ≤ i2 ≤ i1 − 1}

Fact 1 For every n ∈ N , the graph In is a unit interval graph.
Fact 1 above can be verified by constructing for every n ∈ N , a unit interval

graph presentation for the graph In , similar to the one illustrated in Figure
3 for the graph I4. For example, let ε = 1/2n and define the (closed) interval
corresponding to vi,j to be Ji,j = [j + iε, j + 1 + (i− 1)ε], (1 ≤ i, j ≤ n).

Lemma 3. For every n ∈ N , n ≥ 2, cwd(In) = n + 1.

Theorem 2 follows immediately from Lemma 3.
A graph G = 〈V, E〉 is a permutation graph if and only if there are two linear

ordering of its vertices R1 and R2, such that for every two vertices v and u in
G, v is adjacent to u if and only if v occurs before u in the linear order R1 and
v occurs after u in the linear order R2, cf. [Gol80]. Below (cf. definition 16) we
define the graph Hn which is a permutation graph (cf. Fact 2). Informally, the
vertices of the graph Hn can be put in an n× n square array, such that all the
vertices occurring in the same column form a clique, vertices in non-consecutive
columns are not connected, a vertex v occurring in row i and an odd column j is
adjacent to all the vertices occurring in column j+1 and in rows 1, . . . , i−1, and
a vertex v occurring in row i and even column j is adjacent to all the vertices
occurring in column j + 1 in rows i + 1, i + 2, . . . , n.

Definition 16 ((The graph Hn)). We denote by Hn the graph 〈V, E〉, where
the set of vertices V is defined by:

V = {vi,j : 1 ≤ i ≤ n, 1 ≤ j ≤ n}
and the set of edges E is defined by: E = E′ ∪ E′′ ∪E′′′, where

E′ = { (vi1,j , vi2,j) : 1 ≤ i1 ≤ n,
1 ≤ i2 ≤ n, 1 ≤ j ≤ n, i1 �= i2}

E′′ = { (vi1,j, vi2,j+1) : 1 ≤ j ≤ n− 1, j odd,
2 ≤ i1 ≤ n, 1 ≤ i2 ≤ i1 − 1}

E′′′ = { (vi1,j , vi2,j+1) : 2 ≤ j ≤ n− 1, j even,
1 ≤ i1 ≤ n− 1, i1 + 1 ≤ i2 ≤ n}

Fact 2 For every n ∈ N , the graph Hn is a permutation graph.
Lemma 4. For every n ∈ N , n ≥ 2, cwd(Hn) = n + 1.

Theorem 3 follows immediately from Lemma 4.



144 Martin Charles Golumbic and Udi Rotics

v1,1

v
2,1

v
2,2

v
2,3

v
2,4

v
1,2 v

1,3
v

1,4

v3,1 v3,2 v
3,3

v
3,4

v
4,1

v4,2 v
4,3

v
4,4

Fig. 2. The graph I4

v1,1 v1,2 v1,3 v1,4

v
2,1

v
2,2

v
2,3

v
2,4

v
3,1

v
3,2

v3,3 v3,4

v4,1 v4,2 v
4,3

v
4,4

Fig. 3. The unit interval representation of the graph I4



On the Clique–Width of Perfect Graph Classes 145

5 Square Grids

In this section we show that every n × n square grid, n ≥ 3, has clique–width
exactly n + 1. Throughout this section we denote by vi,j the vertex of the grid
occurring in row i and column j.

Lemma 5. For every n× n square grid G, cwd(G) ≤ n + 1.

Proof:
[Sketch] Let G be an n × n square grid. We shall prove the lemma by con-
structing an n + 1–expression f which defines G. For that we first construct an
n + 1–expression c which defines the subgraph GL of the grid G induced by the
vertices occurring in the lower triangle of G, such that all the vertices of the
diagonal of GL are labeled with labels from 1 to n, and all the other vertices of
GL are labeled with n + 1. Similarly we construct an n + 1–expression d which
defines the subgraph of the grid G induced by the vertices occurring in the sub-
graph GR of G induced by the upper triangle of G. Finally, we construct the
n+1–expression f , by adding all the vertices of the main diagonal of the grid G,
and connecting them to the vertices in the diagonals of the graphs GL and GR. ✷

We now show that n + 1 is also the lower bound for cwd(G). Recall (cf.
definition 8 above) that for a k–expression t and for every internal node a of
tree(t), we denote by tree(a, t) the sub–tree of tree(t) rooted at a.

Lemma 6. Let G be an n×n square grid, n ∈ N , n ≥ 3, let t be a k–expression
which defines G, let a be the highest ⊕ node in tree(t), let b and c be the highest
⊕ nodes in the sub–trees rooted at the left and right sons of a, respectively. If
neither graph defined by tree(b, t) and tree(c, t) contains a full row of the grid
G, then k ≥ n + 1. Similarly, if neither graph defined by tree(b, t) and tree(c, t)
contains a full column of the grid G, then k ≥ n + 1.

Lemma 7. Let G be an n×n square grid, let t be a k–expression which defines G,
let d be an internal ⊕ node in tree(t). If the graph defined by tree(d, t) contains a
full row of the grid and does not contain a full column of the grid, then k ≥ n+1.
Similarly, if the graph defined by tree(d, t) contains a full column of the grid and
does not contain a full row of the grid, then k ≥ n + 1.

Lemma 8. Let G be an n×n square grid, let t be a k–expression which defines G,
let d be an internal ⊕ node in tree(t) and let e and f be the highest ⊕ nodes
in the sub–trees rooted at the left and right sons of d, respectively. If the graph
defined by tree(d, t) contains a full row of the grid and a full column of the grid,
and neither graph defined by tree(e, t) or tree(f, t) contains a full row or a full
column of the grid, then k ≥ n + 1.

Theorem 4 For every n× n square grid G, n ∈ N , n ≥ 3, cwd(G) = n + 1.
Proof:
Let G be an n×n square grid n ∈ N , n ≥ 3. By Lemma 5 above cwd(G) ≤ n+1.
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We shall show that cwd(G) > n, which implies that cwd(G) = n + 1. Suppose
that there is a k–expression t which defines G, and k ≤ n. Let a be the highest
⊕ node in tree(t), let b and c be the highest ⊕ nodes in the sub–trees rooted
at the left and right sons of a, respectively. If neither graph defined by tree(b, t)
and tree(c, t) contains a full column of the grid, or neither contains a full row of
the grid, then by Lemma 6 above k ≥ n + 1, a contradiction. Hence, we assume
without loss of generality, that the graph defined by tree(c, t) contains a full row
of the grid. Suppose there exist a node d in tree(c, t), such that either tree(d, t)
contains a full row of the grid and does not contain a full column of the grid, or
tree(d, t) contains a full column of the grid and does not contain a full row of
the grid. In either case, by Lemma 7 above k ≥ n + 1, a contradiction. Hence,
there exist a node d in tree(c, t) such that tree(d, t) contains a full row and a
full column of the grid, and both tree(e, t) and tree(f, t) do not contain a full
column or row of the grid, where e and f are the highest ⊕ nodes in the sub–
trees rooted at the left and right sons of d, respectively. In this case, by Lemma 8
above k ≥ n + 1, a contradiction.

Since we have considered all possible cases, we conclude that the assumption
that k ≤ n, was not correct, which implies that k ≥ n + 1. ✷

Corollary 4 For every n × m rectangular grid G, n, m ∈ N , n, m ≥ 3,
min{n, m}+ 1 ≤ cwd(G) ≤ min{n, m}+ 2.
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Abstract. We present a modification of Bodlaender’s linear time al-
gorithm that, for constant k, determines whether an input graph G =
(V, E) has treewidth k and, if so, constructs a tree decomposition of G
of width at most k. Our algorithm has the following additional feature:
if G has treewidth greater than k then a subgraph G′ of G of treewidth
greater than k is returned along with a tree decomposition of G′ of width
at most 2k. A consequence is that the fundamental disjoint rooted paths
problem can now be solved in O(n2) time. This is the primary motivation
for this paper.

1 Introduction

The notions of tree decompositions and treewidth of a graph were introduced
in the 1980’s by Robertson and Seymour [10] and they have since found a large
number of applications (see Bodlaender [5] for a tutorial on graph treewidth and
its applications). We shall define tree decompositions and treewidth precisely in
the next section. For now it will suffice to think of a tree decomposition of a
graph G as a decomposition of the vertex set of G into pieces that fit together
in a “tree-like way”. The width of a tree decomposition is the maximum size
of a piece in the tree decomposition and the treewidth of the graph G is the
minimum treewidth over all possible tree decompositions of G.

It turns out that if G has small treewidth (i.e. bounded by a constant) then
dynamic programming can be used to solve many optimization problems on G,
just as dynamic programming can be used to solve optimization problems on
trees. Examples of problems include edge coloring, Hamiltonian cycle, clique,
vertex coloring and various routing problems, all of which can be solved in lin-
ear time. In fact, given a tree decomposition of G of constant width, one can
solve in linear time any optimization problem on G that can be expressed in
monadic second order logic. Furthermore, other problems such as graph isomor-
phism can be solved in polynomial time (for references see [5]). This is what
spurred an interest in finding tree decompositions of small (constant) width in
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graphs which have them. The first algorithm for finding an O(k) tree decompo-
sition (for some constant k) was due to Robertson and Seymour [10] and had
an O(nf(k)) running time on graphs with n vertices (Robertson and Seymour
never bothered to compute f(k)). This was first improved by Arnold, Corneil
and Proskurowski [3] who gave an O(nk+2) algorithm, then again by Robertson
and Seymour [12] who gave an O(n2) algorithm, and then by Lagergren [7] who
gave an O(n log2 n) algorithm and by Reed [8] who gave an O(n log n) algo-
rithm. Finally, Bodlaender [4] gave a linear time algorithm for computing a tree
decomposition of width k of a graph G of treewidth at most k.

We describe our modification of Bodlaender’s algorithm which has the follow-
ing additional feature: if G has treewidth greater than k, our algorithm returns
a subgraph G′ of G and a tree decomposition of G′ of width at most 2k. We
illustrate the importance of this extra information by considering a fundamental
application of treewidth due to Robertson and Seymour [12]:

Problem 1 (The l-disjoint rooted path problem).
Let S = {s1, s2, ..., sl} and T = {t1, t2, ..., tl} be disjoint sets of vertices of a

graph G. Is there a set of vertex disjoint paths {P1, P2, ..., Pl} such that each Pi

contains vertices si and ti?

In general, the l-disjoint rooted path problem is NP-complete. In a seminal
paper, Robertson and Seymour [12] developed an O(n3) algorithm which solves
the l-disjoint rooted path problem, for a fixed l. One step of their recursive
algorithm consists of attempting to find a tree decomposition of bounded width
for G. If such a tree decomposition is found, they apply dynamic programming
to solve the problem (i.e. to find the disjoint paths). Otherwise, they find an
unnecessary vertex in O(n2) time and recursively solve the problem on G − v.
This gives an O(n3) time algorithm for the l-disjoint rooted path problem. One
of the various ways in which they find an unnecessary vertex is to construct a
tree decomposition of width at most 2k of a subgraph of G of width greater than
k and then use dynamic programming to find the vertex to be deleted.

Reed [8], [9], by using his O(n log n) treewidth decomposition algorithm
and modifying Robertson and Seymour’s algorithm somewhat, developed an
O(n2 log n) algorithm for the l-disjoint rooted paths problem. Now, we can
parachute our modification of Bodlaender’s algorithm into Reed’s algorithm to
improve its performance so that it runs in O(n2) time. This is the primary mo-
tivation for our result. We also note that the above discussion applies also to
the more general k-realizations problem (see [10,11,12,13]), implying that the
k-realization problem can be solved in O(n2) time.

2 Definitions and Preliminary Lemmas

A tree decomposition (T,X ) of a graph G = (V, E) consists of a tree T and of a
family X of subsets Xt of V , one for each node t of T , such that:
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(i) ∪t∈T Xt = V ,
(ii) for all (v, w) ∈ E there exists t ∈ T such that v, w ∈ Xt,
(iii) for all t0, t1 and t2 of T , if t1 is on the unique path from t0 to t2 then

Xt0 ∩Xt2 ⊆ Xt1 .

The width of a tree decomposition is maxt∈T {|Xt| − 1}. The treewidth of G
(denoted by TW (G)) is the minimum of the widths of its tree decompositions.

We will call a tree decomposition (T,X ) of G = (V, E) standard if |T | ≤ |V |.
Note that any tree decomposition (T ′X ′) of G can be transformed into a standard
tree decomposition (T,X ) of same width k. This can be done in O(|T ′|k) time
by initially setting T = T ′ and X = X ′ and then recursively identifying nodes
s, t ∈ T such that (s, t) ∈ T and |Xs ∪Xt| ≤ k + 1, and assigning Xs ∪Xt to the
identified new vertex.

We now state a few definitions and well known lemmas that we will need
(see [4] for proofs of the lemmas).

Lemma 1. If TW (G) ≤ k then |E| < k|V |.

Let S = {v ∈ V : d(v) ≤ 4k}.

Corollary 1. |S| ≥ |V |
2 .

Lemma 2. Let (T,X ) be a tree decomposition of G.

(i) If X ⊆ V induces a clique in G then there exists t ∈ T such that X ⊆ Xt;
(ii) For X1, X2 ⊆ V , if (X1, X2) induces a complete bipartite subgraph in G

then there is t ∈ T such that X1 ∈ Xt or X2 ∈ Xt.

The following easily follows.

Corollary 2. If v, w ∈ V have k + 1 common neighbors then any tree decompo-
sition of G of width at most k is a tree decomposition of G + (u, v).

Let G∗ = (V ∗, E∗) be obtained by identifying the vertices of some matching
M of G (and removing resulting multiple edges) and let (T ∗,X ∗) be a standard
tree decomposition of G∗ of width k.

Lemma 3. Let T = T ∗ and let X be the collection of subsets Xt obtained from
X∗

t by replacing every identified vertex v ∈ X∗
t with the original two endpoints,

for all t ∈ T . Then (T,X ) is a standard tree decomposition of G of width at
most 2k +1 and thus TW (G) ≤ 2TW (G∗)+1. Furthermore, for fixed k, the tree
decomposition (T,X ) can be computed in linear (O(|V |)) time from (T ∗,X ∗).

Lemma 4. TW (G∗) ≤ TW (G).

3 The Tree Decomposition Algorithm

Given a constant k, the specifications for our algorithm are:
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Input: G = (V, E)
Output: Either

I a standard tree decomposition (T, X) of G of width no greater than k,
or

II a subgraph G′ of G of treewidth greater than k and a standard tree
decomposition (T ′, X ′) of G′ of width at most 2k.

Running time: O(|V |).

If |V | ≤ 12k3, the base case, we simply apply a brute force algorithm. The
main step of the recursive part of our algorithm is to find a new graph G∗ =
(V ∗, E∗) with |V ∗| ≤ (1 − 1

16k2 )|V | such that either

(a) G∗ is a subgraph of G and, given a standard tree decomposition of G∗ of
width k, we can find in linear time a standard tree decomposition of G of
width k, or

(b) G∗ is obtained by identifying the edges of some matching M in G.

We then recursively apply our algorithm on G∗. Then, depending on whether
we are in case (a) or (b) and on the type of output the recursive call returns, we
do one of several things.

In case (a), if the output of the recursive call is of type I, we find in linear
time a standard tree decomposition of G of width k. In case (a), if the output
is of type II, we are clearly done. In case (b), if the output is of type I, we
apply lemma 3 to find a standard tree decomposition (T,X ) of G of width at
most 2k + 1. In case (b), if the output is of type II, we apply lemma 3 to find a
subgraph G′ of G of treewidth greater than k and a standard tree decomposition
(T ′,X ′) of G′ of width at most 4k + 1. In both cases, we apply the Bodlaender
and Kloks [6] algorithm, specified as follows for constants k and l:

Input: A graph G and a standard tree decomposition (T,X ) of G of width at
most l.

Output: A standard tree decomposition of G of width at most k, if G has one.
Running time: O(|V |).

In fact, the Bodlaender and Kloks algorithm can be easily modified, without
affecting the running time, so that if TW (G) > k then the algorithm returns a
subgraph G′ of G of treewidth greater than k and a standard tree decomposition
of G′ of width at most 2k (k + 1 is possible too). We use this modified version
of the Bodlaender and Kloks algorithm, to obtain outputs of type I or II for the
original input graph G.

In the remainder of this section, we describe the steps involved in finding G∗

and modifying the output from the recursive calls to obtain output for the orig-
inal problem. We show they can be performed in linear (O(|V |)) time. It fol-
lows that the total running time T (|V |) of our algorithm is bounded above by
T (1− 1

16k2 )|V |+ O(|V |) and thus T (|V |) = O(|V |).
Our algorithm modifies and improves Bodlaender’s original algorithm in two

ways. First, while Bodlaender’s algorithm just stops when it obtains a certificate
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that TW (G) > k, we do additional work. Second, we have streamlined the
construction of G∗ (the graph the algorithm recurses on) so the algorithm is
simpler and the graph G∗ is smaller. A payoff is that the recursion is applied to
a smaller graph. In fact, our algorithm iterates no more than O(k2) times while
Bodlaender’s algorithm may require O(k8) recursive iterations.

We now turn to the details of our algorithm. We can assume that |E| ≤ k|V |
(note that this implies |E| = O(|V |)); otherwise TW (G) > k, by lemma 1,
and we run our algorithm on a subgraph of G obtained by removing all but
k|V | edges from G. We also assume that k ≥ 2. The case k = 0 is just testing
whether G has no edge and the case k = 1 is testing whether G has no cycle.
Both tests are easy to do in linear time, as are the constructions of the standard
tree decompositions. Let V = {v1, v2, ..., v|V |}.

3.1 Matching Contraction (Case (b))

Let S be the vertices of V of degree no greater than 4k. We construct a matching
M that is maximal with respect to vertices in S by first ordering the vertices in
S as vi1 , ..., vi|S| , and then, for each vij in turn, if there is a neighbor v ∈ V of
vij which is in no matching edge picked so far, we add (vij , v) to the matching.

If |M | ≥ |V |
16k2 , we identify all endpoints of M , and remove multiple edges, to

obtain the graph G∗. To remove multiple edges in linear time, we apply bucket
sort on the edges of G∗ twice, once for each coordinate; since all multiple edges
will show up in consecutive positions, it is easy to remove all copies in one
traversal of the edges.

3.2 Subgraph Construction (Case (a))

If |M | < |V |
16k2 , let A be the subset of vertices in S that are endpoints of edges

in M , let B be the set of the remaining endpoints (i.e. not in S) and let C be
the set of neighbors of vertices in A that are not in A∪B. Note that |A| < |V |

8k2 ,
|B| < |V |

16k2 and |C| < |V |
2k . Finally, we set D = S−A−C and F = V −S−B−C

(see figure 1). There is no edge between a vertex in D and a vertex in F∪D∪C∪A.
Thus all edges incident to vertices in D are also incident to vertices in B and
|D| > |V |

2 −
|V |
8k2 − |V |

2k > |V |
5 (by corollary 1 and since k ≥ 2).

We now attempt to assign the vertices in D to non-adjacent pairs of neighbors
of v in B so that no pair is assigned more than k + 1 vertices. To do this, we
construct a data structure that allows us to perform the assignments in linear
time. Let Q be a list containing triples of the form ((vi, vj), u) for all vertices
u ∈ D and all vi, vj ∈ N(v) (⊆ B) with i < j and (vi, vj) �∈ E. We can construct
Q in linear time by visiting every vertex v of D and considering all pairs of
vertices in N(v). We sort Q twice using Bucket sort, once for each coordinate
of the pair. Note that there are only O(|V |) items in Q (since d(u) ≤ 4k for all
u ∈ D) and all triples of the form ((vi, vj), ...) are in consecutive positions after
the sort. We can thus easily find all common neighbors in D of pairs of vertices
vi, vj ∈ B.
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Fig. 1. Matching M and subsets A, B, C, D and F of V

The following lemma explains our assignments:

Lemma 5. If U is the set of unassigned vertices in D and if (T,X ) is a tree
decomposition of G − U of width at most k then for every u ∈ U there is t ∈ T
such that N(u) ⊂ Xt.

Proof. If v, w are a pair of non-adjacent neighbors in B of u ∈ U then they have
at least k + 1 common neighbors in G− U . By corollary 2, it follows (T,X ) is a
tree decomposition of G−U +(v, w). But then (T,X ) is also a tree decomposition
of G−U + {(v, w) : v, w ∈ N(u)}. Thus, by lemma 2, there must be some t ∈ T
such that N(u) ∈ Xt. For all u ∈ U with only one neighbor in B, the lemma is
trivially true. ��

Now we consider three cases.

There exists u ∈ U of degree greater than k. We set G∗ = (V ∗, E(V ∗))
where

V ∗ = u + N(u) + {v ∈ D : v is assigned to a pair in N(u)}
By applying the same argument as in the proof of lemma 5, we obtain that in

any tree decomposition (T ∗,X ∗) of G∗ there is t ∈ T ∗ such that N(u) + u ∈ Xt,

implying that TW (G∗) > k. Because |V ∗| ≤ 1+4k+
(

4k
2

)
(k+1) ≤ 12k3 (since

k ≥ 2), we just apply the base case of our algorithm on G∗.

Every u ∈ U has degree at most k and |U | ≥ |V |
8k2 . We recursively apply

our algorithm on G∗ = (V − U, E(V − U)).
From a standard tree decomposition (T ∗,X ∗) of G∗ of width at most k, we

construct a tree decomposition (T,X ) of G of width at most k by initially setting
T = T ∗ and X = X ∗. Then, for every u ∈ U , we find t ∈ T such that NG(u) ⊆ Xt

and we add a new node tv to T with Xtv = NG(v) + v and we connect tv to t in
T . By lemma 5, t must exist and (T,X ) is clearly a standard tree decomposition
of G.
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In order to find, for all v ∈ U , some t ∈ T such that NG(v) ⊆ Xt in linear
time, we need a special data structure, the same that Bodlaender used in his
algorithm. See [4] for details.

Every u ∈ U has degree at most k and |U | < |V |
8k2 . If |U | < |V |

8k2 , let D′ be
the set of all but � |V |

8k2 � vertices in D−U . Then |D′| ≥ |D|− |U |− � |V |
8k2 � > |V |

5 −
|V |
4k2 − 1 > |V |

8 (for k ≥ 2). The number of vertex pairs in B assigned to a vertex
in D′ is then greater than |V |

8(k+1) . We recursively apply our algorithm on the
subgraph G∗ induced by B∪D′. Note that |V (G∗)| < (1− 1

8k2 )|V |. Furthermore,
TW (G∗) > k as seen from the following argument. Suppose that TW (G∗) ≤ k.
Every vertex u ∈ D′ assigned to a pair (v, w) ∈ B can be contracted with v
or w to form a minor of G with an additional edge in B. By lemma 4 and
lemma 1, it follows that |E(B) + {assigned pairs in B}| < |B|k < |V |

16k2 k = |V |
16k ,

a contradiction for every positive k.
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Abstract We consider the class C∗ of graphs whose minimal separators
have a fixed bounded size. We give an O(nm)-time algorithm computing
an optimal tree-decomposition of every graph in C∗ with n vertices and m
edges. Furthermore we make evident that many NP-complete problems
are solvable in polynomial time when restricted to this class. Both claims
hold although C∗ contains graphs of arbitrarily large tree-width.

1 Introduction

One of the most important techniques for designing efficient graph algorithms
is “Divide and Conquer”. The application of this technique supplies a decompo-
sition of the input graph. Such a graph decomposition is the tree-decomposition
introduced by Robertson and Seymour [20]. Here, for convenience, we deal with
simple connected graphs. A tree-decomposition of a graph G = (V,E) is a tree T
with nodes representing subsets Xi of V , such that (1) for every edge {u, v} ∈ E
there is an Xi containing both u and v and (2) for every vertex u ∈ V all Xi

containing u form a subtree in T . The width of T is the maximal cardinality of
the subsets Xi minus 1. The tree-width of G is the minimal width of all possible
tree-decompositions of G.

Tree-width is an important complexity parameter. It is well known that many
NP-hard problems are solvable in polynomial (or linear) time when restricted
to graphs with small tree-width [3,2,8]. In fact all graph properties definable in
monadic second order logic with quantification over vertex and edge sets can be
decided in polynomial time for graphs of fixed bounded tree-width. Such prob-
lems are for example CLIQUE, MINIMUM FILL-IN, VERTEX COVER, MAXI-
MUM INDEPENDENT SET, GRAPH COLORING, and HAMILTONIAN CIR-
CUIT.

Unfortunately given a graph G and an integer k the question whether or not
graph G has tree-width k is NP-complete [1]. Moreover this problem remains
NP-complete even if the input graph is bipartite [13]. Tree-width is computable
in polynomial time for cographs [7], circular arc graphs [21], chordal bipartite
graphs [16], and permutation graphs [6]. Bodlaender has shown [5] that for a
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fixed k determining whether or not the tree-width of a graph G is at most k
and finding a corresponding tree-decomposition can be done in linear time (but
exponential in k).

Another notion related to tree-width is the notion of minimal separators. A
vertex subset S of a graph is a separator for nonadjacent vertices u and v if the
removal of S from the graph separates u and v into different connected compo-
nents. As usual S is a minimal separator for u and v (minimal u, v-separator) if
no proper subset of S separates u and v in this way.
It is well known that a graph is chordal if and only if every minimal separator
induces a complete subgraph, see [11]. The relationship between tree-width and
minimal separators is summed up by the following result shown in [1]: A graph
G has tree-width at most k if and only if there exists a minimal separator S with
at most k vertices such that every connected component of G − S augmented
by the completely connected separator vertices has tree-width at most k. For
further relationships see [19].

In order to motivate our paper consider a class C of graphs G = (V,E) having
at most p(|V |) different minimal separators, where p(n) is a fixed polynomial. For
many examples of such classes as permutation graphs, circle graphs, circular arc
graphs, and chordal bipartite graphs, the tree-width is computable in polynomial
time. It is of interest to know whether or not the polynomial time complexity
is a consequence of the fact that these classes have polynomial many minimal
separators. If so, it is also an important generalization to find a polynomial
time algorithm computing the tree-width and the optimal tree-decompositions
for all classes C. This leads to the following open question stated in [14,15]: Is
the tree-width (and the corresponding tree-decomposition) of every graph in C
computable in polynomial time?

Here we give an answer to this question for the nontrivial subclasses C∗
containing all graphs whose minimal separators have size bounded by a fixed
integer. Note that every class C∗ can be recognized in polynomial time since
every graph of C∗ has at most polynomial many separators and all minimal
separators of a graph can be listed in polynomial time per separator [17]. In
Figure 1 we show some examples of such graph classes.

Before we present our result let us make clear that there is no direct rela-
tionship between tree-width and the maximum size of the minimal separators of
a graph.
Consider for some large n the complete bipartite graph K2,n with color vertex
sets {u1, u2} and {v1, v2, . . . , vn}. The tree-width of K2,n is small (2) but the
maximum size of the minimal separators of K2,n is large (n). In fact
{v1, v2, . . . , vn} is a minimal u1, u2-separator of size n. Conversely consider the
split graph Kn ∪ {v} for some large n consisting of a clique Kn with n vertices
and a new vertex v only connected with a vertex u from Kn. The tree-width of
Kn ∪ {v} is large (n − 1) but the maximum size of the minimal separators is
small (1). In fact {u} is the unique minimal separator of Kn ∪ {v}. Hence there
is no relationship between the tree-width and the maximum size of the minimal
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(a) (b) (c) (d)

Figure1. (a) split graphs whose isolated vertices have bounded degree, (b) tree-
like graphs whose nodes are arbitrary cliques and two neighbor cliques are con-
nected with a bounded number of edges, (c) cycles, and (d) circle-like graphs
whose nodes are arbitrary cliques and two neighbor cliques are connected with
a bounded number of edges.

separators of a graph. In particular C∗ contains all split graphs Kn∪{v}, n ≥ 1,
and therefore it contains graphs with arbitrarily large tree-width.

In this paper using the Tarjan algorithm for clique separable graphs [22] we
show that the tree-width problem is solvable in O(nm) time for every graph in
C∗ with n vertices and m edges. The optimal tree-decomposition is also com-
putable in O(nm) time. Moreover many NP-complete problems become solvable
in polynomial time for these graphs although they can have arbitrarily large tree-
width. Such problems are for example CLIQUE, MINIMUM FILL-IN, VERTEX
COVER, MAXIMUM INDEPENDENT SET, and GRAPH COLORING. The
HAMILTONIAN CIRCUIT problem remains among others NP-complete (it is
solvable in polynomial time for graphs with fixed bounded tree-width). That
means not all problems which are solvable in polynomial time for graphs with
fixed bounded tree-width are also solvable in polynomial time for graphs having
minimal separators of fixed bounded size.

The question remains open for the class C if the size of the minimal separators
is not bounded. However we can show that in this case even the CLIQUE problem
stays NP-complete (it is solvable in polynomial time if the minimal separators
of the input graph have a fixed bounded size).

2 Preliminaries

In this section we review some basic notions. A graph G = (V,E) is a pair of
vertex set V and edge set E. For a subset V ′ of V , G[V ′] denotes the subgraph
induced by V ′ in G. We deal with finite, undirected graphs without loops and
multiple edges. Furthermore we assume that a graph is connected; otherwise
we first restrict our attention to its connected components and then we extend



158 K. Skodinis

our considerations to the whole graph. An important graph class are the split
graphs, see [9].

Definition 1. Let G = (V,E) be a graph. G is a split graph if there exists a
partition V = K ∪ I of its vertex set into a clique K and an independent set I.
There is no restriction on edges between vertices of K and vertices of I.

For our considerations the notion of vertex separator is of importance.

Definition 2. Let G = (V,E) be a graph. A subset S of vertices is a (vertex)
separator if there are two nonadjacent vertices u and v of G such that the removal
of S from G separates u and v into distinct connected components. S is also called
u, v-separator of G. S is minimal if no proper subset of S is an u, v-separator
of G.

The next lemma is easy to verify.

Lemma 1. Let G be a graph. A vertex set S is an u, v-separator of G if and
only if every path connecting the vertices u and v contains at least one vertex
of S.

For a graph G = (V,E) and an u, v-separator S the connected component of
G[V −S] containing u will be denoted by Cu. The following lemma is an exercise
in [11].

Lemma 2. Let S be a minimal u, v-separator of a graph G. Then every vertex
of S has a neighbor in Cu and a neighbor in Cv.

Now we define tree-decompositions and the tree-width of a graph.

Definition 3. Let G = (V,E) be a graph. A tree-decomposition of G is a pair
(X,T ), where X = {Xi | i ∈ I} is a collection of subsets of V and T = (I, F ) is
a tree with one vertex for each Xi such that

1. for each edge {u, v} of G there is an Xi ∈ X which contains both u and v,
2. for each vertex u of G the set of vertices {i | u ∈ Xi} forms a subtree of T .

The width of a tree-decomposition (X,T ) is max
i∈I

(|Xi|−1). The tree-width twd(G)

of G is the minimum width over all its tree-decompositions.

We say that a tree-decomposition of a graph G is optimal if its width is equal
to twd(G).

Given a graph G and an integer k the tree-width problem is the question
whether or not twd(G) ≤ k. This problem is NP-complete in general, see [1].
It remains NP-complete even for bipartite graphs [13]. Bodlaender [5] gave for
any fixed k a linear time algorithm deciding whether or not an input graph has
tree-width at most k and if so computing an optimal tree-decomposition. The
time complexity of this algorithm is exponential in k and therefore inpracticable
for large k.
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There are some restricted classes of graphs for which the tree-width problem
is solvable in polynomial time. Such classes are for example cographs [7], circular
arc graphs [21], chordal bipartite graphs [16] and permutation graphs [6].

For computations of tree-decompositions the following well known lemma is
very useful, see [4].

Lemma 3. Let (X,T ) be a tree-decomposition of a graph G. For every clique
K in G there is an element Xi of X such that K ⊆ Xi.

The next lemma shows that the intersection of two adjacent sets Xi and Xj

in every tree-decomposition of a graph G is a separator in G, see [20].

Lemma 4. Let (X,T ) be a tree-decomposition of a graph G and Xi, Xj ∈ X
be two sets connected by an edge in T . If neither Xi ⊆ Xj nor Xj ⊆ Xi then
Xi ∩Xj is a separator in G.

The last notions of this section concern decompositions of graphs based on
clique separators introduced by Gavril [10] and examined among others by
Tarjan [22]. Let us denote these decompositions by clique-decompositions in
order to distinguish them from tree-decompositions of Definition 3. A clique-
decomposition can be represented by a binary tree whose leaves are atoms
(graphs having no clique separators) and whose internal nodes are clique sepa-
rators. The subtrees rooted at an internal node S correspond to the connected
components of the graph separated by clique separator S. Notice that a clique-
decomposition is neither unique nor necessarily a tree-decomposition (see Figures
1 and 2 in [22] for a demonstration). Moreover the separator cliques used by the
clique-decompositions need not be minimal.

Tarjan [22] gave an algorithm computing a clique-decomposition in O(nm)
time for every input graph with n vertices and m edges. In order to recall the
algorithm we need the following notions.

An elimination ordering π of a graph G(V,E) is a numbering of its vertices
from 1 to |V |. The fill-in Fπ of G caused by ordering π is a set of “new” edges
{u, v}, where {u, v} �∈ E and there is a path u = u1u2 · · ·uk = v in G such that
π(ui) < min{π(u), π(v)} for every i = 2, . . . , k − 1.
An elimination ordering π is minimum if |Fπ| is minimum over all possible
orderings and minimal if there is no ordering π′ such that Fπ′ ⊂ Fπ.

Now we recall the Tarjan algorithm computing a clique-decomposition of
every n-vertex and m-edge graph G = (V,E) in O(nm) time.

Step 1: Find a minimal ordering π and compute S(v) = {w | π(w)>π(v), {v, w}
∈ E ∪ F (π)} for every vertex v. Then repeat the following step for every
vertex v in increasing order with respect to π.

Step 2: Let C1 be the connected component of G[V − S(v)] containing v and
let C2 = V − (S(v) ∪ C). If S(v) is a clique in G and C′ �= ∅ decompose G
into G1 = G[C1 ∪ S(v)] and G2 = G[C2 ∪ S(v)] separated by S(v).
Replace G by G2.

The most important fact for our considerations is that the actual graph G1

is an atom, i.e. G1 is either a clique or a graph having no clique separator.
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3 Tree-Width and Optimal Tree-Decomposition of
Graphs with Small Minimal Separators

In this section we consider the class C∗ of graphs whose minimal separators have
a size bounded by some fixed integer k. As mentioned in the introduction C∗
contains all split graphs Kn ∪ {v}, n ≥ 1, where vertex v is connected with only
one vertex u of Kn. Since graph Kn ∪ {v} has tree-width n − 1 and only one
minimal separator {u} of size 1 the considered class contains graphs of arbitrar-
ily large tree-width.
We give a polynomial algorithm which solves the tree-width problem and com-
putes the optimal tree-decomposition of any input graph in C∗.

We begin with a notation. Let G = (V,E) be a graph, S a minimal separator
of G, and C a component of G[V − S]. We denote by Ĉ the induced subgraph
G[C ∪ S] completed by all edges connecting every vertex pair of S.

The next lemma shows that every minimal u, v-separator of Ĉ is a minimal
u, v-separator of G.

Lemma 5. Let G = (V,E) be a graph, S a minimal separator of G, and C

a component of G[V − S]. Then every minimal separator of Ĉ is a minimal
separator of G.

Proof. Let S′ be a minimal u, v-separator of Ĉ. First we show that S′ is also an
u, v-separator of G. Assume S′ is not an u, v-separator of G. By Lemma 1 there
exists a path p = uw1 · · ·wrv connecting vertices u, v in G and containing no
vertices of S′. If p contains no vertex of S then all vertices w1, . . . , wr have to
be in C because C is a component of G[V − S]. But then at least one vertex of
{w1, . . . , wr} is in S′ which contradicts to the assumption. If p contains vertices
of S then we eliminate all vertices on the path which are not in Ĉ. Let p′ be the
obtained part of p. Since S is a clique in Ĉ, p′ is also a path in Ĉ. But then at
least one vertex of p′ is in S′ which again is a contradiction.

Finally we show that S′ is also a minimal u, v-separator of G. Assume there
is an u, v-separator S′′ of G such that S′′ is a proper subset of S′. We show that
there is a path p in G connecting u and v in G such that p contains no elements
of S′′. This obviously contradicts to Lemma 1.
Let x be an element of S′ − S′′. Since S′ is a minimal u, v-separator of Ĉ by
Lemma 2 there is a path uw1 · · ·wrwr+1 · · ·wr+tv in Ĉ with wr = x such that
all vertices on this path except x are not in S′ and therefore not in S′′. If every
edge {wi, wi+1}, 1 ≤ i ≤ r + t − 1, is in G then uw1 · · ·wrwr+1 · · ·wr+tv is the
desired path p.
If an edge {wi, wi+1} is not in G then both vertices {wi, wi+1} have to be in
S. Consider a component C′ of G[V − S] different to C such that every vertex
of S has a neighbor in C′. C′ has to exist since Lemma 2. We replace every
undesired edge {wi, wi+1} on the path by a path containing only edges of C′

and edges between vertices of C′ and vertices of S. Since all these edges are in
G the obtained path is the desired path p.

Now we examine the size of the maximal clique of Ĉ.
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Lemma 6. Let G = (V,E) be a graph whose minimal separators have size at
most k. Let S be a minimal separator of G and C a component of G[V − S].
Then every clique K of Ĉ with size larger than 2k is a clique of G.

Proof. Consider a clique K of Ĉ with |K| > 2k. If K ∩ S is either empty or a
clique of G then K is also a clique of G. If not then K has to contain at least
two nonadjacent vertices s and s′ of S both connected to all vertices of K − S.
That means |K − S| ≤ k or else the vertices s and s′ would have at least k + 1
common neighbors and therefore every minimal s, s′-separator of G would have
a size at least k + 1 which is impossible.
But then |K| ≤ |K − S|+ |S| ≤ k + k = 2k which is a contradiction.

The following theorem shows that G has a tree-decomposition with a simple
structure.

Theorem 1. Let G = (V,E) be a graph whose minimal separators have size at
most k. Then there is a (not necessarily optimal) tree-decomposition (X,T ) of
G such that each set of X with more than 2k vertices induces a clique in G.

Proof. It is an induction on the number of vertices of G. If G is a clique the claim
is obvious. If not then G has a minimal u, v-separator, say S. Let C1, . . . , Cl be
the components of G[V − S] and Ĉi, 1 ≤ i ≤ l, the induced subgraph G[Ci ∪ S]
completed by all edges connecting every vertex pair of S. By Lemma 5 the size
of all minimal separators of Ĉi is bounded by k. By the inductive hypothesis
Ĉi has a tree-decomposition (X i, T i) such that each set of X i with more than
2k elements induces a clique in Ĉi and by Lemma 6 also a clique in G. By
Lemma 3 we can assume that every tree-decomposition (X i, T i) is rooted by a
set of X i containing all vertices of S because S induces a clique in every Ĉi.
Now the tree with root S and with the above subtrees (X i, T i), 1 ≤ i ≤ l, is a
tree-decomposition of G meeting the requirements of the claim.

By Theorem 1 we obtain:

Corollary 1. Let G be a graph and K a maximum clique of G. If the size of all
minimal separators of G is bounded by an integer k then twd(G) ≤ max{|K| −
1, 2k − 1}.

Proof. Consider the tree-decomposition (X,T ) constructed by Theorem 1. Let
Xi ∈ X be the vertex set having the most vertices of G. By Theorem 1 we
obtain:
If |Xi| > 2k then Xi is a clique in G with |Xi| = |K| and by the definition of
tree-width we have twd(G) ≤ |Xi| − 1 = max{|K| − 1, 2k − 1}.
If |Xi| ≤ 2k then |Xi| ≥ |K| and by Lemma 3 and the definition of tree-width
we have twd(G) ≤ |Xi| − 1 ≤ max{|K| − 1, 2k − 1}.

Theorem 2. Let G = (V,E) be a graph but not a clique whose minimal sepa-
rators have size at most k. If twd(G) ≥ 2k then there exists a clique separator
in G.
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Proof. By Theorem 1 graph G has a tree-decomposition (X,T ) such that each
set of X with more than 2k vertices induces a clique in G. Let Xi ∈ X be a set
with more than 2k vertices and e be an edge in T connecting Xi with some set
Xj ∈ X (Xi exists since twd(G) ≥ 2k).

We can assume that neither Xi ⊆ Xj nor Xj ⊆ Xi otherwise we contract
edge e in T and we consider the obtained smaller tree-decomposition of G. By
Lemma 4, Xi ∩Xj is a clique separator in G.

Now we are ready to state our algorithm computing an optimal
tree-decomposition of every graph G = (V,E) whose minimal separators have a
size bounded by a fixed integer k.
At first we apply the algorithm of Tarjan to compute a clique-decomposition of
G. We obtain a binary tree B whose leaves are atoms and whose internal nodes
are clique separators, see Figure 2. It is easy to see that B has at most n − 1
atoms.
Then we compute the optimal tree-decomposition of every atom G1, . . . , Gr+1.
There are two cases: If an atom Gi = (Vi, Ei) is a clique then (Xi, Ti) = (Vi, {t})
is the trivial optimal tree-decomposition of Gi. If not then Gi has no clique
separator and by Theorem 2 every atom Gi has tree-width at most 2k. Hence
its optimal tree-decomposition can be found in O(|Vi|) time using the algorithm
from Bodlaender [5].

S1

S2

Sr

G1

G2

Gr Gr+1

Figure2. Binary tree representation of a clique-decomposition

function atom treedecomp (G : atom) : optimal tree-decomposition
begin

if ( G is a clique) then (X,T ) = ({V }, {t});
else Find optimal (X,T ) of G using the algorithm from Bodlaender;
atom treedecomp (G):= (X,T )

end
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Finally using the clique-decomposition of G and the tree-decompositions of
the atoms we compute an optimal tree-decomposition in bottom up fashion. We
assume that the clique-decomposition of G has r internal nodes and r+1 leaves.

function find treedecomp : optimal tree-decomposition
begin

(X,T ) := atom treedecomp (Gr+1)
for i := r downto 1 do

begin
Reroot T by t corresponding to a set containing Si;
(X ′, T ′) := atom treedecomp (Gi);
Reroot T ′ by t′ corresponding to a set containing Si;
X∗ := X ∪X ′; VT∗ := VT ∪ VT ′ ; ET∗ := ET ∪ ET ′ ∪ {tt′};
(X,T ) := (X∗, T ∗)

end;
find treedecomp := (X,T )

end

The correctness of our algorithm can be shown easily by an induction on the
number of the vertices of the input graph and by Theorems 1 and 2. We examine
the complexity of the algorithm.

Lemma 7. Let G = (V,E) be a graph with n vertices and m-edges. If the size of
all minimal separators of G is bounded by a fixed integer k then the computation
of an optimal tree-decomposition of G takes at most O(nm) time.

Proof. The construction of the binary tree representation B of the
clique-decomposition of graph G takes at most O(nm) time [22]. Finding op-
timal tree-decompositions of all atoms in B takes O(n2) time since there are
at most n atoms each of size at most n and an optimal tree-decomposition of
an atom can be computed in O(n) [5]. Finally the construction of an optimal
tree-decomposition of G by using the optimal tree-decompositions of the atoms
takes at most O(n) time.
Thus the total time is O(nm) (but exponential in k).

We obtain the following Theorem:

Theorem 3. Let G be a graph with n vertices and m edges whose minimal sepa-
rators have size bounded by a fixed integer k. Then an optimal tree-decomposition
(X,T ) of G can be found in O(nm) time. Moreover every set of X with more
than 2k elements induces a clique in G.

The obtained optimal tree-decomposition has a simple structure. We can use it
to show that many in general NP-complete problems become polynomial in this
case. Such problems are for example CLIQUE, MINIMUM FILL-IN, GRAPH
COLORING, and MAXIMUM INDEPENDENT SET, see [22].
To the contrary many other problems remain NP-complete for this class although
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they are solvable in polynomial time for the class of graphs with bounded tree-
width. An example is the HAMILTONIAN CIRCUIT problem. The proof is
based on the fact that the HAMILTONIAN CIRCUIT problem remains NP-
complete even for planar bipartite graphs with maximum degree 3 [12]. Consider
such a graph G = (V, V ′, E). First observe that it may be assumed that |V | =
|V ′|, otherwise there is no hamiltonian circuit in G. Then construct the split
graph H from G by completing one of its color sets, say V . Now all minimal
u, v-separators of H have size ≤ 3 and H has a hamiltonian circuit if and only if
G has one. Thus the HAMILTONIAN CIRCUIT problem is NP-complete even
for graphs whose minimal u, v-separators have size ≤ 3.

Now we consider graphs having polynomial many minimal separators. In this
case the size of the separators is not necessarily bounded by some fixed integer
k. We don’t know whether or not there exists a polynomial algorithm computing
the optimal tree-decomposition of G. However we can show that in this case even
the CLIQUE problem remains NP-complete.

Lemma 8. Let C be a class of graphs G = (V,E) having at most 28|V |2 min-
imal separators. The CLIQUE problem remains NP-complete even when it is
restricted to C.
Proof. It is a reduction from a special version of 3-SAT in which every variable
is restricted to appear at most three times and every literal at most twice. It is
well known that 3-SAT remains NP-complete even for expressions meeting these
requirements, see [18] (pp 183).
Consider the usual reduction from 3-SAT to CLIQUE: Given an instance φ with
n clauses Fi = (xi∨yi ∨ zi) we create 3n vertices, 3 for every clause. We identify
these 3 vertices with the literals of the corresponding clause. Then we add an edge
between two vertices if and only if their associated literals belong to different
clauses and are not opposite. Let G(φ) = (V,E) be the obtained graph. G(φ)
contains a clique with size ≥ n if and only if φ is satisfiable.
Since |V | = 3n itis sufficient to show that the number of all minimal separators
of G(φ) is ≤ 283n(3n − 1). There are two cases to consider: Let u and v be
nonadjacent vertices of G.
Case 1: u and v correspond to literals xi and zi of the same clause Fi, see
Figure 3(a).
In this case all vertices of G(φ) except at most 5 are connected to both u and
v. These 5 vertices are the vertex associated with the literal yi of Fi and the (at
most 4) vertices associated with the literals ¬xi and ¬zi occuring in the clauses
of φ except Fi. Thus every minimal u, v-separator has to contain at least n− 5
vertices of G(φ). So there exist at most 25 < 28 different u, v-separators since a
set with 5 elements has at most 25 different subsets.
Case 2: u and v correspond to literals xi of Fi and zj of Fj , see Figure 3(b).
Again all vertices of G(φ) except at most 8 are connected to both u and v. These
8 vertices are the 4 ones associated with the literals yi, zi, xj , and yj of Fi and
Fj and the (at most 4) ones associated with the literals ¬xi and ¬zj occuring
in the clauses of φ except Fi and Fj . The same argument as before shows that
in this case there exist at most 28 different minimal u, v-separators.
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Since there exist 3n(3n− 1) pairs (u, v) in G(φ) the proof is complete.

(a) (b)

Fi Fi

Fj

uu

v

v

xixi yiyi zizi

xj yj zj

¬xi

¬xi

¬xi

¬xi

¬zi

¬zi

¬zj

¬zj

Figure3. All vertices except the black ones are connected to both u and v.
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Abstract. We present an efficient algorithm which computes the set of
minimal separators of a graph in O(n3) time per separator, thus gaining
a factor of n2 on the current best-time algorithms for this problem.
Our process is based on a new structural result, derived from the work
of Kloks and Kratsch on listing all the minimal separators of a graph.

Keywords: Graph. Minimal Separator. Enumeration Algorithm.

1 Introduction

In this paper, we address the issue of computing the global set of minimal sep-
arators of a given graph G.

The use of minimal separators as a structural tool has become a modern
research topic in graph theory, with many algorithmic applications (see for ex-
ample [6], [15], [13], [3], [1], [2]).

Although a graph may have an exponential number of minimal separators, it
is important for many hard problems to be able to enumerate the set of minimal
separators efficiently.

As an example, the NP-Complete graph problems TREEWIDTH and MIN-
IMUM FILL-IN have been extensively studied (see [11], [5], [7], [6], etc.). Bod-
laender and al. in [6] conjecture that when the number of minimal separators of
a graph is polynomially bounded, these problems can be solved in polynomial
time. Bouchitté and Todinca (see [7]) define the concept of Potential Maximal
Clique, which uses minimal separators to define the maximal cliques obtained
by some minimal triangulation process. They show that when the number of Po-
tential Maximal Cliques is polynomially bounded, these problems can be solved
in polynomial time. The question remains open as to whether any graph class
with a polynomially bounded number of minimal separators has a polynomially
bounded number of Potential Maximal Cliques, a conjecture also related to the
structural aspects of the global set of minimal separators of a graph.

Recent research has been done to compute the set of minimal separators of a
graph ([9], [10], [14]). [9] proposed a process with a global complexity of O(n6)
per separator, which was later streamlined to O(n5) in ([10]), a complexity also
independently obtained by [14].
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All three papers use the following technique:

1. Choose an arbitrary pair {a, b} of non-adjacent vertices, and compute the
set of minimal ab-separators.

2. Repeat this process on every possible pair {x, y} of non-adjacent vertices,
which requires O(n2) passes.

In this paper, we present a process which computes all the minimal separators
in a single pass, thus gaining a factor of O(n2), since the second step need not
be executed.

To do this, we extend a very interesting idea from [9] which uses a minimal
ab-separator S to generate another minimal ab-separator S∗ which is “close
to S”.

We present a more general structural result which, given a minimal separa-
tor S, enables us to generate a family of minimal separators which are close to S,
working in all directions at the same time, instead of restricting ourselves to the
two components containing a and b as in [9].

Our new insight derives from our work on a general Galois lattice repre-
senting all the minimal separators of a graph (see [4]), of which every minimal
ab-separator lattice as defined by Escalante (see [8]) is a sub-order. In this gen-
eral lattice, as all directions are equivalent, we see no reason to favour a pair
{a, b} of vertices. Moreover, we consider minimal separators as neighborhoods of
connected components, a technique used in [1] and [7].

2 Preliminaries

A graph is denoted G = (V,E), with | V |= n, | E |= m. For x ∈ V , N(x) =
{y �= x|xy ∈ E}. For C ⊆ V , N(C) = (∪x∈CN(x)) \ C. G(C) denotes the
subgraph induced by the set of vertices C.

For X ⊆ V , C (X) denotes the set of connected components of G(V \ X)
(connected components are vertex sets).

A vertex set S is called a separator if | C (S) |≥ 2, an ab-separator if a and
b are in different connected components of C (S), a minimal ab-separator if no
proper subset of S is an ab-separator.

S is called a minimal separator if there is some pair {a, b} of vertices such
that S is a minimal ab-separator. We express this by the following equivalent
property: S is a minimal separator iff there are two components C1, C2 ∈ C (S)
such that N(C1) = N(C2) = S; C1 and C2 are called full components of C (S).
S is a minimal ab-separator iff a and b belong to different full components of
C (S).
S (G) denotes the set of minimal separators of G.

3 Global Listing of the Minimal Separators

Theorem 1. Given a graph G = (V,E), S (G) is the set F of subsets of V
inductively defined by:
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– Basis B is the set of all minimal separators included in some neighborhood
N(v) for some v ∈ V .

– Rule R : X ∈ F , x ∈ X,C ∈ C (X ∪N(x)) implies N(C) ∈ F .

F is defined as the closure of B under production rule R.

Proof. F ⊆ S (G)
By definition, B ⊆ S (G).
Assume that S ∈ S (G), x ∈ S and C ∈ C (S ∪ N(x)). Let S′ = N(C). As

S ⊆ S ∪ N(x), there must be some component C1 of C (S) which contains C;
clearly, N(C) ⊆ C1 ∪ S. Let us define A = N(C) ∩ C1 and B = N(C) ∩ S, and
note that A ⊆ N(x)∩C1, B ⊆ S \{x}, and S′ = N(C) = A∪B, with A∩B = ∅.

Since S is minimal, there must be a full component C2 �= C1 of C (S).
C2 obviously induces a connected subgraph of G(V \S′) for S′ = A∪B, with

A ⊆ C1 and B ⊆ S.
Let C′ be the component of C (S′) which contains C2. Because x ∈ S, N(x)∩

C2 �= ∅, so x ∈ C′. Now let t ∈ S′. If t ∈ A, N(t) ∩ C′ ⊇ {x}, and if t ∈ B,
N(t) ∩ C′ ⊇ N(t) ∩ C2 �= ∅. Thus every vertex in S′ has a neighbor in C′, as
well as in C, by definition of S′. C and C′ are thus full components of S′, and
therefore the vertex set S′ which has been generated is a minimal separator.
S (G) ⊆ F

Conversely, assume that there is some minimal ab-separator S, for some pair
of non-adjacent vertices {a, b} in V , which does not belong to F . Let Ca and Cb

be the components of C (S) that contain a and b resp., and let Sa be the unique
minimal ab-separator contained in the neighborhood of a, Ca

a and Ca
b being the

components of C (Sa) that contain a and b resp.
As Cb ∩N(a) = ∅, any path in G(Cb) must be a path in G(Ca

b ), so Cb ⊆ Ca
b .

As Sa ∈ B ⊆ F , there is some minimal ab-separator S′ ∈ F , C′
a and C′

b being
the components of C (S′) which contain a and b resp., such that Cb ⊂ C′

b and
C′

b is minimal w.r.t. inclusion for this property.
Because S is a minimal ab-separator, S = N(Cb). Let B = N(Cb) ∩ S′ =

S∩S′. Since S and S′ are different minimal ab-separators, one must have B �= S′.
Let x be in S′\B. Note that b /∈ N(x). Let C′′

b be the component of C (S
′∪N(x))

that contains b. C′′
b ⊂ C′

b, as N(x) ∩ C′
b �= ∅.

On the other hand C′′
b ⊇ Cb, for, because x /∈ N(Cb), by definition of x, any

path in G(Cb) is also a path of G(C′′
b ).

As S′ ∈ F , x ∈ S′, and C′′
b ∈ C (S′ ∪N(x)), one has N(C′′

b ) ∈ F .
Therefore, Cb ⊆ C′′

b ⊂ C′
b contradicts the minimality of C

′
b.

Remark 1. In [9], given a minimal ab-separator S, a new minimal ab-separator S∗

is defined as follows: let Ca be the component ofG(V \S) that contains a, let x be
in S, let ∆ be the minimal ax-separator included in N(x) in graph G(Ca ∪{x}),
and let C′

a be the induced component containing a. Let N be the set of vertices
of S which have no neighbor in C′

a. Then S
∗ = (S∪∆)\N . It is easy to see that

S∗ = N(C′
a) and that C′

a is in C (S ∪ N(x)). Our construction rule therefore
extends the work based on C′

a to every other component in C (S ∪N(x)).
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4 Generation Algorithm

The inductive definition of the set of minimal separators of a graph expressed in
Theorem 1 yields the following algorithm.

Algorithm AllMinSep

input : A graph G = (V,E), with |V | = n and |E| = m.
output : The set S (G) of minimal separators of G.

begin
INITIALIZATION:
S ← ∅ ;
foreach v ∈ V do

foreach component C ∈ C ({v} ∪N(v)) do
S ← S ∪ {N(C)} ;

GENERATION:
T ← ∅ ;
while S \T �= ∅ do

let S ∈ S \T ;
foreach x ∈ S do
S ← S ∪ {N(C)|C ∈ C (S ∪N(x))} ;

T ← T ∪ {S} ;
S (G)← S .

end

Theorem 2. Given graph G, an execution of Algorithm AllMinSep computes
the set S (G) of minimal separators of G.

Proof. Algorithm AllMinSep is a straightforward application of rule R, starting
from basis B until saturation is obtained. Therefore, T ⊆ S ⊆ S (G) is an
invariant for the while–loop. Because |T | increases by one each time the body
of the while–loop is performed, the algorithm terminates.

Theorem 3. Algorithm AllMinSep can be implemented to compute the minimal
separators of G in time O(n3|S (G)|).

Proof. The components of G(V \X) for some X ⊆ V , together with their neigh-
borhood in X , can be computed in O(m) time : a global graph search using X as
a limit will scan and yield each component, as well as its neighborhood. Adding
a new separator N(C) to S first requires testing whether N(C) already appears
in S . This can be implemented in O(n) time with a SEARCH-INSERT pro-
cedure using a suitable data structure based on a lexicographical tree (see [12]).

SetsS and T can be implemented using a traditionalFIFO queue structure.
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Initialization: for each v ∈ C, an O(m) search can produce O(n) separators,
each of them processed by SEARCH-INSERT, which yields an O(n3) overall
complexity.

While–loop: in the same fashion, the internal for–loop requires an O(m)
search, plus O(n2) time for adjunctions to S , thus the processing of one sepa-
rator S ∈ S requires O(n3) operations.

In conclusion, Algorithm AllMinSep has a global complexity of O(n3|S (G)|).

5 Conclusion

Though we have gained a factor of n2 on the previous algorithms for solving the
problem of generating the minimal separators of a graph, it is obvious that a
given minimal separator may be recalculated many times by our algorithm; we
feel that it could be improved.

We have defined in this paper a separator S ∪N(x), which is not, in general,
a minimal separator, but which has the interesting property that all of the con-
nected components it defines have minimal separators as neighborhoods. This
is true of any minimal separator, but also for any x ∪ N(x), as well as for any
Potential Maximal Clique (see [7]). This new type of object may be interesting
to investigate in a systematic fashion.

We leave open the question which arises as to whether the subproblem of
computing the set of minimal ab-separators for a given pair {a, b} has the same
complexity as the general problem of computing the whole set of minimal sepa-
rators.
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Abstract. We consider two broadcasting problems in the n-dimensional
hypercube under the shouting communication mode, i.e. any node of a
network can inform all its neighbours in one time step. In addition, during
any time step a number of links of the network can be faulty. Moreover
the faults are dynamic. The first problem is to find an upper bound
on the number of time steps necessary to complete the broadcasting if
at most n − 1 links are faulty in any step. Fraigniaud and Peyrat [10]
proved that n+O(log n) time steps are sufficient. De Marco and Vaccaro
[8] decreased the upper bound to n + 7 and showed a worst case lower
bound n+2 for n ≥ 3. We prove that n+2 time steps are sufficient. The
second problem from [8] is to find the maximal number k such that the
broadcasting time remains n if at most k faults are allowed in any step.
We prove that k equals either n−2 or n−3. Our method is related to the
isoperimetric problem in graphs and can be applied to other networks.

Keywords: broadcasting, fault tolerance, distributed computing, hyper-
cube, isoperimetric problem

1 Introduction

Broadcasting is the standard communication problem in interconnection net-
works when a node has to send a message to all other nodes. There are many
applications of the broadcasting problem in parallel and distributed computing
[9,12,13]. Recently, a lot of attention has been paid to fault-tolerant dissemi-
nation of information in networks [15]. In this paper we consider the shouting
communication mode in which any node can inform all its neighbours in one time
step. In addition, we assume that during any time step a number of links less
than the edge-connectivity of the network can be faulty. The problem is to find
an upper bound on the number of time steps necessary to complete broadcasting
under this additional assumption. This model was introduced by Santoro and
Widmayer [17]. We will concentrate ourselves on the n-dimensional hypercube.
In the first problem, we assume that at most n− 1 links are faulty in any step.
Fraigniaud and Peyrat [10] proved that n + O(log n) time steps are sufficient.
An O(n) upper bound also follows from a more general result of Chlebus, Diks
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and Pelc [5]. De Marco and Vaccaro [8] decreased the upper bound to n + 7 and
proved a worst case lower bound n + 2 for n ≥ 3. We show that n + 2 time steps
are sufficient.

The second problem, mentioned in [8], is to find the maximal number k such
that the broadcasting time remains n if at most k faults are allowed in any step.
We prove that k equals either n− 2 or n− 3.

Our method is related to the isoperimetric problem in graphs and can be
applied to other networks.

2 The Model

Let Qn be a network of processors connected as an n-dimensional hypercube
with 2n nodes and n2n−1 links, that is, the graph whose vertices are all binary
strings of lengths n and two vertices are joined by an edge if the corresponding
strings differ precisely in one position. Note that the n-dimensional hypercube
is a vertex transitive graph and its edge connectivity is n. Initially, a node of Qn

knows a message. This message needs to be sent to all other nodes. The links
are bidirectional. The computation is synchronous. In one time step a node is
able to send its message to all its neighbours. This is called the shouting or the
all-port mode. In each time step a number links less than the edge connectivity
are faulty, i.e. the message transmitted along the faulty link is not delivered. The
faults are dynamic in the sense that the set of faulty links can change during
the execution of the broadcast. Our problem is to determine T (n), the minimum
time to broadcast the message in the hypercube Qn.

3 Vertex Isoperimetric Inequality for Hypercube

Let H be a subgraph of a graph G. The vertex boundary of H is the set of vertices
not in H joined to some vertex in H . The vertex isoperimetric problem can be
stated as follows: For a fixed m, of all subgraphs of G of cardinality m, which one
has the smallest vertex boundary? This is a discrete anologue of a well known
isoperimetric problems studied in mathematics for more than 2000 years [6,16].
There are several applications of the vertex isoperimetric problem in graphs, the
most frequent is the bandwidth problem and the vertex separator (bisection)
[7,11], but only for a few classes of graphs a satisfiable solution is known [1,2].
We introduce the result for the n-dimensional hypercube Qn from [14].

Let A be a subset of vertices of Qn. Let S(A) denote the set of all vertices in
distance at most 1 from A in Qn, i.e. S(A) is the union of the vertex boundary
of A with A.

Lemma 1. Let 1 ≤ |A| ≤ 2n − 1. The number |A| has a unique representation
in the form

|A| =
n∑

i=r+1

(
n

i

)
+

r∑

i=s

(
ni

i

)
,
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where 1 ≤ s ≤ ns < ns+1 < ... < nr < n. Then

|S(A)| ≥
n∑

i=r

(
n

i

)
+

r∑

i=s

(
ni

i− 1

)
.

Remark. The inequality above is the best possible and can be achieved tak-
ing |A| vertices in the simplicial order, i.e. x = (xn−1, ..., x1, x0) preceds y =
(yn−1, ..., y1, y0) if either

∑n−1
i=0 xi <

∑n−1
i=0 yi or

∑n−1
i=0 xi =

∑n−1
i=0 yi and y pre-

ceds x lexicographically. A special case |A| =
∑r

i=0

(
n
i

)
is more instructive. Then

|S(A)| ≥
∑r+1

i=0

(
n
i

)
. This means that the set with the minimal vertex boundary

is the set of all vertices in a distance at most r from (0,0,...,0).

4 Time Bounds

First we use Lemma 1 to determine the number of time steps which are sufficient
to complete the broadcasting in the presence of n− 1 dynamic faults.

Theorem 1. The minimum broadcasting time T (n) in the n-dimensional hy-
percube with n− 1 dynamic link faults satisfies

T (n) ≤
{

3, if n = 2
n + 2, if n > 2 .

Proof. The broadcasting scheme is simple. In each time step each node sends
the message to all its neighbours. The analysis follows. Let n ≥ 10. By Ak we
will denote suitable sets of nodes which know the message after the k-th time
step. Observe that the number of nodes that know the message after the k-th
call is at least |S(Ak−1)| − n + 1. Clearly, there exist sets A0, A1 and A2 s.t.
|A0| = 1, |A1| = 2 and |A2| = 1 + n. Consider the set A2. Its cardinality is

|A2| =
(

n

n

)
+

(
n

n− 1

)
.

By Lemma 1,

|S(A2)| ≥
(

n

n

)
+

(
n

n− 1

)
+

(
n

n− 2

)
.

Because of the n− 1 faulty links, we have

|S(A2)| − n + 1 ≥
(

n

n

)
+

(
n

n− 1

)
+

(
n

n− 2

)
− (n− 1)

≥
(

n

n

)
+

(
n

n− 1

)
+

(
n− 1
n− 2

)
+

(
n− 2
n− 3

)
.

Define A3 to be a subset of nodes that know the message after the 3-rd step and
satisfies

|A3| =
(

n

n

)
+

(
n

n− 1

)
+

(
n− 1
n− 2

)
+

(
n− 2
n− 3

)
.
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We claim that for 3 ≤ k ≤ �(n + 3)/2�, there exists a set Ak, s.t.

|Ak| =
n∑

i=n−k+2

(
n

i

)
+

(
n− 1

n− k + 1

)
+

(
n− k + 1

n− k

)
.

We proceed by induction on k. The claim is true for k = 3. Assume the claim
holds for some k − 1, where 3 ≤ k − 1 < �(n + 3)/2�. Hence we have a set Ak−1

with

|Ak−1| =
n∑

i=n−k+3

(
n

i

)
+

(
n− 1

n− k + 2

)
+

(
n− k + 2
n− k + 1

)
.

By Lemma 1, setting r = n− k + 2,s = n− k + 1 and nr = n− 1, ns = n− k + 2
we get

|S(Ak−1)| ≥
n∑

i=n−k+2

(
n

i

)
+

(
n− 1

n− k + 1

)
+

(
n− k + 2

n− k

)
.

Because of the n− 1 faulty links, we have for k − 1 < �(n + 3)/2� and n ≥ 10

|S(Ak−1)| − n + 1 ≥
n∑

i=n−k+2

(
n

i

)
+

(
n− 1

n− k + 1

)
+

(
n− k + 2

n− k

)
− (n− 1)

≥
n∑

i=n−k+2

(
n

i

)
+

(
n− 1

n− k + 1

)
+

(
n− k + 1

n− k

)
.

Define Ak to be a subset of nodes which know the message after the k-th step
and satisfies

|Ak| =
n∑

i=n−k+2

(
n

i

)
+

(
n− 1

n− k + 1

)
+

(
n− k + 1

n− k

)
,

which proves the claim.
Now we use a dual argument. By Bk we will denote suitable subsets of nodes,

which do not know the message after the k-th step. Assume that after the
(n + 2)-nd step there exists at least one node which does not know the mes-
sage. Observe that the number of nodes that do not know the message after the
(k − 1)-st step is at least |S(Bk)| − n + 1. Clearly there exist sets Bn+2, Bn+1

and Bn s.t. |Bn+2| = 1, |Bn+1| = 2 and |Bn| = 1 + n. This results in a simi-
lar backward recurrent computation as for |Ak|, starting with the set Bn which
satisfies

|Bn| =
(

n

n

)
+

(
n

n− 1

)
+

(
n− 1
n− 2

)
+

(
n− 2
n− 3

)
.

Thus for k ≥ �(n + 3)/2� we find a set Bk with

|Bk| =
n∑

i=k

(
n

i

)
+

(
n− 1
k − 1

)
+

(
k − 1
k − 2

)
.
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Finally set k = �(n + 3)/2�. Then

2n ≥ |Ak|+ |Bk|

≥
n∑

i=n−k+2

(
n

i

)
+

(
n− 1

n− k + 1

)
+

(
n− k + 1

n− k

)

+
n∑

i=k

(
n

i

)
+

(
n− 1
k − 1

)
+

(
k − 1
k − 2

)

=
n∑

i=n−k+2

(
n

i

)
+

n−k∑

i=0

(
n

i

)

+
(

n− 1
k − 2

)
+

(
n− 1
k − 1

)
+

(
n− k + 1

n− k

)
+

(
k − 1
k − 2

)

=
n∑

i=0

(
n

i

)
+

(
n− k + 1

n− k

)
+

(
k − 1
k − 2

)
= 2n +

(
n− k + 1

n− k

)
+

(
k − 1
k − 2

)
,

a contradiction.
Now assume that n < 10. The cases for n ≤ 4 are mentioned in [10]. For

5 ≤ n ≤ 9 the claim can be verified manually in a similar way as above, but
computing the cardinalities of the sets Ak, Bk precisely from Lemma 1. �	

Using essentially the same method as above we are able to prove:

Theorem 2. For n ≥ 3, the minimum broadcasting time T (n) in Qn with n−3
dynamic link faults satisfies

T (n) = n.

Remark. The above approach also yields that if we allow n− 2 dynamic faults
in any step then T (n) ≤ n + 1. We conjecture that T (n) = n in this case too.
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Abstract. We study an n-dimensional directed symmetric hypercube
Hn, in which every pair of adjacent vertices is connected by two arcs of
opposite directions. Using the computer, we show that for H4 and for any
permutation on its vertices, there exists a system of pairwise arc-disjoint
directed paths from each vertex to its target in the permutation. This
gives the answer to Szymanski’s conjecture [Szy89] for dimension 4.

In addition to this study, we consider in Hn the so-called 2-1 routing
requests, that is routing requests where any vertex of Hn can be used
twice as a source, but only once as a target. We give two such routing
requests which cannot be routed in H3. Moreover, we show that for any
dimension n ≥ 3, it is possible to find a 2-1 routing request gn such that
gn cannot be routed in Hn : in other words, for any n ≥ 3, Hn is not
(2-1)-rearrangeable.

Keywords: Hypercubes, routing permutations, Szymanski’s conjecture,
2-1 routing requests.

1 Introduction

The directed symmetric hypercube Hn of dimension n ≥ 1 has the set of vertices
Vn with |Vn| = 2n and the set of arcs An with |An| = n2n. From several possible
equivalent definitions we are choosing the following : Vn consists of all the integers
i such that 0 ≤ i ≤ 2n − 1 and for i, j ∈ Vn, (i, j) is an arc of Hn iff the binary
representation of i and j differ in only one coordinate. If this coordinate is in
ν-th position in the binary string, we will say that (i, j) is in dimension ν. For
every ν, there are 2n arcs in dimension ν in Hn. Observe that Hn is symmetric,
i.e. for each i, j ∈ Vn, (i, j) ∈ An iff (j, i) ∈ An.

We also define below a h − k routing request, definition that can be found
in [GT97].
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Definition 1.1 (Routing Request). A routing request on a directed graph G
is a multi-set R of ordered pairs of vertices of G. For each pair {s, t} in a routing
request, s is called the source and t is called the target of the pair. A routing
request R is said to be h − k if each vertex appears in R at most h times as a
source and at most k times as a target. A routing request on G is called a partial
permutation if it is 1-1, and a permutation if it is 1-1 and has exactly |V (G)|
pairs.

Szymanski [Szy89] considered the following problem : given a hypercube Hn

and a permutation R on the vertices of Hn, is it possible to realize these source-
target pairs by arc-disjoint paths ? That is, is it possible to find for each {si, ti} ∈
R a directed path Pi from si to ti such that the paths Pi are pairwise arc-
disjoint ? Or, in the terminology of interconnection networks : is the hypercube
rearrangeable ? Szymanski [Szy89] conjectured that the answer is yes for any
n ≥ 1 ; he proved it for any n ≤ 3, with the stronger property that all the requests
are satisfied with shortest paths. In the following, we will refer to Szymanski’s
conjecture with the shortest paths property as the strong Szymanski’s conjecture.

Lubiw [Lub90] gave a counterexample of the strong Szymanski’s conjecture,
concerning the shortest paths assumption. She gave an example of a permutation
in H5 which cannot be realized by arc-disjoint and shortest paths. Moreover,
Darmet [Dar92] also gave a counterexample of the strong Szymanski’s conjecture
concerning the shortest paths, but in dimension 4. It is presented in Fig. 1, which
gives a 1-1 routing request π on the vertices of H4. Note that π is a partial
permutation, but, still, π cannot be routed by arc-disjoint and shortest paths.
Any permutation realizing at least the requests from π would fail to be routed
by arc-disjoint and shortest paths as well.

x 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

π(x) 10 2 14 8 3 15 11 9 1 13

Fig. 1. A 1-1 routing request π in H4 which cannot be routed with shortest
paths

Note that all the source-target pairs which are given in the table are such
that dist(x, π(x)) = 2 in H4. This is the base of the proof : suppose we want to
find a shortest path for the source-target pair {6, 15}. Then we can either route
via 14, or via 7. Suppose we route via 14, that is 6 → 15 : 6, 14, 15. Hence the
only solution to route the pair {2, 14} is 2 → 14 : 2, 10, 14, which means that
0 → 10 : 0, 8, 10, hence 4 → 8 : 4, 12, 8, and consequently 12 → 9 : 12, 13, 9.
In that case, the arcs (14, 15) and (12, 13) have both been used. Hence it is
impossible to route from 14 to 13 with a shortest path in an arc-disjoint fashion.
Similarly, if we decide to route from 6 to 15 via 7, we end up with a contradiction
of the same sort.

Note that we will see in Theorem 2.1 that all the permutations in H4 that
realize at least π can be routed with non shortest paths.
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Since we have managed to find a counterexample in dimension 4 concerning
the strong Szymanski’s conjecture, it is easy to see that for any dimension n ≥ 4,
we can find a permutation for which it is not possible to route with shortest
paths, since in any hypercube Hn with n ≥ 4, H4 is a subgraph of Hn. For this,
we take any subgraph isomorphic to H4 in Hn and we apply π on this subgraph ;
then we “complete” π to get a permutation in H4.

However, until now, it has not been proved whether Szymanski’s conjecture
(i.e. the rearrangeability of Hn, with n ≥ 4, without the shortest paths condition)
holds. Note that many authors [GT97,CS93,ST94,BR90] have solved part of the
problem, whether by proving that some families of permutations could be routed
in any Hn, or by proving that by doubling some of the arcs in one or several
dimensions in the hypercube, any permutation could be routed in Hn. For a
good survey of the results concerning the latter, we refer to [GT97].

In this paper, we first show in Section 2 that Szymanski’s conjecture holds
for n = 4 ; for this, we use a computer program. We will see that this proof
implies the use of 2-1 routing requests. Hence, in Section 3, we will focus on the
(2-1)-rearrangeability of Hn, that is the rearrangeability of Hn with respect to
the 2-1 routing requests. In H3, we show that at least two such (2-1) routing
requests cannot be routed by arc-disjoint paths ; this can be generalized, and we
show in Section 3.2 that for any n ≥ 3, Hn is not (2-1)-rearrangeable.

2 On the Rearrangeability of H4

Here, we prove Szymanski’s conjecture for n = 4. This is done using a computer
program, whose steps are detailed below. First, we observe that deleting all the
arcs in dimension i (0 ≤ i ≤ n− 1) in Hn results in a disconnected graph, each
of the two connected components being a copy of Hn−1. Hence, we will call a
cut in dimension i (0 ≤ i ≤ n− 1) the deletion of all the directed egdes of Hn in
dimension i. The two copies of Hn−1 that we get that way are called subcubes.
For example, the cut in dimension 0 of H4 gives us two subcubes of dimension
3, say H3,0 and H3,1, where H3,0 (resp. H3,1) is the subgraph of H4 induced by
the vertices p with 0 ≤ p ≤ 7 (resp. with 8 ≤ q ≤ 15).

H4 has 16 vertices, and therefore there are 16! permutations on the vertices
of H4. Hence, thanks to a brute force method, we could have tried to route each
and every permutation on the vertices of H4. However, a deeper study of H3 will
save us many unnecessary computations.

2.1 Converting the Problem from H4 to H3

The main idea here is to wonder whether any 2-1 routing request can be routed
with arc-disjoint paths in H3. Indeed, if we manage to prove this, then it is not
difficult to see that any permutation can be routed by arc-disjoint paths in H4 :
suppose we have a permutation π in H4, and let us cut H4 in dimension 0. Let
V3,0 = {v ∈ V4 | 0 ≤ v ≤ 7} and V3,1 = {v ∈ V4 | 8 ≤ v ≤ 15}. Now let us route
π in two steps. The first step is the following : for each v ∈ V3,0 (resp. v ∈ V3,1),
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if π(v) ∈ V3,1 (resp. π(v) ∈ V3,0) then route v to (v + 8) (resp. to (v − 8)) using
the arc (v, v+8) (resp. (v, v−8)) first. For all the pairs {v, π(v)} such that v and
π(v) are in the same V3,i (0 ≤ i ≤ 1), do nothing. This first routing step clearly
is pairwise arc-disjoint. Now, look at the subgraphs of H4 induced respectively
by V3,0 and V3,1 : each of them is a hypercube of dimension 3, and π induces
on each of them a 2-1 routing request by our method. Hence, if any 2-1 routing
request can be routed by arc-disjoint paths in H3, then H4 is rearrangeable.

To know whether any 2-1 routing request on H3 can be routed by arc-disjoint
paths, we use the computer. For a better understanding, we give an overview of
the algorithm used : first, for each request {si, ti}, we are allowed certain paths
depending on the distance from si to ti in H3. These paths are the following.

– if dist(si, ti)=1, we are only allowed the shortest path, that is the arc (si, ti) ;
– if dist(si, ti)=2, we can use the 2 shortest paths or the 6 paths of length 4 ;
– if dist(si, ti)=3, we can use the 6 shortest paths or the 6 paths of length 5.

Note that, for each request, we order the possible paths by priority (in that
case, the shortest paths will be placed first, then the non shortest ones).

The algorithm is the following : for each request, take the allowed path with
higher priority. If at least one arc of this path is already used by a previous
request, then try the second path, etc., till one path is such that no arc has been
used before. If it is not possible, then backtrack to the previous request, and do
the same thing recursively till we can find a path P with no arc already used.
In that case, use the path P , and try to route the next request. If no path P is
found, the routing request is said to be failing. If a path is found for each of the
requests, then the given 2-1 routing request can be routed in H3 by arc-disjoint
paths.

Thanks to the computer, we are able to show that most of the 2-1 routings
on H3 can be routed by arc-disjoint paths. In fact, only 72 of them did not get
through our algorithm. Let us call them the 72 failing routing requests. Thanks to
the numerous automorphisms of H3, we can show that only two of them are non
equivalent : these are the 2-1 routing requests f3 and g3 defined in Section 3.1.

Our algorithm does not try each and every possible path for a given request.
However, we show in Section 3.1 that f3 and g3 cannot be routed in H3.

2.2 Getting Back to H4

Now let us consider one of those 72 2-1 failing routing requests, say ρ. The aim
is to consider ρ as the “projection” on H3 of a permutation π of the vertices of
H4 and to retrieve all the possible permutations π corresponding. Depending on
which of the 4 dimensions we decide to cut H4, and, having done so, on which
of the 2 subcubes of dimension 3 we consider, there are 4 · 2 = 8 possibilities.
Once we have decided this, we have to “rebuild” π from the informations given
by ρ. In each ρ among the 72 failing routing requests, three of the eight vertices
are used twice as a source ; hence, only five distinct vertices are used as sources.
Consider the following example (Figure 2), where we consider ρ in the subgraph
H3,0 induced by a cut in dimension 0.
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x 0 1 2 3 4 5 6 7

ρ(x) 5 4 3 6 1
7 2 0

Fig. 2. A 2-1 routing request ρ in H3

In that case, we see that 2 is taken twice as a source. Hence the corresponding
permutations in H4 will either have {2, 5} and {10, 7}, or {2, 7} and {10, 5}, as
source-target pairs. The same goes for a vertex which is only taken once as a
source. Take, for instance, vertex 3. The corresponding permutations in H4 either
could have {3, 4} as a source-target pair, or {11, 4}. As we have five vertices which
are sources at least once, this gives us 25 = 32 possible different sets of 8 requests
in H4. This fixes only 8 requests ; hence, there are 8! = 40320 possibilities for
the 8 remaining requests in H4.

Consequently, for each of the 8 considered subcubes of dimension 3, and for
each 2-1 routing request ρ in this subcube, we need to test 32 · 40320 = 1290240
permutations π in H4. Thanks to the computer, it is very easy and fast to
verify that those permutations in H4 can be routed by arc-disjoint paths. Indeed,
suppose we have cut H4 in dimension 0, and that we are looking at H3,0, i.e. the
hypercube of dimension 3 induced by the vertices 0 ≤ p ≤ 7. In that case, for
each of the 72 2-1 failing routing requests ρ, we have to test the rearrangeability
of H4 on the permutations πi,ρ (1 ≤ i ≤ 32 · 40320). For a given πi,ρ, let us cut
H4 in a different dimension (say 1) and see, in each of the two subcubes induced
by the cutting, if the 2-1 routing requests induced by this cut is among the 72
failing ones. If this is the case, let us try by cutting in another dimension (say 2),
etc.

It appears that, for each of the 72 2-1 routing requests ρ, no πi,ρ is such that,
by cutting H4 in one of the three other dimensions, the new 2-1 routing requests
given in each of the two subcubes are among the 72 failing ones. Consequently,
if a permutation π is such that a cut in dimension 0 ≤ d ≤ 3 induces one of the
72 failing routing requests in at least one of its two subcubes of dimension 3,
then there exists 0 ≤ d′ 6= d ≤ 3 such that a cut in dimension d′ does not imply
this situation. Hence the following theorem.

Theorem 2.1. Any permutation π on the vertices of H4 can be routed by arc-
disjoint paths, that is H4 is rearrangeable.

3 2-1 Routing Requests in Hn

In Section 3.1, we study two examples of 2-1 routing requests, f3 and g3 (cf.
Section 2.1), and prove that they cannot be routed in H3 with arc-disjoint paths.
Starting from g3, we show in Section 3.2 a recursively constructed 2-1 routing
request on Hn, for which no arc-disjoint routing can be found ; this proves
Theorem 3.1.
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3.1 H3 is not (2-1)-Rearrangeable

We have seen in Section 2.1 that among the 72 failing 2-1 routing requests, only
two of them are non equivalent by automorphism of H3. We denote denote those
two routing requests f3 and g3, which are as follows :

x 0 1 2 3 4 5 6 7 x 0 1 2 3 4 5 6 7

f3(x) 3 5 4 0 1 g3(x) 5 4 7 2 0
6 7 2 6 3 1

Fig. 3. f3 (left) and g3 (right)

We are going to show that none of them can be routed in H3 with arc-disjoint
paths. First, we introduce some auxiliary notions and notational conventions. We
call an arc (u, v) of Hn a d–arc (downwards going arc) if u > v. Since we consider
Hn, we have : (u, v) is a d–arc iff u− v = 2i, with 0 ≤ i ≤ n− 1. An arc (u, v) is
called a u–arc (upwards going arc) if it is not a d–arc. Note that if Hn is drawn
using a “level” representation in such a way that 0 is the lowest and 2n − 1
the highest vertex in the drawing, then u–arcs are really directed upwards and
d–arcs downwards (cf. for instance Fig. 4) ; in that case, we say the we arrange
Hn with respect to the pair (2n − 1, 0).

Assume s, t ∈ Vn. Then obviously all shortest directed paths from s to t
in Hn use the same number of d–arcs (resp. u–arcs) ; let us denote it d(s, t)
(resp. u(s, t)). Hence, for a routing request R = {s1, t1}, . . . , {sr, tr} in Hn, we
define d(R) and u(R) as follows : d(R) = Σr

i=1d(si, ti) and u(R) = Σr
i=1u(si, ti).

Observe that in R, identical ordered pairs are allowed and also that any directed
path from s to t uses at least d(s, t) d–arcs and u(s, t) u–arcs. Moreover, for
any directed path from s to t, the difference between the number of d-arcs and
u-arcs, that is d(s, t)− u(s, t), remains constant. Finally we define, for v ∈ Vn :
vin = {(u, v); u ∈ Vn and (u, v) ∈ An} and vout = {(v, u); u ∈ Vn and (v, u) ∈
An}. Now we are ready to prove the following.

Proposition 3.1. Neither f3 nor g3 can be routed by arc-disjoint paths in H3.

Proof. We have V3 = {0, 1, . . . , 7} and A3 = {(0, 1), (1, 0), . . . , (7, 6)} with |A3| =
24. We also verify easily that d(f3) = 9, u(f3) = 11, d(g3) = 12 and u(g3) = 8.

We first assume that there is a routing by arc-disjoint paths in H3 for f3,
let us denote it ρ. Analyzing the sources and targets of f3 we conclude that ρ
must use the arcs (0, 4), (1, 5), (2, 6) and (3, 7), i.e. all the arcs leading from the
subcube induced in H3 by the vertices {0, 1, 2, 3} to the subcube induced by the
vertices {4, 5, 6, 7}. (The reason is that 4 pairs of f3 have their sources in the
first subcube and targets in the second one.) It follows quite similarly that ρ
must also use the arcs (0, 1), (2, 3), (4, 5) and (6, 7). Further, we conclude that
ρ uses not more than 2 arcs from each of the following sets: 1out, 4out and 5in

(since, e.g. 1 is a target but not a source, hence exactly one path from ρ ends
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3 5 6

7

1

0

4
2

Fig. 4. The hypercube H3 drawn in “level representation”

in 1 and no path from ρ begins there). Since ρ uses (1, 5) and (4, 5), it does not
use (7, 5).

Let us look at the set 1out: at least one of its arcs is not used by ρ; since we
showed above that (1, 5) must be used, there are 2 cases to be considered:

1. (1, 3) is not used by ρ : then all the remaining 11 u–arcs have to be used by
ρ and ρ is necessarily a shortest path routing. It follows that 0 → 3 : 0, 2, 3,
0 → 6 : 0, 4, 6, 2 → 7 : 2, 6, 7, 2 → 5 : 2, 0, 1, 5. Now consider 6 → 1:
it can start neither with (6, 7) (used already) nor with (6, 2) (there is no
way out from 2), hence 6 → 1 : 6, 4, 5, 1; finally, 5 → 0 : 5, 4, 0. This is a
contradiction, since all the 3 arcs from 4in are already used and therefore
3 → 4 cannot be done.

2. (1, 0) is not used by ρ : because of symmetry and the fact that at most 2 arcs
from 4out may be used by ρ, we conclude that (4, 0) is not used by ρ either.
Since d(f3) = 9 and the d–arcs (1, 0), (4, 0), (7, 5) are not used by ρ, ρ has
to be a shortest path routing. This is a contradiction, because, obviously,
5 → 0 cannot be routed by a shortest path. This contradiciton completes
the analysis of the second case and we are done with f3.

Now we consider function g3 : arrange H3 with respect to the pair (7, 0). We
have seen that d(g3) = 12 and u(g3) = 8. But there are 12 d–arcs altogether,
hence all the d–arcs must be used and ρ consists of shortest paths. Consider the
subset S = {3, 5, 7} of V3. Observe that, in ρ, there are 5 paths with targets in
V3 \S, which start in S. On the other hand, there are 5 arcs going from a vertex
in S to a vertex in V3 \ S. We conclude that 5 → 3 : 5, 7, 3. Further, ρ uses not
more than 2 arcs from 6out, since it is a target and not a source in g3. However,
no d-arc can be unused, because d(g3) = 12 ; hence ρ does not use (6, 7), and we
conclude that 4 → 7 cannot be managed by a shortest path. This contradiciton
accomplishes the whole proof. ut

3.2 2-1 Routing Requests in Hn

In this Section, we are going to define recursively a 2-1 routing request gn in the
hypercube of dimension n, Hn, and show in Theorem 3.1 that for any n ≥ 3, gn

cannot be routed in Hn with arc-disjoint paths. This shows that for any n ≥ 3,
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Hn is not (2-1)-rearrangeable. The idea here is to find an “equivalent” of function
g3 of Section 3.1 for any dimension n ≥ 3, and to generalize the arguments that
lead us to show that no routing could achieve g3 with arc-disjoint paths.
First, let us define recursively such a 2-1 routing request, gn.

Definition 3.1 (2-1 routing request gn). Let g3 be the 2-1 routing request
defined for H3 in Section 3.1. For any n ≥ 3, let gn+1 be defined as follows. For
any i ∈ [0; 2n − 1], if gn(i) ∈ ∅, then gn+1(i) ∈ ∅ ; otherwise :

– gn+1(i) = gn(i) + 2n ;
– gn+1(i + 2n) = gn(i).

Note that for any n ≥ 3, any vertex of Vn is used exactly once as a target.
In order to show that gn cannot be routed by arc-disjoint paths in Hn for any
n ≥ 3, we first show that if a routing ρn could achieve this, then it must be by
shortest paths. For this, we arrange Hn with respect to the pair (2n − 1, 0), and
we show by induction that d(gn), the minimum number of d–arcs used to route
gn, satisfies : d(gn) = n · 2n−1. We have seen that this is true for n = 3, since
d(g3) = 12. Now suppose it is true for a fixed n, and let us show that it holds
for n + 1. For this, we refer to the recursive definition of gn+1, and we discuss
the number of d-arcs ; for any i ∈ [0; 2n − 1], we have :

– gn+1(i) = gn(i) + 2n. This means that, for any i → gn(i) in gn, we have
i → gn(i)+2n in gn+1. This means that for any request of this type in gn+1,
we will need at least 1 more u–arc, but as many d–arc as in gn.

– gn+1(i + 2n) = gn(i). This means that, for any i → gn(i) in gn, we have
i+2n → gn(i) in gn+1. This means that for any request of this type in gn+1,
we will need at least 1 more d–arc, and as many d–arc as in gn. Since we
know that there are 2n targets in gn, this means that at least 2n more d–arcs
are needed to route gn+1.

Consequently, we see that d(gn+1) = d(gn) + (d(gn) + 2n), that is d(gn+1) =
(n+1) · 2n. This proves , by induction, that for any n ≥ 3, d(gn) = n · 2n−1, and
this shows that any routing ρn which satisfies the 2-1 routing request gn will be
of shortest paths, since we have exactly n · 2n d–arcs.

Now let us define in Hn the set Sn of vertices as follows : Sn is the set of
vertices which have 2 targets in gn. Note that from now on, we will denote the
vertices u ∈ [0; 2n−1] of Hn by their binary representation B(u). More precisely,
any vertex u ∈ [0; 2n−1] in Hn will be noted as follows B(u) = mx2x1x0, where
m consists of the (n-3) leading bits of B(u), and xi is the bit of weight i in B(u).
An arc from u to v, (u, v), will then be denoted by (B(u), B(v)). Thanks to this
representation, we will be able to prove Properties 3.1 and 3.2, which will help
us to prove the main result, i.e. Theorem 3.1.

Property 3.1. For any n ≥ 3 and for any m a (n-3)-bits string, every arc of the
form (m101, m111) is used in ρn to route a particular request s → t, where
s, t ∈ Sn.
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Proof. We first characterize the vertices of Sn, thanks to their binary repre-
sentation. Indeed, we can show by induction that Sn = {m011, m101, m111 |
m ∈ {0, 1}n−3}. This is true by definition for n = 3 (i.e., S3 = {011, 101, 111}=
{3, 5, 7}) ; moreover, since by definition of gn+1, only the vertices 0m011, 0m101,
0m111 and 1m011, 1m101 and 1m111 have two targets by gn+1, we get the re-
sult.
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1001 1010 1100

0001 0010
0100 1000

0000

Sn

Fig. 5. Property 3.1 illustrated in H4

The aim now is to show that every routing request of the form s → t with
s, t ∈ Sn must take place within Sn, that is no directed path P used to route
such a request could be such that one of its vertices u 6∈ Sn. For this, let us first
count the number of arcs going from a vertex in Sn to a vertex in Vn \ Sn, and
let us then count the number of requests s → t with s ∈ Sn and t ∈ Vn \ Sn.

We see that there are exactly 5 · 2n−3 arcs going from a vertex of Sn to
a vertex of Vn \ Sn. This is straightforward since, for a vertex u ∈ Sn, any
change of a single bit among the n-3 leading ones will give another vertex v
of Sn. Hence, the only way to get an arc from a vertex u ∈ Sn to a vertex
v 6∈ Sn is to change one of the last 3 bits. This leads to 9 possibilities for any
fixed m (3 possibilities for each vertex m011,m101 and m111), but we see that
(m011, m111), (m101, m111), (m111, m011) and (m111, m101) are arcs whose
both end vertices are in Sn. Hence, for a fixed m, there are 5 arcs going from a
vertex u ∈ Sn to a vertex v 6∈ Sn. Since m is a (n-3)-bits string, we have on the
whole 5 · 2n−3 such arcs.

Now, let us count the number of requests of the form s → t with s, t ∈ Sn.
We show the following by induction : every request s → t with s, t ∈ Sn is for
every s = m101 and t = m011, where m is a (n-3)-bits string and m is the string
obtained from m by changing every 0-bit (resp. 1-bit) into a 1-bit (resp. a 0-bit).
This is true for n = 3, since the only such request is 5 → 3, that is 101 → 011. If
this is true for a fixed n, then it is easy to see, thanks to Definition 3.1, that this
is true for n + 1 too (that is gn+1(0m101) = 1m011 and gn+1(1m101) = 0m011
for every m a (n-3)-bits string). Hence we see that the number of requests of
the form s → t, with s, t ∈ Sn is equal to 2n−3. Since |Sn| = 3 · 2n−3 and since
each vertex u ∈ Sn has two targets, this means that we need at least 5 · 2n−3



188 Olivier Baudon et al.

directed paths going from vertices of Sn to vertices of Vn \Sn. However, we have
exactly 5 · 2n−3 arcs going from a vertex in Sn to a vertex in Vn \Sn. From this,
we conclude that every path P used to route a request of the form s → t with
s, t ∈ Sn remains in Sn, that is no intermediate vertex in P can be in Vn \ Sn.

Starting from this point, let us show the property. For any request of the
form s → t with s, t ∈ Sn (that is s = m101 → t = m011), since we need to
route by shortest paths, we only have two options. They are as follows:

m101 → . . . → p101 → p001 → . . . → q001 → q011 → . . . → m011 or

m101 → . . . → p′101 → p′111 → . . . → q′111 → q′011 → . . . → m011

where p, q, p′ and q′ are some (n− 3)-bits strings.
However, the first option cannot occur : indeed, the underlined step implies

the use of an arc going from vertex p101 ∈ Sn to vertex p001 6∈ Sn, which
contradicts the above arguments. Consequently, only the second option is valid,
which shows that the arc (p′101, p′111) is used to route the request m101 →
m011 for any fixed m. Since there are 2n−3 such requests, since we use arc-
disjoint paths and since there are exactly 2n−3 different possibilities for p′, we
conclude that every arc of the form (m101, m111), for any m a (n−3)-bits string,
is used for a particular routing request s → t, with s, t ∈ Sn. This proves the
property. ut

Property 3.2. For any n ≥ 3, every arc of the form (m110, m111) is necessarily
unused in ρn, for every m a (n− 3)-bits string.

Proof. It is possible to prove by induction that, for every n ≥ 3, every vertex of
the form m110 (for m a (n− 3)-bits string) has no target in gn. This is true by
definition for any n = 3, and if this is true for a fixed n, we see that it is still true
for n + 1 since gn+1(0m110) and gn+1(1m110) are defined thanks to gn(m110),
which belongs to the empty set.

Since no vertex of the form m110 has an image by gn, we know that there is
at least one arc from m110out which is unused by ρn. The aim here is to show
that this unused arc is necessarily (m110, m111). For this, let us detail all the
possible cases for the (n− 3)-bits string m, with decreasing |m|1, where |m|1 is
the number of 1-bits in m.

If |m|1 = n − 3, that is m = 1111 . . .111, we know we need to use all the
d-arcs (because d(gn) = n2n−1 for any n ≥ 3) ; thus the only possible unused
arc is the only existing u-arc going out of m110, that is (m110, m111). Now
let |m|1 = n − 4. Then m has exactly one bit equal to 0. Since the number
of bits equal to 0 correspond to the number of u-arcs going out of m110, we
have two options to choose the unused arc in ρn : either it is (m110, m′110)
(where m′ = 111 . . .111), or it is (m110, m111). But if we suppose (m110, m′110)
unused, this means that there is one more arc from m′110out which is unused by
ρn. But we have seen that there could only be one unused arc going out of m′110,
otherwise a d-arc would be unused, which is not possible. Hence the unused arc
must be (m110, m111). This argument is illustrated in Fig. 6, where n = 4. The
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Fig. 6. Property 3.2 illustrated in H4

same argument goes on for every m a (n− 3)-bits string, with decreasing |m|1 :
indeed, step by step, we see that any m with |m|1 = p has n − p − 2 u-arcs.
These arcs are either arcs of the form (m110, m′110) (where m′ is obtained from
m by changing exactly one 0-bit into a 1-bit), or the arc (m110, m111). But since
|m′|1 = p + 1, this case has already been considered before, and we have seen
that no u-arc other than (m′110, m′111) can be unused (otherwise, this would
mean that a new u-arc from m′110out is unused by ρn, a contradiction). Hence
the only u-arc which can be unused by ρn is (m110, m111).
Consequently, for any m a (n-3)-bits string, the arc (m110, m111) is unused
by ρn. ut

Theorem 3.1. gn cannot be routed in Hn, for any n ≥ 3, and thus Hn is not
(2-1)-rearrangeable for any n ≥ 3.

Proof. It is not difficult to see that, for any n ≥ 3, the request 4 → 2n − 1
always exists in gn. Indeed, we see that 4 → 7 exists in H3. Moreover, if we have
4 → 2n − 1 in Hn for a fixed n, then the request 4 → 2n+1 − 1 exists in Hn+1,
since by definition gn+1(4) = gn(4)+2n, that is gn+1(4) = 2n−1+2n = 2n+1−1
for any n ≥ 3.

Now let us show that the request 4 → 2n − 1 cannot be routed in Hn for
any n ≥ 3. For this, let us consider the binary representation of the source and
target in this request. In that case B(4) = 000 . . .00100, and B(2n − 1) =
11111 . . .11111. Let m0 = 000 . . .0000 and m0 = 111 . . .1111 be such that
|m0|1 = n − 3. In that case, 4 → 2n − 1 becomes m0100 → m0111. Since we
know we need to use arc-disjoint and shortest paths, there are only two routing
schemes for this request. They are as follows:

m0100 → . . . → p0100 → p0110 → . . . → q0110 → q0111 → . . . → m0111 or

m0100 → . . . → p′0100 → p′0101 → . . . → q′0101 → q′0111 → . . . → m0111

where p0, q0, p′0 and q′0 are some (n-3)-bits strings.
However, in each of those two cases, there is one step which cannot be

achieved, which we have underlined. Indeed, in the first case, we know by Prop-
erty 3.1 that any arc (m101, m111) is already used to route a request of the form
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s → t, with s, t ∈ Sn, for every m a (n-3)-bits string. Since 4 6∈ Sn for all n ≥ 3,
we conclude that we cannot use the first scheme. Similarly, Property 3.2 yields
that any arc of the form (m110, m111) cannot be used for any routing request,
for every m a (n-3)-bits string. This shows that the request 4 → 2n − 1 of gn

cannot be routed in Hn for any n ≥ 3, which proves the theorem. ut

Remark 3.1. Let f4 be the 2-1 routing request on H4 obtained by applying to
f3 the same operation which gave g4 from g3. We note that f4 can be routed in
H4 with arc-disjoint paths.

4 Conclusion

In the first part of this paper, we use the computer to prove the rearrangeability
of H4. This proof relies on the “splitting” of any permutation in H4 into two 2-1
routing requests (one in each of the H3 obtained by cutting H4 in dimension 0),
which we try to route by arc-disjoint paths in their respective subcube H3. We
note that this method is the one employed by Szymanski [Szy89] to prove the
rearrangeability of H3.

Starting from what was a study of 1-1 routing requests in Hn and the rear-
rangeability of Hn, we have mainly studied and proved the non-rearrangeability
of Hn with respect to 2-1 routing requests. Though we have answered the ques-
tion of the (2-1)-rearrangeability of Hn, the question of the (1-1)-rearrangeability
of Hn for any n ≥ 5 remains open.
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Abstract. We study the problem of designing fault-tolerant routings
for a communication network which is a triconnected planar network
of processors in the surviving route graph model. The surviving route
graph for a graph G, a routing ρ and a set of faults F is a directed graph
consisting of nonfaulty nodes with a directed edge from a node x to a
node y iff there are no faults on the route from x to y. The diameter of
the surviving route graph could be one of the fault-tolerance measures
for the graph G and the routing ρ. In this paper, we show that we can
construct a routing for any triconnected planar graph with a triangle face
such that the diameter of the surviving route graphs is two(thus optimal)
for any faults F (|F | ≤ 2). We also show that the optimal routing can be
computed in linear time.

1 Introduction

Consider a communication network or an undirected graph G in which a limited
number of link and/or node faults F might occur. A routing ρ for a graph defines
at most one path called route for each ordered pair of nodes. We assume that it
must be chosen without knowing which components might be faulty.
Given a graph G, a routing ρ and a set of faults F , the surviving route graph

R(G, ρ)/F is defined to be a directed graph consisting of all nonfaulty nodes in
G, with a directed edge from a node x to a node y iff the route from x to y is
intact. The diameter of the surviving route graph (denoted by D(R(G, ρ)/F ))
could be one of the fault-tolerance measures for the graph G and the routing ρ
[1,2]. Many results have been obtained for the diameter of the surviving route
graph [3,6,7,8]. This model can be used to evaluate the fault-tolerance for ATM
and/or optical networks [10].
If the diameter of the surviving route graph is minimal over all routings on a

given graph, the routing is said to be optimal. As long as faults are assumed to
occur, the diameter of the surviving route graph becomes more than one. Thus,
if the diameter of the surviving route graph is two, the routing is optimal. It is
shown that an optimal routing can be constructed for any n-node k-connected
graph G such that n ≥ 7k3�log2n� [6]. Although an optimal routing can be
defined for any k by this construction, G must have a lot of nodes in order
to obtain an optimal routing. Even for the cases that k = 2, 3 we need nodes

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 191–201, 1999.
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greater than or equal to 560, 2268, respectively. It is also shown that an optimal
routing can be constructed for every biconnected graph [9,10]. However, it is
an open question whether or not we can construct an optimal routing for every
k-connected graph for fixed k ≥ 3.
In this paper, we show a sufficient condition with which an optimal routing

can be constructed for triconnected graphs. Using the condition, we show that
we can construct an optimal routing for every triconnected planar graph with a
triangle face, that is a triangle is located on a face. Our construction is based
on a canonical ordering [5] which characterizes triconnected planar graphs. We
also show that the optimal routing can be defined in linear time.
The remainder of the paper is organized as follows. In Section 2 some def-

initions are introduced. In Section 3 we show a sufficient condition with which
an optimal routing can be constructed for triconnected graphs. In Section 4, we
show that we can construct an optimal routing for triconnected planar graphs
with a triangle face. We put concluding remarks in Section 5.

2 Preliminary

In this section, we give definitions and terminology. We refer readers to [4] for
basic graph terminology.
Unless otherwise stated, we deal with an undirected graph G = (V,E) that

corresponds to a network. For a node v of G, NG(v) = {u|(v, u) ∈ E} and
degG(v) = |NG(v)|. A complete graph with three nodes is called a triangle. Two
paths with common endpoints are said to be node-disjoint if their intermediate
nodes are disjoint. A set of paths with common endpoints is said to be node-
disjoint if every pair of paths in the set is node-disjoint. Two paths are said
to cross if these paths have common nodes or edges except the endpoints. A
graph G is k-connected if there exist k node-disjoint paths between every pair
of distinct nodes in G. Usually 2-connected graphs are called biconnected graphs
and 3-connected graphs are called triconnected graphs. The distance between
nodes x and y in G is the length of the shortest path between x and y and is
denoted by disG(x, y). The diameter of G is the maximum of disG(x, y) over all
pairs of nodes in G and is denoted by D(G). Let P1 and P2 be a path from u to
v and a path from v to w, respectively. A concatenation of two paths P1 and P2

is denoted by P1 · P2.
A graph is planar if it can be embedded in the plane so that no two edges

intersect except at an endpoint in common. A plane graph is a planar graph
with a fixed planar embedding.
Let G = (V,E) be a graph and let x and y be nodes of G. Define PG(x, y)

to be the set of all simple paths from the node x to the node y in G, and
P (G) to be the set of all simple paths in G. A routing is a partial function
ρ : V × V → P (G) such that ρ(x, y) ∈ PG(x, y)(x �= y). The path spec-
ified to be ρ(x, y) is called the route from x to y. The length of the route
ρ(x, y) is denoted by |ρ(x, y)|. For the routes ρ(xi−1, xi)(1 ≤ i ≤ p), define
[ρ(x0, x1), ρ(x1, x2), . . . , ρ(xp−1, xp)] to be ρ(x0, x1)·ρ(x1, x2)·. . .·ρ(xp−1, xp)(p ≥
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1). We call [ρ(x0, x1), ρ(x1, x2), . . . , ρ(xp−1, xp)] a route sequence of length p from
x0 to xp.
For a graph G = (V,E), let F ⊆ V ∪ E be a set of nodes and edges called

a set of faults. We call F ∩ V (= FV ) and F ∩ E(= FE) the set of node faults
and the set of edge faults , respectively. If an object such as a route or a route
sequence does not contain any element of F , the object is said to be fault free.
For a graph G = (V,E), a routing ρ on G and a set of faults F (= FV ∪ FE),

the surviving route graph, R(G, ρ)/F , is a directed graph with node set V − FV

and edge set E(G, ρ, F ) = {< x, y > |ρ(x, y) is defined and fault free}.
A routing ρ is bidirectional if ρ(x, y) = ρ(y, x) for any node pair (x, y) in

the domain of ρ. Note that if the routing ρ is bidirectional, the surviving route
graph R(G, ρ)/F can be represented as an undirected graph. In what follows we
only consider bidirectional routings and undirected surviving route graphs.
Given a graph G and a routing property P , a routing ρ on G is optimal with

respect to P if maxFs.t.|F |≤k (D(R(G, ρ)/F )) is minimal over all routings on G
satisfying P . Note that from the definition of the optimality, if D(R(G, ρ)/F ) is
2 for any set of faults F such that |F | ≤ k, the routing is obviously optimal with
respect to any property. If the property P is known, we simply call the routing
optimal.
A routing ρ is said to be computed in O(f) time if we can construct a

data structure in O(f) time from which any route ρ(x, y) can be obtained in
O(|ρ(x, y)|) time.

3 Sufficient Condition for an Optimal Routing

In this section, we show a sufficient condition that an optimal routing can be
defined for a triconnected graph G with at most 2 faults.
Let G = (V,E) be a triconnected graph with a triangle

T = ({t, %, r}, {(t, %), (t, r), (%, r)}). For i ∈ T and x ∈ V − T , Pi(x) denotes a
path from x to i.
Condition OR

1. For any x ∈ V − T , Pt(x), P�(x) and Pr(x) are node-disjoint.
2. For x and y(x �= y) ∈ V −T , there is at most one pair (i, j)(i �= j and i, j ∈ T )
such that Pi(x) and Pj(y) cross.

Note that Pi(x) and Pi(y) may cross for the same i.
We define a routing ρ for a triconnected graph with a triangle satisfying the

condition (OR).
routing ρ(Fig. 1)

(a) For u, v ∈ T , ρ(u, v) = ρ(v, u) := (u, v).
(b) For u ∈ T and v ∈ V − T , ρ(u, v) = ρ(v, u) := Pu(v).
(c) For u, v ∈ V − T ,

if Pi(u) and Pj(v)(i �= j) cross, ρ(u, v) = ρ(v, u) := Pj(u) · (j, i) · Pi(v).
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Fig. 1. Routing ρ.
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The routing ρ is well defined because there is at most one pair (i, j)(i, j ∈
T, i �= j) such that Pi(u) and Pj(v) cross. Note that if there is no pair (i, j) such
that Pi(u) and Pj(v) cross, the route ρ(u, v) is not defined.

Theorem 1. Let G = (V,E) be a triconnected graph with a triangle satisfying
the condition (OR).
Then D(R(G, ρ)/F ) ≤ 2 for any set of faults F (|F | ≤ 2) in G.

Proof. Let R = R(G, ρ)/F . Let u and v be any pair of distinct nonfaulty nodes
in G. We assume that ρ(u, v) contains at least one fault if it is defined, otherwise
disR(u, v) = 1 and the theorem holds.
(1) Suppose that u, v ∈ T . From the assumption F contains (u, v). Let w

be the other node in T than u and v and let z be any node in V − T . Since
[ρ(u,w), ρ(w, v)] = (u,w) · (w, v) and [ρ(u, z), ρ(z, v)] = Pu(z) · Pv(z), these two
route sequences are node-disjoint. Therefore, at least one route sequence does
not contain another fault in F . Thus, disR(u, v) ≤ 2.
(2) Suppose that u ∈ T and v ∈ V −T . Let z and w be other nodes in T than

u. Since [ρ(v, z), ρ(z, u)] = Pz(v) · (z, u) and [ρ(v, w), ρ(w, u)] = Pw(v) · (w, u) are
node-disjoint, at least one route sequence between them is fault free, because F
contains at most one element other than an element on ρ(v, u) = Pu(v). Thus,
disR(u, v) ≤ 2.
(3) Suppose that u, v ∈ V −T . There are two cases whether the route ρ(u, v)

is defined or not.
If the route ρ(u, v) is not defined, Pi(u) and Pj(v) do not cross for any

distinct pair (i, j) ∈ T . Therefore, the three route sequences [ρ(u, i), ρ(i, v)](i ∈
T ) are node-disjoint. Since |F | ≤ 2, at least one of them is fault free. Thus,
disR(u, v) ≤ 2.
If the route ρ(u, v) is defined and contains at least one fault in F , we assume

that Pi(u) and Pj(v) cross and we notice that ρ(u, v) = ρ(v, u) = Pj(u) · (j, i) ·
Pi(v). Let k be the other node in T than i and j. If there are 2 faults on the
route ρ(u, v), [ρ(u, k), ρ(k, v)] does not contain any fault because Pk(u) and Pk(v)
neither cross Pj(u) nor Pi(v). If there is one fault on the route ρ(u, v), either
Pj(u) or Pi(v) does not contain any fault because Pj(u) and Pi(v) do not cross.
We can assume that Pi(v) does not contain any fault. In this case the node i is
fault free. Since [ρ(u, k), ρ(k, v)] = Pk(u)·Pk(v) and [ρ(u, i), ρ(i, v)] = Pi(u)·Pi(v)
are node-disjoint and Pk(u), Pk(v), Pi(u) and Pi(v) do not cross Pj(u), at least
one of these route sequences is fault free. Thus, disR(u, v) ≤ 2.

4 Optimal Routing for Triconnected Planar Graphs

In this section, we show that every triconnected planar graph G with a triangle
face satisfies the condition (OR) and therefore an optimal routing can be con-
structed for G. Our construction is based on a canonical ordering of triconnected
planar graphs which is a generalization of an s-t numbering for biconnected
graphs [5].
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4.1 Canonical Ordering

Let G = (V,E) be a triconnected plane graph with a vertex v1 on the outerface.
Let π = (V1, . . . , VK) be an ordered partition of V , that is, V1∪· · ·∪VK = V and
Vi∩Vj = φ for i �= j. Define Gk to be the subgraph of G induced by V1∪· · ·∪Vk

and denote by Ck the outerface of Gk. π is said to be a canonical ordering of
G if:

1. V1 consists of {v1, v2}, where v2 lies on the outerface and (v1, v2) ∈ E.
2. VK is a singleton {vn}, where vn lies on the outerface, (v1, vn) ∈ E and

vn �= v2.
3. Each Ck(k > 1) is a cycle containing (v1, v2).
4. Each Gk is biconnected and internally triconnected, that is, removing two
interior vertices of Gk does not disconnect it.

5. For each k in 2, . . . ,K − 1, one of the following conditions holds:
Vk is a singleton, {z1}, where z1 belongs to Ck and has at least one neighbor
in G−Gk.

Vk is a chain, {z1, . . . , z�}, where each zi has one neighbor in G−Gk, and
where z1 and z� each have one neighbor on Ck−1, and these are the only
two neighbors of Vk in Gk−1.

Proposition 1. [5] Every triconnected planar graph G with predefined vertex v1

on the outerface has a canonical ordering. And it can be computed in linear time
and space.

For a triconnected plane graph G with the canonical ordering, the nodes are
numbered with a bijective function g : V → {1, 2, . . . , |V | = n} as follows:

1. g(v1) = 1, g(v2) = 2 and g(vn) = n.
2. For Vk = {z1, . . . , z�}(% ≥ 1)(2 ≤ k ≤ K − 1), g(zi) = |V1 ∪ . . . ∪ Vk−1|+ i.

In what follows, the nodes in G are denoted as integers with the numbering g.
A path (p1, p2, . . . , p�) is said to be decreasing (increasing) if pi > pi+1(pi < pi+1)
for any i(1 ≤ i ≤ %− 1). Fig. 2 shows an example of a triconnected plane graph
and its canonical ordering.

4.2 Optimal Routing for a Triconnected Planar Graph

Let G = (V = {1, 2, . . . , n = |V |}, E) be a triconnected planar graph with a
triangle face. We assume that G is embedded such that the triangle is located
on the outerface and a canonical ordering can be done for the embedding.
We define three paths Pt(x), P�(x) and Pr(x). We set % = 1, r = 2 and t = n

and T = {1, 2, n}.
We may assume that for the cycle Ck = (ck1(= 1), ck2(= 2), . . . , , ckp(= 1)),

ck1 , ck2 , . . . , ckp−1 and ckp appear counter-clockwise in this order. cki(2 ≤ i ≤
p− 1) is called the left neighbor of cki−1 and the right neighbor of cki+1 in Ck.
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Fig. 2. An example of a triconnected plane graph and its canonical ordering.
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Fig. 3. %(u) and r(u).
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To each node u ∈ V −T , we define the left-node %(u) and the right node r(u)
as follows.
If u ∈ Vk(2 ≤ k ≤ K − 1), %(u) is defined to be the left neighbor of u in Ck

and r(u) is defined to be the right neighbor of u in Ck (Fig. 3).
P1(u) P2(u) Pn(u) (u ∈ V − T )
P1(u) = (v1(= u), v2, . . . , vp(= 1)) where vi = %(vi−1)(2 ≤ i ≤ p),
P2(u) = (v1(= u), v2, . . . , vp(= 2)) where vi = r(vi−1)(2 ≤ i ≤ p) and
Pn(u) = (v1(= u), v2, . . . , vp(= n)) where vi = max{u|u ∈ NG(vi−1)}.

Fig. 4 shows an example of the three paths.

2

15

1

3 4 5
6

7

8 9

10
11 12

13

14

P1(7)

P2(7)

Pn(7)

Fig. 4. The three paths P1(x), P2(x) and Pn(x).

Lemma 1. Let G = (V = {1, 2, . . . , n = |V |}, E) be a triconnected plane graph
with a triangle and a canonical ordering on G is assumed. The three paths
P1(x), P2(x)andPn(x) defined on G satisfy the condition (OR).

Proof. From the definition, it is easily verified that P1(x), P2(x) and Pn(x) are
node-disjoint for any x ∈ V − T and if x > y, Pn(x) and P1(y) do not cross
and Pn(x) and P2(y) do not cross. Therefore, in order to show that these paths
satisfy the condition (OR), there is at most one case among the following four
cases for any nodes x and y (x > y).
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(I) P2(x) and P1(y) cross.
(II) P1(x) and P2(y) cross.
(III) P2(x) and Pn(y) cross.
(IV) P1(x) and Pn(y) cross.

Case:1((I) and (II) do not occur at the same time.)(Fig. 5)
If P2(x) and P1(y) cross, since x > y the node x is on or inside the cycle

(1, n) · (n, 2) ·P2(y) ·P1(y). If P1(x) and P2(y) cross, P1(x) and P2(y) must have
nodes in common except the endpoints. However, since the node y is on or inside
the cycle Pn(x) · (n, 2) ·P2(x), P1(x) must got through nodes on P2(x) or Pn(x).
It means that P1(x) and P2(x)(or Pn(x)) must cross. This is a contradiction
since these three paths are node-disjoint.

n

1 2

x
y

Fig. 5. (I) and (II) do not occur at the same time.

Case:2((I) and (III) do not occur at the same time.)
Suppose that P2(x) and Pn(y) cross. Let a be the minimum numbered node

among nodes P2(x) and Pn(y) have in common(Fig. 6(a)). Since P2(x) traverses
right neighbors, the path from a to 2 in P2(x)(P2(a)) is on or inside the cycle
Pn(y) · (n, 2) ·P2(y). Thus, P1(y) and P2(a) do not have nodes in common except
the case y = a. Therefore, P1(y) and P2(a) do not cross.
Next, we show that the path from x to a in P2(x) and P1(y) do not cross.

Since the node a is located on Pn(y), it holds that a ≥ y.
If a > y, since the path from a to x in P2(x) is increasing and the path

from y to 1 in P1(y) is decreasing these paths do not have nodes in common.
If a = y, P2(x) and Pn(y) have other common nodes except a(Fig. 6(b)). Let b
be the least numbered node among them. From the definition of Pn(y), b is the
largest numbered node among the neighbors of a and the edge (a, b) is on Pn(y).
Thus, P1(y) does not contain the edge (a, b). Also the path from b to x in P2(x)
is increasing and the path y to 1 in P1(y) decreasing. Therefore, P1(y) and the
path from x to a in P2(x) do not cross.
Case:3((I) and (IV) do not occur at the same time.)
Case:4((II) and (III) do not occur at the same time.)
These cases can be shown similar to Case:1.
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n

1 2

n

1 2
y

x

a

x

y = a

b

(a) (b)

Fig. 6. (I) and (III) do not occur at the same time.

Case:5((II) and (IV) do not occur at the same time.)
This case can be shown similar to Case:2.

Case:6((III) and (IV) do not occur at the same time.)(Fig. 7)
Suppose that P1(x) and Pn(y) cross. Let a be the minimum numbered node

among nodes P1(x) and Pn(y) have in common. Since the common part between
P1(x) and Pn(y) is either a node or a path from the definition, the path from a
to n in Pn(y)(Pn(a)) is on or inside the cycle P1(x) · (1, n) · Pn(x). Note that if
a = x, P1(x) and Pn(y) do not cross from the definition. Thus, Pn(a) and P2(x)
do not have nodes in common. If the path from y to a in Pn(y) and P2(x) have
nodes in common, Pn(y) and P1(x) never cross from the construction of Pn(y).
Therefore, P2(x) and Pn(y) do not cross.

1 2

x

y

a

n

Fig. 7. (III) and (IV) do not occur at the same time.

We obtain the following theorem from Lemma 1 and Proposition 1.
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Theorem 2. Let G = (V,E) be a triconnected planar graph with a triangle face.
Then D(R(G, ρ)/F ) ≤ 2 for any set of faults F (|F | ≤ 2) in G. Moreover, ρ is
constructed in O(|E|) time.

Since we can make a triconnected planar graph with a triangle face from
every triconnected planar graph adding at most one edge, we have the following
theorem.

Theorem 3. Let G be a triconnected planar graph. We can construct an optimal
routing for G adding at most one edge.

5 Concluding Remarks

In this paper, we show that we can construct an optimal routing for every tricon-
nected planar graph with a triangle. It is remained to find an optimal routing for
every triconnected graph which is always planar and every k-connected graph
(k ≥ 4).
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1 Introduction

Let G be a simple connected graph where every node is colored either black
or white. Consider now the following repetitive process on G: each node recol-
ors itself, at each local time step, with the color held by the majority of its
neighbors. Since the clocks are not necessarily synchronized, the process can be
asynchronous.

Depending on the initial assignment of colors to the nodes and on the defini-
tion of majority, different dynamics can occur. These dynamics have been exten-
sively studied in the context of synchronous systems (mostly cellular automata);
researchers mostly concentrated their efforts on determining periodic behaviors,
transients, number and form of fixed points for different graph structures (rings,
infinite lines, general finite graphs, general infinite graphs) with different ma-
jority functions (simple majority, strong majority, weighted threshold functions,
convex functions) and different coloring sets (e.g., see [1,11,16,17,22]).

In the context of distributed computing, this repetitive process is particularly
important in that it describes the impact that a set of initial faults can have in
majority-based systems (where black nodes correspond to faulty elements and
white to non-faulty ones). Consider for example systems where majority voting
among various copies of crucial data are performed between neighbours at each
step [20]: if the majority of its neighbors is faulty (e.g., has corrupted data),
a non-faulty element will exhibit a faulty behavior (e.g., its data will become
corrupted) and will therefore be indistinguishable from a faulty one. In this
paper, we are interested in the patterns of initial faults which may lead the
entire system to a faulty behaviour (e.g., every entity has corrupted data); in
terms of system dynamics, these are the patterns for which the system converges
to a monochromatic fixed point. These patterns are called dynamos (short for
“dynamic monopolies”) and their study has been introduced by Peleg [21]. If
the initial faults are permanent, the dynamo is said to be irreversible; if instead
the initial faults can be mended by the majority rule, the dynamo will be called
reversible.

Surprisingly, very little is known about dynamos. Most of the results are
known for the static version of this process; that is, considering only a single
step in the evolution [3,5,13,20].

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 202–213, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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Recently, researchers have started to focus directly on dynamos. In particu-
lar, reversible monotone dynamos have been studied in general graphs [21] and
tori [9]; irreversible dynamos have been investigated in tori [8], butterfly and
similar interconnection networks [14].

In this paper we study irreversible dynamos for infinite and sufficiently large
finite chordal rings, i.e. ring networks where each node is also directly connected
to the nodes at a fixed set of distances, under the simple majority rule: a node
becomes black if a simple majority of its neighbours are black 1 . More specif-
ically, we concentrate on two large clasess of chordal rings, namely weakly and
strongly chorded rings. Given a dynamo for these graphs, its weight is the num-
ber of black nodes it contains, and its length is the size of the (smallest) segment
of the ring containing all the back elements. We are interested in characterizing
optimal dynamos, that is dynamos of minimal length with the minimal weight.

Chordal rings are a particular case of circulant graphs, and are also known
in the literature as distributed loop networks. Weakly and strongly chorded rings
include many of the most studied chordal rings, ranging from double loops to
fan graphs to complete graphs. Special classes of chordal rings (in particular
the so called double loops and triple loops) have been widely studied to ana-
lyze their fault tolerant properties (for a survey see [4]). Subclasses of chordal
rings have been intensively studied under a variety of scenarios and for a large
number of problems and applications ranging from routing (e.g., [12]) to elec-
tion (e.g., [2,15,19]) to broadcast (e.g., [15]). Of particular relevance are also the
existing studies on catastrophic fault patterns for redundant linear arrays (e.g.,
see [6,18,23]); in fact, these patterns are exactly irreversible dynamos for infinite
chordal rings under a directional unanimity rule: a node becomes black if all its
neighbours in the same direction are black.

In the following sections of this paper, we first establish some basic bounds
on the weight and length of dynamos for general chordal rings (§2). We then
consider weakly chorded rings (§3). We establish a lower bound on the weight of
dynamos of minimal length, and prove that the bound is tight; the upper bound
proof is constructive. We also provide a complete characterization of the optimal
dynamos for the well known class of double loop networks and the subclass of
triple loops. In Section §4, we study strongly chorded rings and their optimal
dynamos. Also for this class of graphs we establish tight bounds, and show how
to construct optimal dynamos.

In the following, due to space constrains, theorems and lemmas are stated
without proofs, or their proofs are only sketched; the interested reader is referred
to [7] for further technical details.

2 Definitions and Basic Bounds

A circulant graph of size n and link structure 〈d1, d2, · · · , dh〉 (di ≤ di+1, dh ≤
�n

2 �), is a graph on n nodes x0, x1, · · · , xn−1 where each node xi is connected
1 In the terminology of [21], simple majority is the “self-not-included, prefer-black”
model.
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to the nodes xi+dj and xi−dj (1 ≤ j ≤ h). We will often use ”xi sees xj” to
mean that node xi and node xj are connected to each other and all operations
on the indices are modulo n. We shall denote such a graph by C{d1, d2, · · · , dh}.
A chordal ring (or loop network) is any circulant graph with d1 = 1.

A (p, k)-chorded ring, p ≤ k, is the circulant graph C{1, 2, · · · , p, k}. We
shall denote such a graph by C〈p, k〉. Examples of (p, k)-chorded rings are rings
(p = k = 1), double loop networks (p = 1, k > 1), fan networks (p = k − 1), and
complete graphs (p = k = �n

2 �). Depending on the relationship between p and k

a chorded ring will be said to be weakly (p < �k
2�) or strongly (p ≥ �k

2 �).
Let G be the chordal ring C{d1, d2, · · · , dh}. In the following, and unless

otherwise stated, we will assume that all di are distinct
Consider the following repetitive process on G. Initially, each node is in one

of two states: black or white (denoted in the following also by “(0)” and “(1)”,
respectively). An initially black node does not change its value (irreversibility).
Any other node recolors itself at each local time step with the color held by
the majority of its neighbors; in case of tie, it becomes black. Notice that the
assumption of irreversibility of the initial black nodes implies that the evolution
of the graph is monotonic, i.e., once a node becomes black, it remains black
forever.

Since the clocks are not necessarily synchronized, the process can be asyn-
chronous. However, since the evolution of the system is monotonic, we can as-
sume synchronicity w.l.g. [10,21].

A pattern P is a sequence of values of consecutive nodes in the ring at a
given global time; its weight is the number of black values it contains; its length
is its total number of nodes. A pattern is bounded if its first and last values are
both black; it is converging if, after a finite number of steps, all its nodes become
black.

A configuration Y is a global state representing the colors of all the nodes at
a global time. The window W (Y ) of Y is the smallest pattern containing all the
black nodes (or one of the smallest if the smallest is not unique); we denote by
weight(Y ) and length(Y ) respectively the weight and length of W (Y ).

An irreversible dynamo (or simply dynamo) is a configuration from which an
all black configuration is reached. A dynamo is optimal if it has minimum weight
for the minimum length.

Let us first consider the minimum weight; i.e., the minimum number of initial
black nodes needed to reach an all-black configuration. An upper bound is easily
established, observing that any configuration Y containing dh consecutive blacks
is obviously a dynamo for C{1, d2, · · · , dh}.

Property 1 Let Y be a configuration in C{1, d2, · · · , dh} which contains dh con-
secutive blacks (i.e., the pattern (1)dh); then Y is a dynamo.

An obvious lower bound on the weight of any dynamo X in G is: weight(X) ≥ h,
since otherwise no node will ever become black. It is interesting to note that
there exist infinite families of chordal rings having dynamos achieving this lower
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bound, for example, as we will show later, this holds for strongly chorded rings.
Summarizing,

Property 2 Let X be a dynamo for C{1, d2, · · · , dh}; if X has minimum weight,
then we have h ≤ weight(X) ≤ dh.

In the case of chorded rings this becomes:

Corollary 1 Let X be an optimal dynamo for C〈p, k〉, p < k; then: p + 1 ≤
weight(X) ≤ k

Consider now length(X); i.e., the size of the window containing the all the
black nodes of a dynamo X . An obvious lower bound follows from the definition:
weight(X) ≤ length(X) since all black nodes must be contained in the window.
A stronger lower bound is stated in the next property.

Property 3 Every dynamo X for C{1, d2, · · · , dh}, is such that dh ≤ length(X).

In the case of chorded rings this becomes:

Corollary 2 Let X be an optimal dynamo for C〈p, k〉, p < k; then:
k ≤ length(X)

3 Weakly Chorded Rings

A chorded ring C〈p, k〉 is said to be weakly if p < �k
2 �. In this Section we consider

only weakly chorded rings and establish tight bounds on their optimal dynamos.
We then study in details two particular cases: the (simple) well known class of
double loop networks and the (more complex) subclass of triple loops C〈2, k〉;
for both we provide a complete characterization of the optimal dynamos.

3.1 Lower Bound

Any dynamo of length k is length-minimal (see Corollary 2). In this section we
establish a lower bound on the weight of such a dynamo.

We first characterize a forbidden pattern for dynamos of length k. Let V be
the set of nodes of the chordal ring C〈p, k〉, a white block B ⊆ V is a subset of
V composed of all white vertices, each of which has at least p+ 2 neighbours in
B; hence nodes of a white block will never become black. Thus,

Lemma 1 No dynamo for C〈p, k〉 can contain a white block.

We now characterize several types of white blocks. The first one concerns
infinite graphs.

Lemma 2 Let C〈p, k〉 be infinite, Ri be the set of consecutive nodes xi . . . xi+p,
and R[i] be the set of nodes R[i] = ∪∞j=0Ri±jk. If all nodes in R[i] are white,
then R[i] is a white block.
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Proof. Each Ri±jk forms a white clique of degree p. Moreover, each node xl in
R[i] is linked to the nodes xl±k which both belong to R[i]. Thus R[i] is a white
block.

The following lemma gives a type of white blocks for sufficiently large chorded
rings.

Lemma 3 Let Ai = a0 . . . ap and Bi = b0 . . . bn−2k+p be the sets of consecutive
nodes xi . . . xi+p and xi+k . . . xi+n−k+p of a configuration of a length-n weakly
chorded ring C〈p, k〉, and let all nodes in Ai ∪ Bi be white. Then, Ai ∪ Bi is a
white block if one of the following conditions holds:

1. p = 1 and n ≥ 4k − 2 (i.e., |Bi| ≥ 2k);
2. p > 1 and n ≥ 3k − p (i.e., |Bi| ≥ k + 1).

Based on Lemmas 2 and 3, we define the notion of large enough weakly
chorded ring as an infinite ring or as a ring which fulfills one of the two conditions
of Lemma 3. From this point on, we will always assume that the weakly chorded
ring is large enough.

¿From Lemmas 1–3 it follows that in a large enough chorded ring, a dynamo
of length k cannot contain in its window, p + 1 consecutive white nodes:

Theorem 1 In a large enough C〈p, k〉, a dynamo of length k cannot contain
p + 1 consecutive white nodes in its window.

We now characterize a pattern whose presence is prescribed inside the window
of a dynamo of length k.

Theorem 2 Let C〈p, k〉 be a weakly chorded ring. In C〈p, k〉, a dynamo of length
k contains at least a bounded pattern P of length(P ) ≤ 2p+ 1 and weight(P ) ≥
p + 1.

Let W (X) = w0, w1, . . . wk−1 be the window of a dynamo X of length k. From
Theorem 2 we have that any dynamo X of length k must contain a bounded
pattern with length at most 2p + 1 and weight at least p + 1. Let I(X) =
wi(X), . . . , wi(X)+q(X)−1 denote a such a pattern, where q(X) ≤ 2p + 1 denotes
its length.

Lemma 4 In C〈p, k〉, for every dynamo X of length k:

weight(X) ≥ p + 1 + � i(X)
p + 1

�+ �k − i(X)− q(X)
p + 1

�

Proof. By Theorem 1, a pattern of p+ 1 consecutive white nodes is forbidden in
a dynamo of length k; it follows that the portion of the window w0, . . . , wi(X)−1

preceding the pattern I(X) must contain at least � i(X)
p+1 � blacks and the portion

wi(X)+q(X), . . . , wk−1 following I(X) must contain at least �k−i(X)−q(X)
p+1 � blacks.

Since I(X) contains at least p + 1 blacks, it follows that weight(X) ≥ p + 1 +
� i(X)

p+1 �+ �k−i(X)−q(X)
p+1 �.
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We can now establish a lower bound on the weight of a dynamo of length k.

Theorem 3 In C〈p, k〉, for every dynamo X of length k:

weight(X) ≥ p + 1 + �k − 2p− 1
p + 1

�

Proof. From Lemma 4, it suffices to notice that, for all i(X) (0 ≤ i(X) ≤
k− q(X)− 1), p+ 1 + � i(X)

p+1 �+ �k−i(X)−q(X)
p+1 � ≥ p+ 1 + �k−q(X)

p+1 �. Moreover, for

all q(X) (p + 1 ≤ q(X) ≤ 2p + 1), p + 1 + �k−q(X)
p+1 � ≥ p + 1 + �k−2p−1

p+1 �.

3.2 Optimal Dynamos

We now show that there are dynamos of length k and furthermore their weight
matches the lower bound established in the previous section. We first introduce
the notion of initiating and filling pattern.

We call initiating pattern for C〈p, k〉 a converging bounded pattern of length
at most 2p+1 whose weight is at least p+1. An initiating pattern P is maximum
if length(P ) = 2p+ 1 and weight(P ) = p + 1.

Lemma 5 There exist maximum initiating patterns for any C〈p, k〉.

Proof. Consider, for example, (1)(0)p(1)p.

We call right (left) filling pattern for C〈p, k〉 a pattern which, when located
to the right (left) of a pattern of length and weight p (i.e., (1)p), is always
converging. Examples of fillings patterns are given in the following lemma.

Lemma 6 The patterns (0)i(1) and (1)(0)i, i ≤ p, are right and left filling,
respectively.

By definition of initiating and filling patterns, dynamos can be constructed
using the following method:

General Construction

1. Choose an arbitrary initiating pattern, place it anywhere in the length-k
window.

2. Complete the right (left) portion of the window with right (left) filling pat-
terns.

Theorem 4 The construction described above for C〈p, k〉 forms a dynamo of
length k.

Proof. By definition, the initiating pattern converges to a sequence of at least
p + 1 consecutive 1s; this enables the sequential convergence of the attached
filling patterns. Hence the entire window becomes black; by Property 1, such
configuration is converging.
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We now establish an upper bound on the weight of configuration which
matches the lower bound previously established.

Theorem 5 There exist dynamos of length k for C〈p, k〉 whose weight is p+1+
�k−2p−1

p+1 �.

Proof. It is sufficient to place any maximum initiating pattern at the beginning of
the window and complete the window with �k−(2p+1)

p+1 � filling patterns of the form

(0)p (1) and one filling pattern of the form (0)k−(2p+1)−(p+1)� k−(2p+1)
p+1 �−1(1).

From Theorems 3 and 5 we have that:

Theorem 6 A dynamo X is optimal for weakly chorded C〈p, k〉 iff:
length(X) = k and weight(X) = p + 1 + �k−2p−1

p+1 �.

3.3 Case Study: Double Loop Networks

In this Section we give a complete characterization of the optimal dynamos for
the class of double loop networks. These graphs are exactly the chorded rings
C〈1, k〉, k > 1, and coincide with the class of chordal rings of degree four.

The following is a corollary of Theorem 6:

Corollary 3 A dynamo X is optimal in a double loop network iff length(X) = k
and weight(X) = 2 + �k−3

2 � = �k+1
2 �.

The construction described in the proof of Theorem 5 allows to construct
some optimal dynamos; in the case of double loop networks, we can actually
characterize all of them.

Theorem 7 In any C〈1, k〉: if k is odd the only optimal dynamo is (10)�
k
2 �(1);

if k is even there are �k
2 � optimal dynamos of the form (10)α (1) (10)β (1)

with α + β = k−2
2 .

Notice that the double loop networks coincide with the class of tori with
snake-like connections on the rows (torus cordalis). In [8,9], diffent types of tori
(among which the torus cordalis) have been investigated and lower and upper
bounds on the size of irreversible and monotone dynamos are given.

3.4 Case Study: Triple Loop C〈2, k〉
We now study the triple loop network C〈2, k〉. The following is a corollary of
Theorem 6:

Corollary 4 A dynamo X is optimal in a Triple Loop C〈2, k〉 iff:
length(X) = k and weight(X) = 3 + �k−5

3 � = �k+4
3 �.

The construction described in the proof of Theorem 5 allows to construct
some optimal dynamos; in the following we will characterize them all.
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Optimal Dynamos

Theorem 8 Any dynamo of length k in C〈2, k〉 contains a pattern with two
consecutive black nodes and does not contain any pattern of three consecutive
whites.

Theorem 9 Any configuration in a window of length k which contains two con-
secutive black nodes and which does not contain three consecutive white nodes is
a dynamo for C〈2, k〉.

Proof. Let W (X) = x1 . . . xk be such a configuration and let, w.l.g xi = 1 and
xi+1 = 1; we shall consider two cases depending on i.
Case 1, i ≤ k − 4: Since xi+2xi+3xi+4 cannot be a block of three consecutive
whites, the pattern xixi+1xi+2xi+3xi+4 has length 5 and weight ≥ 3. Moreover,
it is easy to verify that no matter which of the nodes xi+2xi+3xi+4 is black,
the pattern is converging; thus, it is an initiating pattern. So, X contains an
initiating pattern. Since a block of three consecutive whites is forbidden, the
portion of the window at the left of the pattern xixi+1xi+2xi+3xi+4 can contain
only blocks of the form (1), (10), and (100) which are all left filling patterns
(Lemma 6) and the portion of the window at the right of X can contain only
blocks of the form (1), (01), and (001) which are all right filling patterns. Thus
X is a dynamo.
Case 2, i > k − 4: In this case, the proof consists in showing that
xi−4xi−3xi−2xi−1xi is an initiating pattern.

From Theorems 8 and 9 it follows that:

Theorem 10 A configuration of length k is a dynamo iff it contains two con-
secutive black nodes and does not contain three consecutive white nodes.

We now introduce a set of configurations that we will prove to be optimal
dynamos.

– Case k = 3i + 2: Dynamos whose windows have the form:
(1) (100)α(11)(001)β

with α + β = i. The number of such configurations is i+1!
i! = i + 1.

– Case k = 3i + 1: Dynamos whose windows have one of the following two
forms:
(2) (100)α (10) (100)β (11) (001)γ

(3) (100)α (11) (001)β (01) (001)γ

with α+ β + γ = i− 1. The number of such configurations is i+1!
i−1! = i(i+ 1).

– Case k = 3i: Dynamos whose windows have one of the following four forms:
(4) (100)α (11) (001)β (1)(001)γ

(5) (100)a(10) (100)b (10)(100)c (11) (001)d

(6) (100)a(10) (100)b (11)(001)c (01) (001)d

(7) (100)a(11) (001)b (01)(001)c (01) (001)d

with a + b + c + d = i − 2 and α + β + γ = i − 1. The number of such
configurations is 1

2 i(i + 1) + 1
2 (i− 1)i(i + 1).
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Theorem 11 In C〈2, k〉 chordal rings, the configurations listed above are opti-
mal dynamos.

Proof. Each configuration contains a block (11) and no block (000), thus, by
Theorem 9, they are dynamos. Moreover, it is easy to verify that their weight is
3 + �k−5

3 � which, by Corollary 4, is the weight of an optimal dynamo.

Completeness To prove that the optimal dynamos above are the only ones,
we introduce a different problem which will be shown to be equivalent to the
problem of construction all optimal dynamos for chordal rings C〈2, k〉.

The Ring Problem: Given a ring of size m where every node is white, colour
black the minimum number of nodes in such a way that no three consecutive
nodes are white.

We will need the following result on the number of blacks in such strings.

Corollary 5 Any solution to the ring problem on a ring of size m contains �m
3 �

blacks.

Property 4 The obvious solutions to the ring problem are the following circular
strings:

1. if m = 3j: (001)j;
2. if m = 3j + 1: (1)(001)j, and (01)(001)a(01)(001)b, with a + b = j − 1;
3. if m = 3j + 2:(001)a(01)(001)b, with a + b = j.

We now show that there is a correspondence between the class of optimal
dynamos of length k and the solutions to the ring problem, where m = k − 2.

Theorem 12 There is a correspondence between the class of optimal dynamos
for C〈2, k〉 and the solutions to the ring problem with m = k − 2.

Proof. Let W (X) = x1, . . . , xk be the window of an optimal dynamo. By Theo-
rem 8 we know that X contains at least two consecutive blacks, say xi and xi+1.
Let us construct a string Y as follows: Y = x1, . . . , xi, xi+2, . . . , xk−1. By Theo-
rem 8, Y does not contain three consecutive whites. Moreover, since x1 is black,
it follows that Y does not contain three consecutive whites even considered as
a circular string. Since X is an optimal dynamo, the number of blacks in X is
�k+4

3 �; it follows that weight(Y ) = �k+4
3 � − 2 = �k−2

3 � which means that Y is a
solution to the ring problem.
Viceversa, let X = x1, . . . , xk−2 be a circular string corresponding to a solu-
tion of the ring problem. Let xi and xj be two arbitrary blacks (i.e., xi = 1
and xj = 1); we construct the corresponding optimal dynamo Y as follows:
Y = xi, xi+1, . . . , xk−2, x1, . . . xj , xj , xj+1 . . . xi−1, xi. Such a configuration starts
and ends with blacks by construction; moreover it does not contain any block
of three consecutive whites and it contains at least a block of two consecutive
blacks (xj , xj), thus it is a dynamo (Theorem 9). Furthermore, by Corollary 5,
we know that the number of blacks in X is �m

3 �, it follows that weight(Y ) =
2 + �m

3 � = �k+4
3 � which means that Y is optimal.
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We now prove that the transformation used in the proof of the previous
theorem maps each solution of the ring problem to one of the optimal dynamos
of Theorem 11.

Theorem 13 Any ring solution corresponds to an optimal dynamo of Theo-
rem 11.

Concluding,

Theorem 14 The optimal dynamos for C〈2, k〉 are exactly the ones of Theo-
rem 11.

4 Strongly Chorded Rings

A strongly chorded ring is a chorded ring C〈p, k〉 such that p ≥ �k
2�. In the

following let q = k − p, so the chordal ring can be also indicated as: C〈k − q, k〉.
In this section we show that the trivial lower bound p+1 (see Corollary 1) on the
weight of dynamos is matched by the optimal dynamos for this class of chorded
rings. In the following we shall distinguish the two cases: k > p+1 and k ≤ p+1.

4.1 Optimal Dynamos - Case k > p + 1

We now consider strongly chorded ring C〈p, k〉 where k > p + 1.
For the next results, it is useful to decompose the length-k window of a

dynamo as follows: Zc is the part of the window from which any other node of
the window can be seen, including the two extreme blacks; Zl and Zr are the
sets of nodes located respectively at the left and at the right of Zc, excluding
the two extreme blacks (see Figure 1). Observe that Zc is never empty since

1

Zl︷ ︸︸ ︷• · · · •︸ ︷︷ ︸
q−2

Zc︷ ︸︸ ︷• · · · •︸ ︷︷ ︸
k−2(q−1)

Zr︷ ︸︸ ︷• · · · •︸ ︷︷ ︸
q−2

1.

Fig. 1. Decomposition of the length-k of a strongly chorded ring dynamo

q ≤ �k
2�. Moreover, Zl, Zr and the two extreme blacks do not exist when q = 1.

Lemma 7 In a dynamo for C〈p, k〉, all white nodes of Zc become black in one
step.

Proof. Any white node v of Zc sees all the window, since 1 + (q− 2) + i ≤ k− q
for all i such that 0 ≤ i ≤ k − 2(q − 1) − 1. Thus, v sees at least p + 1 black
nodes which must be part of the dynamo. Hence, it turns black in one step.
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Using the previous lemma we now show a dynamo matching the lower bound.

Theorem 15 In strongly chorded rings C〈p, k〉 there exist dynamos of length k
with weight p + 1.

Proof. We consider two cases depending on whether |Zl|+ |Zr| ≤ p− 1 or not.
Case 1, 2(k − p − 2) ≤ p − 1: To obtain a dynamo, we colour black all nodes
of Zl ∪ Zr and arbitrary p − 1 − 2(k − p − 2) nodes of Zc. In total there are
p + 1 black nodes. By Lemma 7 the nodes in Zc become black in one step; so,
the window converges and by Property 1 our construction is a dynamo.
Case 2, 2(k − p − 2) ≥ p − 1: To obtain a dynamo, we colour black the �p−1

2 �
nodes to the left of Zc and the �p−1

2 � nodes to the right of Zc. Also in this
case we have a total of p + 1 black nodes and, by Lemma 7 the nodes in Zc

become black in one step. Thus, there are at least 3p + 3 − k consecutive black
nodes after the first step: the k − 2(k − p − 1) nodes of Zc plus the �p−1

2 � to
its left and the �p−1

2 � to its right. Consider the closest white node v to the left
of this set S of consecutive nodes with step ≤ 1. Node v is at distance at least
q−2−�p−1

2 � from the leftmost black node of the window. But it is easy to verify
that q − 2 − �p−1

2 � ≤ p; hence, v has p black neighbours after the first step on
its right and at least one black on its left, thus it becomes black in at most two
steps. By symmetry, also the closest white node v′ to the right of S becomes
black in at most 2 steps. Applying this reasoning inductively, it follows that the
entire window converges.

Thus, we have that:

Theorem 16 A dynamo X is optimal for strongly chorded C〈p, k〉 iff:
length(X) = k and weight(X) = p + 1.

4.2 Optimal Dynamos - Case k = p + 1

In this section we consider strongly chorded ring C〈p, k〉 where k = p+ 1. These
chordal rings C〈k − 1, k〉 are also called fan graphs. Notice that, when k = �n

2 �
such a chordal ring is a complete graph.

We now show that the trivial lower bound on the weigth of an optimal dy-
namo is matched by exactly one dynamo.

Since the degree of this type of chordal rings is 2k, the trivial lower bound
on the weight of an optimal dynamo is k.

Clearly there exists a dynamo of length and weight k; such a dynamo consists
of a sequence of k black nodes (such a configuration is a dynamo by Property
1); and obviously there is no other dynamo with length and weight k. Thus we
have:

Theorem 17 A configuration X is an optimal dynamo for strongly chorded
C〈k − 1, k〉 iff: length(X) = weight(X) = k. And there exists exactly one such
an optimal dynamo.
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Abstract. Knödel graphs and Fibonacci graphs are two classes of bipar-
tite incident-graph of circulant digraphs. Both graphs have been exten-
sively studied for the purpose of fast communications in networks, and
they have deserved a lot of attention in this context. In this paper, we
show that there exists an O(n log5 n)-time algorithm to recognize Knödel
graphs, and that the same technique applies to Fibonacci graphs. The al-
gorithm is based on a characterization of the cycles of length six in these
graphs (bipartite incident-graphs of circulant digraphs always have cy-
cles of length six). A consequence of our result is that none of the Knödel
graphs are edge-transitive, apart those of 2k − 2 vertices. An open prob-
lem that arises in this field is to derive a polynomial-time algorithm for
any infinite family of bipartite incident-graphs of circulant digraphs in-
dexed by their number of vertices.

Keywords: graph isomorphism, circulant graphs, chordal rings, broad-
casting, gossiping.

1 Introduction

So-called Knödel graphs and Fibonacci graphs have been used by Knödel [12],
and Even and Monien [7] (see also [5,13,18]), respectively, for the purpose of
performing efficient communications in networks. More precisely, consider a net-
work of n nodes, and assume that communications among the nodes proceed by
a sequence of synchronous calls between neighboring vertices. A round is defined
as the set of calls performed at the same time. Knödel on one hand, and Even and
Monien on the other hand, were interested in computing the minimum number
of rounds necessary to perform a all-to-all broadcasting, also called gossiping,
between the nodes (see [8,9,11] for surveys on gossiping and related problems).
The communication constraints assume that a call involves exactly two neigh-
boring nodes, and that a node can communicate to at most one neighbor at a
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(b)(a)

0            1           2           3           4           5            6           7           8            9 0            1           2           3           4           5            6           7           8            9

0            1           2           3           4           5            6           7           8            9 0            1           2           3           4           5            6           7           8            9

Fig. 1. A Knödel graph of 20 vertices (a), and a Fibonacci graph of 20 ver-
tices (b).

time. Knödel considered the 2-way mode (full-duplex) in which the two nodes
involved in the same call can exchange their information in one round, whereas
Even and Monien considered the 1-way mode (half-duplex) in which the infor-
mation can flow in one direction at a time, that is, during the call between x and
y, only y can receive information from x, or x can receive information from y, not
both. Under these hypotheses, it was shown in [12] that, for n even, one cannot
perform gossiping in less that �log2 n� rounds in the 2-way mode, and that there
are graphs, called here Knödel graphs, that allow gossiping to be performed in
�log2 n� rounds. Even and Monien have shown in [7] that, for n even, one cannot
perform gossiping in less than 2 + �log�

n
2 � rounds in the 1-way mode, where

� = 1+
√

5
2 , and that there are graphs, called here Fibonacci graphs, that allow

gossiping to be performed in that number of rounds (up to an additive factor of
one).

Knödel graphs and Fibonacci graphs are bipartite graphs G = (V1, V2, E)
of 2n vertices. Each partition has n vertices labeled from 0 to n − 1. In the
Knödel graphs, there is an edge between x ∈ V1 and y ∈ V2 if and only if
there exists i ∈ {0, 1, . . . , k} such that y = x + 2i − 1 (mod n), k = �log2 n�.
In the Fibonacci graphs, there is an edge between x ∈ V1 and y ∈ V2 if and
only if there exists i ∈ {0, 1, . . . , k} such that y = x + F (i + 1) − 1 (mod n),
k = F−1(n)−1, where F (i) denotes the ith Fibonacci number (F (0) = F (1) = 1,
and F (i) = F (i− 1) + F (i− 2) for i ≥ 2) and F−1(n) denotes the integer i for
which F (i) ≤ n < F (i + 1). Both graphs are Cayley graphs on the dihedral
group, and thus they are vertex-transitive. See Figure 1 for an example of a
Knödel graph and a Fibonacci graph. Note that graphs on Figure 1 look pretty
dense but Knödel graphs and Fibonacci graphs are of degree O(log n).

Knowing whether a graph G of n nodes allows gossiping to be performed
optimally, that is in �log2 n� rounds in the 2-way mode, and in (about) �log� n�
rounds in the 1-way mode, is NP-complete [5]. In particular there are graphs that
are not isomorphic to Knödel graphs (resp. Fibonacci graphs), and that allow
gossiping to be performed optimally in the 2-way mode (resp. 1-way mode). In
this paper, we want to recognize Knödel graphs and Fibonacci graphs. In other
words, given a graph G, we want to know whether G is isomorphic to a Knödel
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graph of the same order, or to know whether G is isomorphic to a Fibonacci
graph of the same order.

A closely related topic deals with circulant digraphs. Recall that a digraph
is circulant if nodes can be labeled so that the adjacency matrix is circulant,
that is node x has k + 1 out-neighbors x + ai (mod n) for i = 0, . . . , k for
some k and some constants ai’s independent of x. Circulant digraphs are Cayley
digraphs over Zn. Ponomarenko has given in [17] a polynomial-time algorithm
to decide whether a given tournament is a circulant digraph (a tournament is
a digraph obtained by giving an orientation to the edges of a complete graph).
More recently, Muzychuk and Tinhofer [15] have shown that one can decide in
polynomial-time whether a digraph of prime order is circulant. Deciding whether
two circulant digraphs are isomorphic is also a difficult problem. Ádám [1] con-
jectured that two circulant digraphs are isomorphic if and only if the generators
of one digraph can be obtained from the generators of the other digraph via a
product by a constant. This conjecture is wrong [6] although it holds in many
cases. For instance, Alspach and Parsons [2] have proved that Ádám’s conjecture
is true for values of n such as the product of two primes (see also [3,14,16]).

Nevertheless, even if they are closely related to circulant digraphs, Knödel
graphs and Fibonacci graphs are not circulant graphs but bipartite incident-
graphs of circulant digraphs, and they are thus sometimes called bi-circulant
graphs. (The bipartite incident-graph of a digraph H = (V,A) is a graph G =
(V1, V2, E) such that V1 = V2 = V , and for any x1 ∈ V1, and x2 ∈ V2, {x1, x2} ∈
E ⇔ (x1, x2) ∈ A. Note that two non isomorphic digraphs H and H ′ can
yield isomorphic bipartite incident-graphs, e.g., H = ({u, v}, {(u, u), (v, v)}) and
H ′ = ({u, v}, {(u, v), (v, u)}).) It is unknown whether there exists a polynomial-
time algorithm to decide whether a given graph is isomorphic to a given circulant
digraph or a given incident-graph of a circulant digraph. This is why we have
studied specific algorithms for the case of Knödel graphs and Fibonacci graphs.

The paper is organized as follows. In Section 2, we study the form of solutions
of equations involving powers of two. The characterization of these solutions
allows us to recognize Knödel graphs in O(n log5 n) time, as shown in Section 3.
This algorithm is optimal up to a polylogarithmic factor since Knödel graphs
have Θ(n log n) edges. Section 4 concludes the paper with some remarks on
bipartite incident-graphs of circulant digraphs defined by an arbitrary increasing
sequence (gi)i≥0 of integers, including Fibonacci graphs.

2 Preliminary Results

Let H = (V,A) be a circulant digraph of n vertices and of generators g0, . . . , gk,
and let G = (V1, V2, E) be the corresponding bipartite incident-graph. By
6-cycle, we mean an elementary cycle of length six.

Lemma 1. There is a 6-cycle in G if and only if one can find a sequence of six
generators

(gi0 , gi1 , gi2 , gi3 , gi4 , gi5)
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and α ∈ {0, 1, 2} such that
{
gi0 + gi2 + gi4 = gi1 + gi3 + gi5 + α n
gij �= gij+1 (mod 6) for any j ∈ {0, 1, 2, 3, 4, 5} (1)

Proof. Let (u0, u1, u2, u3, u4, u5) be a 6-cycle in G (all the ui’s are pairwise dis-
tinct), and assume without loss of generality that u0 = 0 ∈ V1. We have:






u1 = u0 + gi0

u1 = u2 + gi1 + α1 n
u3 = u2 + gi2 + α2 n
u3 = u4 + gi3 + α3 n
u5 = u4 + gi4 + α4 n
u5 = u0 + gi5

where αi ∈ {−1, 0} and gij �= gij+1 (mod 6) for any j ∈ {0, 1, 2, 3, 4, 5} since the
cycle uses six different edges. Therefore we have

gi0 + gi2 + gi4 = gi1 + gi3 + gi5 + α n

where α = (α1−α2)+(α3−α4), that is −2 ≤ α ≤ 2 by definition of the αi’s. By
possibly swapping even and odd g’s, we get the claimed result with 0 ≤ α ≤ 2.

Conversely, let (gi0 , gi1 , gi2 , gi3 , gi4 , gi5) be such that
{
gi0 + gi2 + gi4 = gi1 + gi3 + gi5 + α n
gij �= gij+1 (mod 6) for any j ∈ {0, 1, 2, 3, 4, 5}

with α ∈ {0, 1, 2}. Then let u0 ∈ V1, and let





u1 = u0 + gi0 mod n
u2 = u1 − gi1 mod n
u3 = u2 + gi2 mod n
u4 = u3 − gi3 mod n
u5 = u4 + gi4 mod n
u6 = u5 − gi5 mod n

We have
u6 = u0 + (gi0 + gi2 + gi4)− (gi1 + gi3 + gi5) mod n.

Since
gi0 + gi2 + gi4 = gi1 + gi3 + gi5 (mod n),

we get u6 = u0, and therefore (u0, u1, u2, u3, u4, u5) is a cycle of length six in G.
This cycle is elementary because gij �= gij+1 (mod 6) for any j ∈ {0, 1, 2, 3, 4, 5}.


�

From Lemma 1, any bipartite incident-graph of a circulant digraph has 6-
cycles since gi0 = gi3 , gi1 = gi4 , and gi2 = gi5 is a solution of Equation 1. We
will solve Equation 1 to characterize 6-cycles of Knödel graphs and Fibonacci
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graphs, and to identify the possible generators of a candidate to be a Knödel
graph or a Fibonacci graph.

Let us start first with Knödel graphs. Let x0, x1, x2, x3, x4, x5 be six integers
in {0, . . . , k}, and let n be any integer such that 2k ≤ n < 2k+1. From Lemma 1,
we are interested in computing the solutions of the equation

{
2x0 + 2x2 + 2x4 = 2x1 + 2x3 + 2x5 + α n
xi �= xi+1 (mod 6) for any i ∈ {0, 1, 2, 3, 4, 5}

(2)

where α ∈ {0, 1, 2}.

Lemma 2. For α = 0, Equation 2 has four types of solutions:
(x0, x1, x2, x3, x4, x5) =

a) (γ, γ′′, γ′, γ, γ′′, γ′) γ, γ′, γ′′ ∈ {0, . . . , k} γ �= γ′, γ′ �= γ′′, γ′′ �= γ
b) (γ, γ′, γ, γ′, γ′ + 1, γ + 1) γ, γ′ ∈ {0, . . . , k − 1} γ �= γ′

c) (γ, γ + 1, γ, γ′, γ′ + 1, γ′) γ, γ′ ∈ {0, . . . , k − 1} γ �= γ′

d) (γ, γ′, γ, γ + 1, γ′ + 1, γ′) γ, γ′ ∈ {0, . . . , k − 1} γ �= γ′

up to cyclic permutations1 of the xi’s.

Proof. The case x0, x2, x4 pairwise distinct generates the first type of solutions.
Assume x0 = x2 = γ and x4 = γ′ �= γ. There is an impossibility to solve
Equation 2 if γ = γ′ − 1 because it would imply either x0 = x1 or x0 = x5. If
γ �= γ′ − 1, we get a solution if two x2i+1’s are both equal to γ′ − 1, and the
third one is equal to γ + 1. This generates the three last types of solutions by
changing γ′ − 1 into γ′. 
�

The solutions of Lemma 2 induces cycles of length 6. These 6-cycles have
their edges labeled by dimensions as illustrated on Figure 2 (the generator 2i−1
induces edges in dimension i). However, cycle (b) and cycle (d) are isomorphic
(just travel (b) clockwise and (d) counterclockwise from the black node), that is
the second and the fourth types of solutions induces the same labeled cycle. In
the following, only cycles (a), (b), and (c) will be considered.
Notation. The number of blocks of consecutive 1’s in the binary representation
of n will be denoted by B1(n).

For instance B1((1101100111010)2) = 4, B1((100)2) = 1, B1((101)2) = 2,
and B1((0)2) = 0. Integers of the form

n = (1 00 . . . 00︸ ︷︷ ︸ 1 00 . . .00︸ ︷︷ ︸
︷ ︸︸ ︷
11 . . . 11 0

︷ ︸︸ ︷
11 . . .11 0

︷ ︸︸ ︷
11 . . .11 00 . . . 00︸ ︷︷ ︸)2

satisfy B1(n) = 5, and there is a solution to Equation 2 for α = 1 with x1, x3, x5

equal to the underlined bit-positions, and x0, x2, x4 equal to the over-lined bit-
positions. We have the following lemma:
1 A permutation σ of p symbols is a cyclic permutation if σ(x1, x2, . . . , xp) =
(x2, . . . , xp, x1).
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Fig. 2. The four types of solutions of Equation 2 for α = 0.

Lemma 3. If B1(n) ≥ 6, then Equation 2 has no solution for α �= 0.

Proof. If B1(n) ≥ 6, then the sum of n and three powers of two cannot result in
the sum of three powers of two. Indeed, the binary representation of 2x0+2x2+2x4

has at most three 1-entries, that is B1(2x0+2x2+2x4) ≤ 3. On the other hand, for
every n, and every y, B1(n+2y) ≥ B1(n)−1, and thus B1(n+2x1+2x3+2x5) ≥
B1(n) − 3. Moreover, for n such that B1(n) ≥ 6, the binary representation of
n+2x1+2x3+2x5 has at least four 1-entries. This completes the proof for α = 1.
The result holds for α = 2 too because B1(2n) = B1(n). 
�

Lemma 3 has an important consequence that is, for most of the integers n,
Knödel graphs of order 2n have 6-cycles only of the form given on Figure 2.
There are orders however for which Equation 2 has solutions for α �= 0. This is
typically the case for n = 2k. Actually, this special case deserves a particular
interest motivated by the simplicity of the solution.

Lemma 4. If n = 2k then every 4-cycle of the Knödel graph of order 2n is a
labeled cycle of type

(k, γ − 1, γ, γ − 1) for γ ∈ {1, . . . , k}.

Proof. By similar arguments as in the proof of Lemma 1, one can check that
4-cycles exist if and only if there exist four generators gi = 2xi − 1, 0 ≤ i ≤ 3,
xi �= xi+1 (mod 4), satisfying 2x0 + 2x2 = 2x1 + 2x3 + αn for α ∈ {0, 1}. The
equation 2x0 +2x2 = 2x1 +2x3 has no solution for xi �= xi+1 (mod 4). Therefore,
4-cycles exist only for solutions of 2x0 +2x2 = 2x1 +2x3 +2k, that is for x0 = k,
and x1 = x3 = x2 − 1, x2 ∈ {1, . . . , k}. Thus the solution is (x0, x1, x2, x3) =
(k, γ − 1, γ, γ − 1), up to a square-cyclic permutation2 of the xi’s. 
�

3 Recognizing Knödel Graphs

In order to recognize Knödel graphs, we use the following basic property:
2 A permutation σ of p symbols is a square-cyclic permutation if σ(x1, x2, x3 . . . , xp) =
(x3, . . . , xp, x1, x2).
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Fig. 3. The 4-cycles in a Knödel graph of order 2 · 2k.

Lemma 5. Let G be a graph whose some edges are colored by 0 or 1. G is a
Knödel graph whose edges in dimension 0 and 1 are colored 0 and 1 respectively
if and only if:

1. A path P using colors 0 and 1, alternatively, from an arbitrary node is Hamil-
tonian; and

2. Assuming the jth node of P is labeled (j + 1 mod 2, �j/2�), j ≥ 0, we have,
for every i and x, there is an edge connecting (0, x) with (1, x+2i−1 mod n),
and no extra edges.

Proof. Let G = (V1, V2, E) be a Knödel graph whose nodes are labeled (i, x),
i = 0, 1 and x ∈ {0, . . . , n − 1} so that V1 = {(0, x), x ∈ {0, . . . , n − 1}}, and
V2 = {(1, x), x ∈ {0, . . . , n− 1}}. Assume that the edges in dimension 0 and 1 of
G are colored 0 and 1 respectively. Then the path P is Hamiltonian. Let u be the
starting point of P . Since a Knödel graph is vertex-transitive, one can assume
w.l.g. that u = (1, 0). Therefore, the labeling induced by the path corresponds
to the connections of a Knödel graph.

Conversely, let G be a graph whose some edges are colored by 0 or 1. Let
P be a path using colors 0 and 1, alternatively, from an arbitrary node of G.
Assume P is Hamiltonian, label the vertices according to the rule of the second
property, and assume the connection rule fulfills. Then G is a Knödel graph by
definition. 
�

Let us start with n = 2k, k ≥ 2. From Lemma 4, we know that there is
only one type of labeled 4-cycle in a Knödel graph of order 2n, namely (k, γ −
1, γ, γ − 1), for γ ∈ {1, . . . , k}. Therefore, for any edge of dimension k, there are
k 4-cycles using that edge (see Figure 3(a)). For any edge of dimension k − 1,
there are two 4-cycles using that edge (see Figure 3(b) where cycle 2 and cycle 3
are the same). For any edge of dimension γ, γ ∈ {1, . . . , k − 2}, there are three
4-cycles using that edge (see Figure 3(b)). Finally, for any edge of dimension 0,
there are two 4-cycles using that edge (the cycle 1 in Figure 3(b) does not exist
for γ = 0). This counting yields the following corollary of Lemma 4:
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Corollary 1. There exists an O(n log3 n)-time algorithm to recognize Knödel
graphs of order 2n = 2k+1, k ≥ 1.

Proof. Assume k ≥ 4 (note that for any k ≤ k0 = O(1), recognizing Knödel
graphs of order 2k+1 can be done in constant time). Given an input graph G =
(V,E), we count the number C4(e) of 4-cycles passing through any edge e ∈ E.
From the counting of the number of 4-cycles passing through an edge in a Knödel
graph, if there is an edge e such that C4(e) �= 2, C4(e) �= 3, and C4(e) �= k then G
is not a Knödel graph. Otherwise, every edge e with C4(e) = 2 is a candidate to
be an edge of dimension 0 or dimension k − 1, and every edge e with C4(e) = k
(recall k �= 2 and k �= 3) is a candidate to be an edge of dimension k. From
Figure 3(b), edges in dimension γ = k − 1 are edges e such that C4(e) = 2 and
included in a 4-cycle containing an edge of dimension k which is not adjacent to e
in this cycle. This allows to distinguish dimensions 0 and k−1. From dimensions
0 and k, one can identify dimension 1 by considering all paths of type 0, k, 0.
The end vertices of each such path are connected by an edge of dimension 1
(see Figure 3(a)). Color the edge of dimension 0 and 1 of G by colors 0 and 1,
respectively, and check the conditions of Lemma 5.

This algorithm has a cost of O(n log3 n) because, for every edge e, counting
the number of 4-cycles using that edge takes at most a time ofO(log2 n) assuming
node-adjacency testing in constant time. (The two end-vertices of every edge are
both adjacent to O(log n) nodes. Thus, by testing all the possible edges between
these nodes, one can determine the 4-cycles in O(log2 n) time.) Checking the
conditions of Lemma 5 takes O(n log n) time. 
�

Let us carry on our study by considering integers n such that B1(n) ≥ 6. In
this case, one can apply Lemmas 2 and 3, and we are dealing with the four types
of cycles of Figure 2 (recall that cycles (b) and (d) are isomorphic). Figure 2(a)
implies that, for any edge of dimension γ, γ ∈ {0, . . . , k}, there are k(k − 1)
6-cycles of type (a) using that edge.

The contribution of cycles of type (b) in Figure 2 to each dimension is more
difficult to calculate. We proceed as for the 4-cycles studied in the case n = 2k.
The counting for n = 2k can be formalized as follows. Consider again Figure 3.
On Figure 3(c), there are four edges (whose one is of a fixed dimension, dimension
k), and two possible senses of travel, clockwise and counterclockwise. For any
γ such that 1 ≤ γ ≤ k − 1, there are potentially four positions for γ. However,
only three of them are valid because γ �= k. Moreover, once the position of γ has
been fixed, we have only two ways to travel around the cycle. This fact gives six
possible labeled cycles for any edge to belong to. However, only three of these
4-cycles are distinct because there is a symmetry along the axis perpendicular to
dimension k. This symmetry reduces the number of travels by a factor of 2: for
each travel of Figure 3(c), there is a corresponding travel in Figure 3(b) starting
in the direction indicated by the arrow.

Coming back to the 6-cycle of Figure 2(b), there are six edges, and two possi-
ble directions (clockwise and counterclockwise). Thus we get twelve possibilities
to travel along the edges of a labeled 6-cycle. However, we actually get only
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Fig. 4. (a) The six possible travels of the cycle of type (b) in Figure 2. (b) The
three possible travels of the cycle of type (c) in Figure 2.

six possibilities for cycle (b) of Figure 2 because of a symmetry along the axis
parallel to γ, γ′ (see Figure 4(a)).

These six possibilities are:

1. (γ γ′ γ γ′ γ′ + 1 γ + 1)
2. (γ γ + 1 γ′ + 1 γ′ γ γ′)
3. (γ γ′ γ γ + 1 γ′ + 1 γ′)
4. (γ γ′ γ′ + 1 γ + 1 γ γ′)





γ, γ′ ∈ {0, . . . , k − 1}, γ �= γ′;

and

5. (γ γ − 1 γ′ γ − 1 γ′ γ′ + 1)
6. (γ γ′ + 1 γ′ γ − 1 γ′ γ − 1)

}
γ ∈ {1, . . . , k}, γ′ ∈ {0, . . . , k − 1}, γ′ �= γ − 1.

Note that solutions 1 and 3 are the same if γ′ = γ +1, solutions 2 and 4 are the
same if γ′ = γ + 1, solutions 3 and 4 are the same if γ′ = γ − 1, and solutions 5
and 6 are the same if γ′ = γ − 2.

We do the same analysis for 6-cycles of type (c) in Figure 2. The counting
uses the fact that Figure 2(c) is symmetric along the axis perpendicular to the
edges γ+1 and γ′+1, and along the axis parallel to γ+1, γ′+1 (see Figure 4(b)).
Therefore, we get three new possibilities:

7. (γ γ + 1 γ γ′ γ′ + 1 γ′)
8. (γ γ′ γ′ + 1 γ′ γ γ + 1)

}
γ, γ′ ∈ {0, . . . , k − 1}, γ �= γ′; and

9. (γ γ − 1 γ′ γ′ + 1 γ′ γ − 1) , γ ∈ {1, . . . , k}, γ′ ∈ {0, . . . , k − 1}, γ′ �= γ − 1.
Note that solutions 1 and 7 are the same if γ′ = γ +1, solutions 2 and 7 are the
same if γ′ = γ − 1, and solutions 3 and 7 are the same if γ′ = γ + 1. Similarly
solutions 1 and 8 are the same if γ′ = γ − 1, solutions 2 and 8 are the same if
γ′ = γ + 1, and solutions 4 and 8 are the same if γ′ = γ +1. Finally, solutions 5
and 9 are the same if γ′ = γ−2, and solutions 6 and 9 are the same if γ′ = γ−2.

Now we can count the number of 6-cycles using a given edge of a Knödel
graph.
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Lemma 6. Assume B1(n) ≥ 6, and let e be an edge of a Knödel graph of order
2n with k ≥ 4. Let C6(e) denote the number of 6-cycles using edge e. We have:

C6(n) =






k2 + 5k − 10 if e is of dimension 0
k2 + 8k − 16 if e is of dimension 1
k2 + 8k − 18 if e is of dimension γ, 2 ≤ γ ≤ k − 2
k2 + 8k − 14 if e is of dimension k − 1
k2 + 2k − 5 if e is of dimension k

Proof. Let e be an edge of dimension γ, 0 ≤ γ ≤ k. Let us count the contribution
to that edge of the nine travels identified in Figure 4. We get 6k − 10 cycles for
dimension 0, 9k − 16 cycles for dimension 1, 9k − 18 cycles for dimension γ,
2 ≤ γ ≤ k−2, 9k−14 cycles for dimension k−1, and 3k−5 cycles for dimension
k. Then add k(k− 1) cycles from the solutions of type (a) in Figure 2 to get the
claimed result. 
�

Corollary 2. There exists an O(n log5 n)-time algorithm to recognize Knödel
graphs of order 2n, for all n such that B1(n) ≥ 6.

Proof. Assume k ≥ 4. From Lemma 6, one can identify edges of dimensions 0
and 1 in O(n log5 n)-time. In time O(n logn), one can check the conditions of
Lemma 5. 
�

Theorem 1. There exists an O(n log5 n)-time algorithm to recognize Knödel
graphs of any order.

Sketch of the proof. (The complete proof is given in the full paper [4].) From
Corollaries 1 and 2, the theorem holds for n power of two, or n such that
B1(n) ≥ 6. Thus, assume that n satisfies B1(n) < 6, n �= 2k. Assume more-
over that n �= 2k+1−1 (this latter case deserves to be treated separately because
the Knödel graph with n = 2k+1 − 1 is edge-transitive [10]). The key argument
is that, for almost all such n, if C6(e) denotes the number of 6-cycles passing
through an edge e of a Knödel graph of order n, then C6(e) �= C6(e′) for any e and
e′ of dimensions 0 and k respectively, and C6(e) �= C6(e′) for any e dimension 0
or k, and any e′ of dimension i, i �= 0 and i �= k.

The difficulty of the proof comes from the fact that, if B1(n) < 6, then Equa-
tion 2 has solutions for α �= 0, and proceeding to a precise counting of the number
of 6-cycles passing through the edges of a Knödel graph is tricky. Anyway, we
were able to prove that dimension 0 and dimension k can be identified by such
counting. From the knowledge of the edges of dimension 0 and k, we have shown
that one can determine the set of edges of dimension 1. Then it remains only to
check the conditions of Lemma 5.

To summarize, the algorithm is the following:

Algorithm Recognize.
Input: a regular graph G = (V,E) of 2n vertices, and degree k = �log2 n�;
Output: tell whether or not G is isomorphic to the Knödel graph K of order 2n.
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Phase 1. For every i ∈ {0, . . . , k}, compute pi = number of 6-cycles passing
through any edge of dimension i of K;

Phase 2. For every e ∈ E, compute C6(e) = number of 6-cycles passing through
the edge e of G;

Phase 3. Identify the two sets S0 ⊂ E, and S1 ⊂ E, of edges of G that are
possibly edges of dimension 0 and 1 in K, respectively;

Phase 4. Check the conditions of Lemma 5.

The first phase has a cost of O(log5n), assuming node-adjacency testing
in constant time. The second phase has a cost at most O(n log5 n) because the
degree of every vertex is O(log n). The third and the fourth phase cost O(n log n)
time.

To prove the correctness of Algorithm Recognize, the difficult part is to prove
that Phase 3 is doable. This is formaly proved in the complete version of the
proof (see [4]). The case of Knödel graphs of order 2k+2−2 deserves a particular
attention due to the edge-transitivity of such graphs. We have proved that one
can identify dimensions 0 and k by counting the number of 6-cycles traversing
a path of length 3. 
�

Corollary 3. If n �= 2k+1 − 1, then Knödel graphs of order 2n are non edge-
transitive. (From [10], Knödel graphs of order 2k+2 − 2 are edge-transitive.)

Proof. The proof of correctness of Algorithm Recognize, given in [4], uses the
fact that, for n �= 2k+1 − 1, the number of 6-cycles using edges of different
dimensions is not the same. 
�

4 Conclusion and Further Research

In this paper, we have shown that Knödel graphs can be recognized in O(n log5 n)
time. The same result holds for Fibonacci graphs (see [4]). The natural question
arising in this field is to ask for which sequences gi the same result holds. Let
us formalize this question. Given an infinite and increasing sequence of integers
Γ = (gi)i≥0, consider the sequence (GΓ

n )n≥0 of circulant digraphs of order n
such that, for any n ≥ 0, GΓ

n has generators g0, g1, . . . , gk where k is the largest
integer such that gk ≤ n − 1 (in other words, gk ≤ n − 1 < gk+1). Then let
(HΓ

n )n≥0 be the corresponding sequence of bipartite incident-graphs of order
2n. The problem is the following:

Problem 1.
Instance: An integer n, and a graph G of 2n vertices;
Question: Is G isomorphic to HΓ

n ?

Note that the sequence Γ is fixed in Problem 1, and thus that this problem
is different from the problem of deciding whether a graph is isomorphic to the
bipartite incident-graph of a circulant digraph, or to decide whether two bipartite
incident-graphs of circulant digraphs are isomorphic. These two latter problems
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are known to be difficult, even if they might be simpler than the problem of
deciding whether a graph is a Cayley graph.

We have seen that Problem 1 can be solved polynomially if Γ = (2i − 1)i≥0

or if Γ = (F (i+1)−1)i≥0. The question is: for which family the techniques used
to solve the problem for Knödel graphs and Fibonacci graphs can be extended,
and how? Actually, as soon as we know how to solve Equation 1, then we are
able to enumerate the 6-cycles, and to use the same techniques as the techniques
used for Knödel graphs and Fibonacci graphs. We let as an open problem the
characterization of the sequences Γ for which Problem 1 can be solved using the
same techniques as for Knödel graphs and Fibonacci graphs.
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Abstract. In this paper we introduce a new order on the set of n-
dimensional tuples and prove that this order preserves nestedness in the
edge isoperimetric problem for the graph P n, defined as the nth cartesian
power of the well-known Petersen graph. Thus, we show, that there is a
graph for which powers the solution of the edge isoperimetric problem
preserve nestedness and it is different from the lexicographic order. With
respect to this result we determine the cutwidth and wirelength of P n.
These results are then generalized to the cartesian product of P n and
the m-dimensional binary hypercube.

1 Introduction

The subject of the paper is the edge-isoperimetric problem, which consists of
finding a subset of vertices of a given graph, such that the number of edges
separating this subset from its complement, also called edge cut, has minimal
size among all subsets of the same cardinality.

For a graph G = (VG, EG) with vertex set VG, edge set EG and A ⊆ VG

denote

θG(A) = {(u, v) ∈ EG

∣∣ u ∈ A, v 6∈ A}.
θG(t) = min

|A|=t
|θG(A)|.

Thus, for a given t, where t = 1, . . . , |VG|, we consider the problem of finding a
subset A of vertices of G such that |A| = t and |θG(A)| = θG(t). Such subsets
are called optimal . We say that optimal subsets are nested if there exists a total
order O on the set VG such that for any t = 1, . . . , |VG| the collection of the
first t vertices in this order is an optimal subset. In this case the order O is
called an optimal order . Edge isoperimetric problems often and naturally arise
in various problems on networks such as bisection width, graph embedding or
graph partitioning [4,5,16].
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In this paper we concentrate on the graphs representable as cartesian prod-
ucts. Given two graphs G = (VG, EG) and H = (VH , EH), their cartesian prod-
uct is defined as a graph G ×H with the vertex-set VG × VH and the edge-set
{((x, y), (u, v))} iff either x = u and (y, v) ∈ EH , or (x, u) ∈ EG and y = v. A
graph Gn = G×G× · · · ×G is called the nth cartesian power of G.

Well-known examples of product graphs include hypercubes, grids and tori
which are used extensively as the interconnection network topologies for multi-
processor architectures. The advantage of constructing a network with the help
of the cartesian product operation is that it provides high scalability of the hard-
ware; small diameter, vertex degree and number of edges as compared with the
number of vertices; simple message routing algorithms, and good fault-tolerant
properties.

Consider the edge isoperimetric problem for the cartesian powers Gn of a
graph G. Such problems have been well studied for cliques, i.e., G = Kp. Rep-
resenting the vertices of Gn as n-dimensional tuples, the results of Harper [12]
and Lindsey [13] imply that the lexicographic order is an optimal order. Here by
the lexicographic order we mean the following ordering of n-tuples: we say that
a tuple (x1, . . . , xn) is lexicographically larger than (y1, . . . , yn) iff there exists
an index i such that xj = yj for 1 ≤ j < i and xi > yi.

These old classical results can be extended to various directions. For instance,
taking an (infinite) path instead of a clique leads to a grid. In this case the edge-
isoperimetric problem also has nested solutions [1,7]. It is further shown in [3]
that the results of [1,7] can be extended to the products of arbitrary trees. The
order , G, providing the nestedness in this case is much more complicated with
respect to the lexicographic order. For the definition of this order and further
details, readers are referred to [1,4,7].

The order G and the lexicographic order are the only known orders, which
provide nestedness for products of some graphs in the edge isoperimetric prob-
lems. However, as shown in [4] the order G works for products of trees only.
Therefore, two natural questions arise: (i) for products of which other graphs is
the lexicographic order optimal with respect to the edge isoperimetric problems;
and (ii) which other optimal orders can one expect?

In [10], the author considered the cartesian products of k-regular graphs
with an even number of vertices p such that k ≥ (3/4)p. He has shown that
for any such graph the size of the edge cut separating a set from its comple-
ment is at least as large as for the graph Hk

p obtained from Kp by removing
p− k − 1 perfect matchings. It turns out that for k ≥ (3/4)p, the edge isoperi-
metric problem for cartesian powers of Hk

p has a nested structure of solutions
provided by the lexicographic order. Similar results can be derived for powers
of complete bipartite graphs with deleted perfect matchings. It is interesting to
note that violating the condition k ≥ (3/4)p leads to the absence of a nested
structure of solutions. The paper [10] also studies the powers of complete p-
partite graphs and shows that the lexicographic order still works and provides
nestedness. Thus, this extends the result of Ahlswede and Cai [2], who studied
powers of complete bipartite graphs.
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It is worth mentioning that the lexicographic order yields the so-called local-
global principle discovered by Ahlswede and Cai [2]. Following the main result of
[2], if the lexicographic order is optimal for G2 then so is for Gn for any n ≥ 3.
The main difficulty in applying this powerful theorem is to establish that the
lexicographic order is optimal for the second power of considered graphs. For
this no general methods are known yet. See [4] for the local-global principles for
some other orders.

In all of the preceding results, the degree of the underlying regular graph
is relatively large which is intuitively necessary for the lexicographic order to
work. Now the question is what happens if the graphs in the product have
smaller degree. For instance, considering the regular graphs of degree 1, we
get the hypercubes for which the lexicographic order still works and provides
nestedness. For powers of regular graphs of degree 2, e.g. a torus, there is no
nested solution in general [11]. Tori are well studied and some isoperimetric
inequalities are known for them [6], which are sharp enough for most practical
applications.

The next step is to consider the powers of regular graphs of degree 3, for
which a huge collection of non-isomorphic graphs exist. However, to the best of
our knowledge, none of them (excluding 3-dimensional cube) has been studied
with respect to the edge isoperimetric problems. We concentrate on the cartesian
powers P n of the Petersen graph P , which is a regular graph of degree 3 and
diameter 2 as shown in Fig. 1a). Note that P is a vertex-symmetric as well as
an edge-symmetric graph.

The graphs Pn, known as folded Petersen networks, were proposed and ex-
tensively studied by Öhring and Das [9,15] as an efficient interconnection network
topology for multiprocessors. The folded Petersen network compares favorably
with several other product networks in terms of topological properties such as
degree, diameter or connectivity. Let us compare, for example, Pn with the 3n-
dimensional cube, Q3n. Both graphs have a vertex degree 3n. However, Pn has
10n and Q3n only 8n vertices. Moreover, the diameter of Pn is 2n while that of
Q3n is 3n. For more details, refer to [15]. Multiple disjoint paths between two ar-
bitrary nodes provide a measure of fault-tolerance of a network. It is easily seen
that between any two nodes in P there exist three node-disjoint paths. Thus,
in P n there are 3n node disjoint paths between any two nodes [15]. Therefore,
Pn has best possible fault-tolerant properties among all networks of the same
degree.

Interestingly, the bisection width of Pn is known exactly [4]. This fact also
stimulates the cut problem having two parts of different cardinalities. It is an
important property of a graph from the viewpoint of its minimum layout area
in VLSI.

In this paper we answer several questions raised above. More precisely, we
introduce a new order Pn on the set of n-dimensional tuples (which we call
the Petersen order) and show that this order provides nestedness in the edge
isoperimetric problem for Pn, the powers of the Petersen graph. This result
allows us to compute the cutwidth and wirelength of Pn exactly, which are
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respectively defined as the maximum and the mean value of the minimum cut
separating the graph into two parts. We extend these results to the product
graph Pn

m = Pn × Qm where Qm is the m-dimensional hypercube. The graphs
P n

m, called the folded Petersen cubes , have been first studied by Öhring and
Das [14]

The paper is organized as follows. In the next section we reformulate the
problem and introduce the Petersen order Pn on the vertex set of the graph, Pn.
Section 3 shows that for each t, where t = 1, . . . , 10n, the set Fn(t) represented
by the initial segment of the order Pn of length t is an optimal subset. Section 4 is
devoted to computing the cutwidth and the wirelength of Pn. Section 5 presents
the extensions of these results to the graphs P n

m.

2 The Petersen Order Pn and Its Properties

Denote for a Graph G = (VG, EG)

IG(A) = {(u, v) ∈ EG

∣∣ u, v ∈ A}.
IG(t) = max

|A|=t
|IG(A)|.

It is easily seen that for k-regular graphs holds θG(A) + 2 · IG(A) = k|A|. Thus,
we can reformulate the isoperimetric problem stated above as follows: for any
t = 1, . . . , |VG| find a subset A of vertices of G such that |A| = t and |IG(A)| =
IG(t).

For regular graphs this problem is equivalent to the edge-isoperimetric prob-
lem in the sense that a solution for one also becomes a solution for the other.
Hence, optimal subsets w.r.t. θG are also optimal w.r.t. IG.

The order P1 is shown in Fig. 1a) and it is an easy exercise to ensure oneself
that it provides nested optimal subsets of the Petersen graph, P .

Now, by induction on n, we define the order Pn on the vertex set of Pn for n ≥
2. For this purpose let us first define the successor for any vector (a1, . . . , an) ∈
VP n as follows. Denoting (a′2, . . . , a

′
n) = succ(a2, . . . , an) in the order Pn−1, we

define

succ(a1, . . . , an) =




(a1 + 1, a2, . . . , an), if a1 ∈ {0, 3, 5, 8}
(a1 − 1, a′2, . . . , a

′
n), if a1 ∈ {1, 4, 6, 9} &

if (a2, . . . , an) 6= (9, . . . , 9)
(a1, a

′
2, . . . , a

′
n), if a1 ∈ {2, 7} &

if (a2, . . . , an) 6= (9, . . . , 9)
(a1 + 1, 0, . . . , 0), if a1 ∈ {1, 2, 4, 6, 7} &

if (a2, . . . , an) = (9, . . . , 9).

The order P2 is illustrated in Fig. 1b). The vertices of the graph P 2 = P ×P
are represented as the entries of a 10 × 10 matrix {ai,j}, where i, j = 0, ..., 9.
We assume in this figure that the entry a0,0 is in the bottom left corner of the
matrix. Furthermore, we assume that the elements a0,0, ..., a9,0 of the bottom
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Fig. 1. (a) The order P1; (b) the order P2

row and the elements a0,0, ..., a0,9 of the leftmost column represent the vertices
of the multiplicands of the product (i.e., vertices of P ) taken in the order P1.
The value of the matrix element ai,j is the number of the corresponding vertex of
the graph P 2 in the order P2, as shown in Fig. 1b). With the help of a computer
we have verified that the set F2(t), which is represented by the initial segment
of the order P2 of length t, is optimal for any t in the range 1 ≤ t ≤ 100.

Using induction on n it is easy to show that starting with the vector (0, . . . , 0)
and following the successors, one can achieve any other vector (a1, . . . , an) ∈ VP n .
Thus, the Petersen order Pn is well defined.

For a,b ∈ VP n we write a > b if the vertex a is greater than b in the order
Pn. By analyzing the inductive definition of the order Pn, the following property,
called consistency in [8], can be verified.

Lemma 1 Let a = (a1, . . . , an) > (b1, . . . , bn) = b and ai = bi for some i. Fur-
thermore, let vectors ã and b̃ be obtained from a and b respectively by omitting
their ith entries. Then a > b iff ã > b̃.

For A ⊆ VP n , i = 1, . . . , n, and j = 0, . . . , 9 let us denote

Pn
i (j) = {(ξ1, . . . , ξn) ∈ VP n

∣∣ ξi = j}
Ai(j) = A ∩ Pn

i (j).

We say that A is i-compressed if for any j = 0, . . . , 9 the subset Ai(j) is an initial
segment of the set P n

i (j) in the order Pn−1. We call the set A compressed if A
is i-compressed for i = 1, . . . , n. Standard arguments provide that there is no
loss of generality in assuming that an optimal set A is compressed. We used the
compression to verify the 2-dimensional solution of our problem with the help
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of a computer. Larry Harper noted that in this case there are
(
20
10

)
= 187, 756

compressed sets. The complete choice of such a size is doable by computer but
without compression there are 2100 ≈ 1.3 × 1030 possibilities, a prohibitively
large number.

3 Proof of the Main Result

Let a = (a1, . . . , an) be the largest vertex of the subset A ⊆ VP n in the order Pn

and let b = (b1, . . . , bn) be the smallest vertex of the complement VP n \A in this
order. If A 6= Fn(t) then a > b. Since A is compressed, ai 6= bi for i = 1, . . . , n.
Moreover, the sets A \ a and (A \ a) ∪ b are compressed.

For a graph G and i = 1, . . . , |VG|, let us denote δG(i) = IG(i) − IG(i − 1)
and assume δG(0) = 0. By analyzing Fig. 1a) the entries of the following table
can be easily verified for the Petersen graph P .

i 0 1 2 3 4 5 6 7 8 9 10
IP (i) 0 0 1 2 3 5 6 8 10 12 15
δP (i) 0 0 1 1 1 2 1 2 2 2 3

Table 1: The values of IP (i) and δP (i)

Lemma 2 With the above notations one has

|IP n(A)| − |IP n((A \ a) ∪ b)| =
n∑

i=1

(δP (bi)− δP (ai)).

The lemma follows from the observation that for a compressed set A it holds:

|IP n(A)| =
∑

(x1,...,xn)∈A

n∑
i=1

δP (xi).

Now we are ready to prove the main result.

Theorem 1 For any n ≥ 1 and t, t = 1, . . . , 10n, the set Fn(t) is optimal w.r.t.
edge isoperimetric problem, where Fn(t) is represented by the initial segment of
the order Pn of length t.

Proof: We prove the theorem by induction on n. The case n = 1 is trivial and
the case n = 2 follows from the mentioned results based on a computer search.
Therefore, let us proceed with n ≥ 3.

From the definition of the order Pn it can be concluded that if a > b, then
one of the following five (disjoint) cases occurs:

a. a1 − 1 > b1;
b. a1 − 1 = b1 and b1 ∈ {1, 2, 4, 6, 7};
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c. a1 − 1 = b1, b1 ∈ {0, 3, 5, 8} and (a2, . . . , an) ≥ (b2, . . . , bn);
d. a1 = b1 and (a2, . . . , an) > (b2, . . . , bn);
e. a1 + 1 = b1, b1 ∈ {1, 4, 6, 9} and (a2, . . . , an) > (b2, . . . , bn).

Let A be an optimal compressed set. Following the cases above we can show
that in many of them the condition a ∈ A implies b ∈ A due to the compression.
The general strategy to show this is to find a vertex c satisfying a > c > b such
that the vectors a, c and c,b have an equal entry. On the other hand, if such a
vector c does not exist, using Lemma 2, we show that replacing the vertex a with
b yields a set B satisfying |IP n(B)| ≥ |IP n(A)|. Clearly, after a finite number
of such replacements one can transform A into Fn(|A|). To prove the theorem,
we have to consider each of the above five cases. Due to the space limitation, we
present only one of these cases, the other four can be proved in a similar way
and will appear in the full version of this paper.

Case e. Assume a1 + 1 = b1 and b1 ∈ {1, 4, 6, 9}. Denoting (c2, . . . , cn) =
succ(b2, . . . , bn), we have (a1, c2, . . . , cn) ∈ A.

e1. Assume b2 ∈ {0, 3, 5, 8}. Then succ(b2, . . . , bn) = (b2 + 1, b3, . . . , bn). Since
(a1, b2 + 1) > (a1 + 1, b2), we get

a = (a1, . . . , an) ≥ (a1, b2 + 1, b3, . . . , bn) > (a1 + 1, b2, b3, . . . , bn) = b.

Therefore, b ∈ A, a contradiction.
e2. Assume b2 ∈ {2, 7}. If (b3, . . . , bn) 6= (9, . . . , 9), then let (d3, . . . , dn) =

succ(b3, . . . , bn). One has succ(b2, . . . , bn) = (b2, d3, . . . , dn).
Since (a1, d3, . . . , dn) > (a1 + 1, b3, . . . , bn), using Lemma 1 we write

a = (a1, . . . , an) ≥ (a1, b2, d3, . . . , dn) > (a1 + 1, b2, b3, . . . , bn) = b.

This implies b ∈ A.
Assume (b3, . . . , bn) = (9, . . . , 9). Then succ(b2, . . . , bn) = (b2 +1, 0, . . . , 0) ∈
A. First assume that (a2, . . . , an) ≥ succ(succ(b2, . . . , bn)) = (b2+2, 0, . . . , 0).
Then (a1, b2 + 2, 0, . . . , 0) ∈ A since A is 1-compressed. Thus

a ≥ (a1, b2 +2, 0 . . . , 0) > (a1 +1, b2 +1, 0, . . . , 0) > (a1 +1, b2, 9, . . . , 9) = b.

This implies b ∈ A. If (a2, . . . , an) = succ(b2, . . . , bn) = (b2 + 1, 0 . . . , 0),
then a = (b1 − 1, b2 + 1, 0, . . . , 0) and b = (b1, b2, 9, . . . , 9). Replacing a with
b yields a set B such that

|IP n(B)| − |IP n(A)| = (δP (b1) + δP (b2) + (n− 2) · δP (9))
−(δP (b1 − 1) + δP (b2 + 1))

= (δP (b1)− δP (b1 − 1)) + (δP (b2)
−δP (b2 + 1)) + 3(n− 2)

= 3(n− 2) + 1,

since δP (b1)− δP (b1− 1) = 1 for b1 ∈ {1, 4, 6, 9} and δP (b2)− δP (b2 +1) = 0
for b2 ∈ {2, 7}.
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e3. Assume b2 ∈ {1, 4, 6, 9} and (b3, . . . , bn) = (9, . . . , 9). Now b2 6= 9 since
(a2, . . . , an) > (b2, . . . , bn). Then succ(b2, . . . , bn) = (b2 + 1, 0, . . . , 0). First
assume

(a2, . . . , an) ≥ (e2, . . . , en) = succ(succ(b2, . . . , bn)).

Lemma 1 and the fact that A is 1-compressed imply (a1, e2, . . . , en) ∈ A.
Now if b2 ∈ {1, 6} then (e2, . . . , en) = (b2 + 1, 0, . . . , 0, 1). Hence,

a ≥ (a1, b2+1, 0, . . . , 0, 1) > (a1+1, b2+1, 0, . . . , 0) > (a1+1, b2, 9, . . . , 9) = b.

If b2 = 4 then (e2, . . . , en) = (6, 0, . . . , 0) and

a ≥ (a1, 6, 0, . . . , 0) > (a1 + 1, 5, 0, . . . , 0) > (a1 + 1, 4, 9, . . . , 9) = b.

In both cases b ∈ A since A is compressed.
If (a2, . . . , an) = succ(b2, . . . , bn), then a = (b1 − 1, b2 + 1, 0, . . . , 0) and
b = (b1, b2, 9, . . . , 9). Replacing a with b we obtain a set B such that

|IP n(B)| − |IP n(A)| = (δP (b1) + δP (b2) + (n− 2) · δP (9))
−(δP (b1 − 1) + δP (b2 + 1))

≥ 3(n− 2) + 1,

since δP (b1)− δP (b1− 1) = 1 for b1 ∈ {1, 4, 6, 9} and δP (b2) ≥ δP (b2 + 1) for
b2 ∈ {1, 4, 6}.
If (b3, . . . , bn) 6= (9, . . . , 9), then let us denote (d3, . . . , dn) = succ(b3, . . . , bn).
One has succ(b2, . . . , bn) = (b2 − 1, d3, . . . , dn).
Now assume additionally that

(a2, . . . , an) ≥ (e2, . . . , en) = succ(succ(b2, . . . , bn)).

Then (a1, e2, . . . , en) ∈ A similarly to above and

(e2, . . . , en) = (b2, d3, . . . , dn).

Consequently,

a ≥ (a1, b2, d3, . . . , dn) > (a1 + 1, b2− 1, d3, . . . , dn) > (a1 + 1, b2, b3, . . . , bn).

Therefore, b ∈ A.
e4. Lastly, we consider the case b2 ∈ {1, 4, 6, 9}, (a2, . . . , an) = succ(b2, . . . , bn)

and assume
(b3, . . . , bn) 6= (9, . . . , 9).

Therefore, a = (b1 − 1, b2 − 1, a3, . . . , an) and we can apply to the vectors
(a2, . . . , an) and (b2, . . . , bn) the same analysis as those for cases e1–e3 . If
in the course of this analysis we will be able to guarantee b ∈ A due to
the compression, or to replace a with b without decreasing the function
IP n(·) then we are done. Otherwise, just one case will give rise to problem
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again, namely when b3 ∈ {1, 4, 6, 9}, (a3, . . . , an) = succ(b3, . . . , bn) and
(b4, . . . , bn) 6= (9, . . . , 9).
Continuing this way, the only remaining case left open is the case a = succ(b)
such that

a = (b1 − 1, b2 − 1, . . . , bn−1 − 1, bn + 1), b = (b1, . . . , bn),

where b1, . . . , bn−1 ∈ {1, 4, 6, 9} and bn 6= 9. However, in this case the re-
placement of a with b leads to a set B with

|IP n(B)|−|IP n(A)| =
n−1∑
i=1

(δP (bi)−δP (bi−1))+(δP (bn)−δP (bn+1)) ≥ n−2,

since δP (bi)−δP (bi−1) = 1 for bi ∈ {1, 4, 6, 9} and δP (bn)−δP (bn+1) ≥ −1.
ut

4 Cutwidth and Wirelength of P n

For A ⊆ VP n denote

∂(A) = {(u, v) ∈ EP n

∣∣ u ∈ A, v 6∈ A}.
gn(t) = min

|A|=t
|∂(A)|.

Since the graph Pn is regular of degree 3n, for any t = 1, . . . , 10n it holds:

2 · IP n(t) + gn(t) = 3nt. (1)

Therefore, for any initial segment A of the Petersen order Pn, we have |∂(A)| =
gn(|A|).

For a graph G, let f be a bijective mapping f : VG 7→ {1, . . . , |VG|}. Let

conf (i) = |{(u, v) ∈ EG

∣∣ f(u) ≤ i, f(v) ≥ i + 1}|, for 1 ≤ i < |VG|,

cw(G) = min
f

max
i
{conf(i)}, wl(G) = min

f
{
|VG|−1∑

i=1

conf (i)}.

The parameters cw(G) and wl(G) are respectively called the cutwidth and
wirelength of the graph G. For G = P n, since the subsets with minimum value
of the function |∂(·)| are nested, it holds (cf. [8]):

cwn = cw(Pn) = max
t
{gn(t)}, wln = wl(Pn) =

10n∑
t=0

gn(t).

It can be easily shown that cw1 = 6 and wl1 = 41. Now, we are ready to com-
pute the cutwidth and the wirelength of the powers of the Petersen graph. The
proofs follow from theorem 1 and will be omitted, due to the space limitation.
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Theorem 2 The cutwidth of the graph Pn is given by

cwn =
{

(6.25) · 10n−1 + (2n−1 − 4)/12, if n is odd
(6.25) · 10n−1 + (2n−1 − 8)/12, if n is even.

Theorem 3 The wirelength of Pn is given by

wln =
37
82

· 100n +
72
82

· 18n−1 − 1
2
· 10n.

5 Products of Petersen Powers with Hypercubes

Let Qm be the graph of the m-dimensional hypercube which is the mth cartesian
power of the clique with two vertices. Consider the edge-isoperimetric problem
on the product graph Pn

m = Pn×Qm. These families of graphs are called folded
Petersen cubes [14] and extensively studied to model multiprocessor intercon-
nection networks.

5.1 Edge-Isoperimetric Problem on P n
m

We show that the edge-isoperimetric problem on the graph Pn
m has nested so-

lutions provided by the new order, Qn
m, presented below. We represent the

vertices of Pn
m as (n + m)-dimensional vectors (a1, . . . , an, α1, . . . , αm), where

(a1, . . . , an) ∈ Pn and (α1, . . . , αm) ∈ Qm.
For vertices a = (a1, . . . , an, α1, . . . , αm) and b = (b1, . . . , bn, β1, . . . , βm) of

P n ×Qm, we write a � b in the order Qn
m iff

(i) (a1, . . . , an) > (b1, . . . , bn) in the order Pn, or
(ii) (a1, . . . , an) = (b1, . . . , bn) and (α1, . . . , αm) is greater than (β1, . . . , βm)

in the lexicographic order.

It is an easy exercise to ensure oneself that the order Qn
m satisfies the con-

sistency property [8] similar to Lemma 1.
We introduce compressions similarly to that in Section 4. The initial segments

of the order Qn
m of length t will be denoted by the set Fn

m(t).

Theorem 4 For any n ≥ 1, m ≥ 1 and t = 1, . . . , 10n · 2m the set Fn
m(t) is

optimal, where Fn
m(t) is represented by the initial segment of the order Qn

m of
length t.

The proof of the theorem is similar to the one in theorem 1 and will be omitted
due to the space limitation.
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5.2 Cutwidth and Wirelength of P n
m

The simple structure of the order Qn
m immediately derives the formulas for the

cutwidth, cwn,m, and the wirelength, wln,m, of the graph Pn
m. We assume that

n ≥ 1 and m ≥ 1. Furthermore, let

qm(r) = min
|A|=r

|{(u, v) ∈ EQm

∣∣ u ∈ A, v 6∈ A}|,

where the minimum runs over all subsets of VQm of size r. It follows from The-
orem 4 that the corresponding function for the graph Pn

m, denoted by Gn,m(s),
is of the form

Gn,m(s) = r · gn(t + 1) + (2m − r) · gn(t) + qm(r),

where r = s mod 2m and t = bs/2mc. In these terms

cwn,m = max
s
{Gn,m(s)} and wln,m =

10n·2m∑
s=1

Gn,m(s).

Let cw(Qm) = maxr{qm(r)} be the cutwidth of the hypercube Qm.
Now if n is even, then gn(t + 1) = gn(t) = cwn for some t (cf. the Claim in

the proof of Theorem 3). Hence, cwn,m = 2m · cwn + cw(Qm). If n is odd, then,
using the Claim again, at most one of gn(t+1) and gn(t) equals cwn. Therefore,
we get

Gn,m(s) ≤



2m(cwn − 1) + qm(t) if gn(t + 1) < cwn & gn(t) < cwn

2m · cwn − t + qm(t) if gn(t + 1) < cwn & gn(t) = cwn

2m(cwn − 1) + t + qm(t) if gn(t + 1) = cwn & gn(t) < cwn.

It can be shown that the last expression is the largest one if t ≥ 2m−1.
Note that max

2m−1≤t≤2m
{t+qm(t)} = cw(Qm+1). Therefore, the cutwidth of Pn

m

is given by

cwn,m =
{

2m · cwn + cw(Qm), if n is even
2m(cwn − 1) + cw(Qm+1), if n is odd.

Similar arguments provide the wirelength of Pn
m as wln,m = 2m · wln + 10n ·

wl(Qm).
From these results one can derive formulas for cwn,m and wln,m in terms of

n and m by using Theorems 2 and 3, and known results cw(Qm) = (2m+1− 2 +
(m mod 2))/3 and wl(Qm) = 2m−1(2m − 1) (cf. e.g. [4,12]).
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Abstract. We consider the dihamiltonian decomposition problem for 3-
regular graphs. A graph G is dihamiltonian decomposable if in the digraph
obtained from G by replacing each edge of G as two directed edges, the set
of edges are partitioned into 3 edge-disjoint directed hamiltonian cycles.
We suggest some conditions for dihamiltonian decomposition of 3-regular
graphs: for a 3-regular graph G, it is dihamiltonian decomposable only if
it is bipartite, and it is not dihamiltonian decomposable if the number of
vertices is a multiple of 4. Applying these conditions to interconnection
network topologies, we investigate dihamiltonian decomposition of cube-
connected cycles, chordal rings, etc.

1 Introduction

An r-regular graph G is hamiltonian decomposable if it is possible to partition
the set of edges into k edge-disjoint hamiltonian cycles when r is 2k and it is
possible to partition the set of edges into k edge-disjoint hamiltonian cycles and
a 1-factor when r is 2k + 1. Here a 1-factor of a graph is a 1-regular spanning
subgraph.

The symmetric digraph of an undirected graph G is defined as the digraph
obtained from G by replacing each edge (u, v) of G as two directed edges, 〈u, v〉
and 〈v, u〉. An r-regular graph G is dihamiltonian decomposable if the set of
edges in its symmetric digraph can be partitioned into r edge-disjoint directed
hamiltonian cycles.

For a graph G to have either a hamiltonian decomposition or a dihamilto-
nian decomposition, it is necessary that G is loopless, connected, and regular. A
hamiltonian decomposable r-regular graph with even r is also dihamiltonian de-
composable, since each hamiltonian cycle in the decomposition can be regarded
as two directed hamiltonian cycles of opposite direction. When r is odd, it is not
always true.
� This work was supported by the Korea Science and Engineering Foundation under

grant no. 98-0102-07-01-3.
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A survey on hamiltonian decomposition of graphs is provided in[3,4]. Much of
the focus of research has been directed towards proving that some special cases of
Cayley graphs over an abelian group are hamiltonian decomposable, such as the
product of any number of cycles, m-cubes, and recursive circulants[5,9]. But still,
the current status of the matter lies, for the most part, in the sphere of problems
and conjectures. For the dihamiltonian decomposition of graphs, there is only a
trivial result such that the hamiltonian decomposable graphs are dihamiltonian
decomposable. It remains open whether m-cubes and recursive circulants with
an odd degree are dihamiltonian decomposable.

The problem of dihamiltonian decomposition of graphs has an application
in the design of reliable communication algorithms such as broadcasting and
multicasting under the wormhole routing model. In the way of packing as many
edge-disjoint directed hamiltonian cycles as possible, reliable communication al-
gorithms are presented on m-cubes and tori[6], and m-dimensional meshes[7].
Note that the dihamiltonian decomposition of a regular graph results in the
maximum number of edge-disjoint directed hamiltonian cycles.

In this paper, we consider the dihamiltonian decomposition of 3-regular
graphs. We show that if a 3-regular graph is dihamiltonian decomposable, it
is necessarily bipartite. We also show that every 3-regular graph with n = 4k
vertices is not dihamiltonian decomposable. Applying these results to intercon-
nection network topologies with degree 3, we investigate dihamiltonian decom-
position of cube-connected cycles[8], chordal rings[1], etc.

A 3-regular graph G with multiple edges is not dihamiltonian decomposable,
since edge-connectivity of G is less than or equal to 2 and it is not possible for
three edge-disjoint directed hamiltonian cycles to pass through the edge cut.
Thus we assume a graph is simple. Graph theoretic terms not defined here can
be found in[2].

This paper is organized as follows. We show that a dihamiltonian decompos-
able graph is bipartite in Section 2, and prove that a graph with n = 4k vertices
is not dihamiltonian decomposable in Section 3. In Section 4, we consider the
dihamiltonian decomposition of the interconnection network topologies, and fi-
nally concluding remarks are given in Section 5.

2 Necessary Conditions

In this section we present some properties for dihamiltonian decomposition of 3-
regular graphs. Let G be a 3-regular graph with n vertices which is dihamiltonian
decomposable. Note that the number of vertices of 3-regular graphs is even. Let
GS denote the symmetric digraph of G. Then the set of edges of GS is partitioned
into 3 directed hamiltonian cycles. Let C, which is one of such cycles, be (vn−1,
vn−2, · · · , v1, v0, vn−1). Let C0 and C1 be the other two directed hamiltonian
cycles. For the symmetric digraph GS of G, GS − C is defined as the digraph
which is obtained by deleting all the edges in C from GS . From now on, it is
assumed that all arithmetic operations on the indices of vertices is performed
with mod n.
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We call 〈vi, vi+1〉, 0 ≤ i ≤ n− 1, to be a boundary edge w.r.t. C, and 〈vi, vj〉
with j �= i + 1 to be a chord edge w.r.t. C(see Figure 1). An edge (vi, vj) in G
is called a boundary (resp. chord) edge w.r.t. C if 〈vi, vj〉 or 〈vj , vi〉 in GS is a
boundary (resp. chord) edge w.r.t. C. The size of chord edge 〈vi, vj〉 is defined
as min{i− j, j − i}. We will now investigate the properties of two edge-disjoint
hamiltonian cycles C0 and C1. In the following, C0 denotes the hamiltonian cycle
which contains 〈v0, v1〉 unless it is otherwise specified.

v0

v1

v2

v3

va

vb

vn � 1

Fig. 1. GS − C

Lemma 1 (a) In each of C0 and C1, the boundary edge and the chord edge
w.r.t. C appear alternately. (b) For each boundary edge 〈vi, vi+1〉 w.r.t. C in C0

(resp. C1), i is even (resp. odd).

Proof We first show that the lemma is true for C0. Let 〈vi, vi+1〉 be an arbitrary
boundary edge w.r.t. C in C0. Since both 〈vi+1, vi〉 and 〈vi+2, vi+1〉 are in C, the
edge which immediately follows the edge 〈vi, vi+1〉 on C0 should be the chord
edge for C1 to be a hamiltonian cycle. For every chord edge 〈vi, vj〉 in C0, the
edge which immediately follows it on C0 is the boundary edge 〈vj , vj+1〉 since
〈vj , vj−1〉 is in C. Thus the boundary edge and the chord edge appear alternately
in C0. The proof of part (b) is as follows. Let 〈vi, vi+1〉 be an arbitrary boundary
edge w.r.t. C in C0. For each j with 0 ≤ j < i, one of 〈vj−1, vj〉 and 〈vj , vj+1〉 is
in C0 and the other is not in C0. Therefore, i should be even since 〈v0, v1〉 is in
C0. It can be similarly shown that the lemma holds for C1. �

Using Lemma 1, we present a necessary condition for dihamiltonian decom-
position of 3-regular graphs.

Theorem 1 If a 3-regular graph G is dihamiltonian decomposable, G is a bi-
partite graph.
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Proof Let C, C0, and C1 be 3 edge-disjoint hamiltonian cycles in GS . Let C =
(vn−1, vn−2, · · ·, v1, v0, vn−1), and let C0 be the hamiltonian cycle which con-
tains 〈v0, v1〉. A vertex va is called even vertex if a is even; otherwise it is called
an odd vertex. Every boundary edge joins even vertex and odd vertex since n
is even. Therefore we have only to show that every chord edge w.r.t. C join an
even vertex and an odd vertex. Consider an arbitrary chord edge 〈vi, vj〉 w.r.t.
C in C0. The edge which immediately precedes 〈vi, vj〉 on C0, is a boundary
edge 〈vi−1, vi〉 by Lemma 1. Thus i− 1 is even, that is, i is odd, by Lemma 1.
Since the edge which immediately follows 〈vi, vj〉 on C0, is a boundary edge
〈vj , vj+1〉, j is even. It can be similarly shown that every chord edge w.r.t. C
in C1 joins an even vertex and an odd vertex. Therefore G is a bipartite graph. �

We denote by GC
0 the graph obtained by deleting all the boundary edges

w.r.t. C and contracting two vertices {vi, vi+1} in the digraph GS −C for every
even i, 0 ≤ i ≤ n− 1. We denote by GC

1 the graph obtained by deleting all the
boundary edges w.r.t. C and contracting two vertices {vi, vi+1} in GS − C for
every odd i, 0 ≤ i ≤ n− 1. Then we have the following properties. The proof is
straightforward, and omitted here.

Property 1 Each of GC
0 and GC

1 is a cycle with length n/2.

Property 2 A 3-regular graph G is dihamiltonian decomposable if and only if
for some hamiltonian cycle C in the symmetric digraph GS of G, each of GC

0

and GC
1 is a cycle with length n/2.

3 Case of n = 4k

Some 3-regular graphs are not dihamiltonian decomposable. In this section, we
will show that every 3-regular graphs with n = 4k vertices can not be dihamil-
tonian decomposable by utilizing the following lemma.

Lemma 2 If there exists a 3-regular graph with n ≥ 8 vertices which is dihamil-
tonian decomposable, then there exists a 3-regular graph with n−4 vertices which
is dihamiltonian decomposable.

Proof Let G be a 3-regular graph with n vertices. Let C be a hamiltonian cycle
(vn−1, vn−2, · · ·, v1, v0, vn−1) in dihamiltonian decomposition of G. Let C0 and
C1 be two edge-disjoint hamiltonian cycles in GS − C.

Case 1 There is a chord edge of size 3 w.r.t. C in G.
Let (vi+1, vi+4) be a chord edge of size 3 w.r.t. C in G, and let v′i+2 and v′i+3

be the vertices connected with vi+2 and vi+3 by a chord edge, respectively(see
Figure 2). Let C0 and C1 be the hamiltonian cycles which contain the edge
〈vi, vi+1〉 and 〈vi+1, vi+2〉, respectively. We have C0 = (vi, vi+1, vi+4, vi+5, P1,1,
v′i+2, vi+2, vi+3, v′i+3, P1,2, vi) where P1,1 is the path from vi+5 to v′i+2 and P1,2

is the path from v′i+3 to vi. We have C1 = (v′i+3, vi+3, vi+4, vi+1, vi+2, v′i+2,
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vi � 3

vi � 4

vi � 5

v i' � 2

v i' � 3

vi � 2

vi � 1

vi

Fig. 2. Illustration of the proof of Lemma 2 (Case 1)

P1,3, v′i+3) where P1,3 is the path from v′i+2 to v′i+3 in C1. We first consider the
case that all vertices in {vi, vi+1, vi+2, vi+3, vi+4, vi+5, v′i+2, v′i+3} are distinct.

We define a graph G′ with n − 4 vertices as G′ = (G − {vi+1, vi+2, vi+3,
vi+4}) ∪ {(vi, vi+5), (v′i+2, v

′
i+3)}(see Figure 2). We will show that G′ is a simple

3-regular graph by proving that (i) (vi, vi+5) is not a chord edge w.r.t. C in G,
and that (ii) (v′i+2, v

′
i+3) is not a boundary edge w.r.t. C in G.

If (vi, vi+5) is a chord edge, C0 becomes a cycle (vi, vi+1, vi+4, vi+5, vi)
with length 4 by Lemma 1, which is a contradiction to C0 being a hamiltonian
cycle. If (v′i+2, v

′
i+3) is a boundary edge, then for some k, either v′i+2 = vk and

v′i+3 = vk+1 or v′i+2 = vk+1 and v′i+3 = vk. In the first case, C1 becomes a cycle
(vi+1, vi+2, v′i+2 = vk, v′i+3 = vk+1, vi+3, vi+4, vi+1) with length 6 by Lemma 1,
which is a contradiction. In the second case, C0 becomes a cycle (vi+2, vi+3,
v′i+3 = vk, v′i+2 = vk+1, vi+2) with length 4, which is also a contradiction.

Using C, C0, and C1, we construct 3 edge-disjoint hamiltonian cycles C′, C′
0,

and C′
1 in the symmetric digraph of G′. Let C′ = (vn−1, vn−2, · · ·, vi+5, vi, vi−1,

· · ·, v0, vn−1), and C′
0 = (vi, vi+5, P1,1, v′i+2, v′i+3, P1,2, vi) and C′

1 = (v′i+3,
v′i+2, P1,3, v′i+3). Then C′, C′

0 and C′
1 are edge-disjoint hamiltonian cycles in the

symmetric digraph of G′.
We consider the case that some vertices in {vi, vi+1, vi+2, vi+3, vi+4, vi+5,

v′i+2, v′i+3} are not distinct. Since G is bipartite, either v′i+2 = vi+5 or v′i+3 = vi.
If v′i+2 = vi+5, P1,1 is a path with length 0. If v′i+3 = vi, P1,2 is a path with
length 0. It does not hold that both v′i+2 = vi+5 and v′i+3 = vi; otherwise C0

becomes a cycle with length 6. In either case, C′, C′
0 and C′

1 are edge-disjoint
hamiltonian cycles in G′.

Case 2 There are no chord edges of size 3 w.r.t. C in G and either C0

or C1 has a boundary edge w.r.t. C, 〈vi, vi+1〉, 0 ≤ i ≤ n − 1, such that when
we traverse that hamiltonian cycle starting at 〈vi, vi+1〉, 〈vi+4, vi+5〉 precedes
〈vi+2, vi+3〉.

Let C0 and C1 be the hamiltonian cycles which contain the edge 〈vi, vi+1〉
and 〈vi+1, vi+2〉, respectively(see Figure 3). We have C0 = (vi, vi+1, v′i+1, P2,1,
v′i+4, vi+4, vi+5, P2,2, v′i+2, vi+2, vi+3, v′i+3, P2,3, vi) where P2,1 is the path from
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v′i+1 to v′i+4 and P2,2 is the path from vi+5 to v′i+2 and P2,3 is the path from
v′i+3 to vi. We have C1 = (v′i+1, vi+1, vi+2, v′i+2, P2,4, v′i+3, vi+3, vi+4, v′i+4,
P2,5, v′i+1) where P2,4 is the path from v′i+2 to v′i+3 and P2,5 is the path from
v′i+4 to v′i+1. Since there are no chord edges of size 3 w.r.t. C, all vertices in {vi,
vi+1, vi+2, vi+3, vi+4, vi+5, v′i+1, v′i+2, v′i+3, v′i+4} are distinct.

vi � 3

vi � 4

vi � 5v i' � 2

v i' � 3

vi � 2

vi � 1

vi

v i' � 4

v i' � 1

Fig. 3. Illustration of the proof of Lemma 2 (Case 2)

Let G′ be the graph such that G′ = (G − {vi+1, vi+2, vi+3, vi+4}) ∪
{(vi, vi+5), (v′i+1, v

′
i+2), (v′i+3, v

′
i+4)}(see Figure 3). Then we can see that G′

is a simple 3-regular graph by proving that (i) (vi, vi+5) is not a chord edge
w.r.t. C, that (ii) (v′i+1, v

′
i+2) is not a boundary edge w.r.t. C, and that (iii)

(v′i+3, v
′
i+4) is not a boundary edge w.r.t. C.

If (vi, vi+5) is a chord edge, then C0 is (v′i+4, vi+4, vi+5, vi, vi+1, v′i+1,
· · ·, v′i+4), that is, C0 is (vi, vi+1, · · ·, vi+2, vi+3, · · ·, vi+4, vi+5, vi). Since
〈vi+4, vi+5〉 appears after 〈vi+2, vi+3〉 in C0, it contradicts the assumption of
Case 2. If (v′i+1, v

′
i+2) is a boundary edge, then for some k, either v′i+1 = vk and

v′i+2 = vk+1 or v′i+1 = vk+1 and v′i+2 = vk. In the first case, C0 is (vi, vi+1,
v′i+1 = vk, v′i+2 = vk+1, vi+2, vi+3, v′i+3, · · ·, vi), which contradicts the assump-
tion of Case 2. In the second case, C1 becomes a cycle (vi+1, vi+2, v′i+2 = vk,
v′i+1 = vk+1, vi+1) with length 4, which is a contradiction.

If (v′i+3, v
′
i+4) is a boundary edge, then for some k, either v′i+3 = vk and

v′i+4 = vk+1 or v′i+3 = vk+1 and v′i+4 = vk. In the first case, C0 is (vi+2,
vi+3, v′i+3 = vk, v′i+4 = vk+1, vi+4, vi+5, · · ·, vi, vi+1, · · ·, vi+2), that is, C0

is (vi, vi+1, · · ·, vi+2, vi+3, v′i+3, v′i+4, vi+4, vi+5, · · ·, vi), which contradicts
the assumption of Case 2. In the second case, C1 becomes a cycle (vi+3, vi+4,
v′i+4 = vk, v′i+3 = vk+1, vi+3) with length 4, which is a contradiction.

The dihamiltonian decomposition of G′ is as follows. Let C′ be (vn−1, vn−2,
· · ·, vi+5, vi, vi−1, · · ·, v0, vn−1), and C′

0 be (vi, vi+5, P2,2, v′i+2, v′i+1, P2,1, v′i+4,
v′i+3, P2,3, vi) and C′

1 be (v′i+1, v′i+2, P2,4, v′i+3, v′i+4, P2,5, v′i+1). Then C′, C′
0

and C′
1 are edge-disjoint hamiltonian cycles in G′.

Case 3 Both Case 1 and Case 2 do not hold.
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Let vi be an arbitrary vertex and let C0 and C1 be the disjoint hamiltonian cy-
cles in GS−C which contain the edge 〈vi, vi+1〉 and 〈vi+1, vi+2〉, respectively(see
Figure 4). We first consider the case that all vertices in {vi, vi+1, vi+2, vi+3, vi+4,
vi+5, vi+6, v′i+1, v′i+2, v′i+3, v′i+4, v′i+5} are distinct. When we traverse C0 start-
ing at 〈vi, vi+1〉, 〈vi+2, vi+3〉 precedes 〈vi+4, vi+5〉 in C0. Also, when we traverse
C1 starting at 〈vi+1, vi+2〉, 〈vi+3, vi+4〉 precedes 〈vi+5, vi+6〉 in C1; otherwise it
is Case 2. Therefore C0 and C1 can be represented as follows: C0 = (vi, vi+1,
v′i+1, P3,1, v′i+2, vi+2, vi+3, v′i+3, P3,2, v′i+4, vi+4, vi+5, v′i+5, P3,3, vi) where P3,1

is the path from v′i+1 to v′i+2 and P3,2 is the path from v′i+3 to v′i+4 and P3,3

is the path from v′i+5 to vi; C1 = (v′i+1, vi+1, vi+2, v′i+2, P3,4, v′i+3, vi+3, vi+4,
v′i+4, P3,5, v′i+5, vi+5, vi+6, P3,6, v′i+1) where P3,4 is the path from v′i+2 to v′i+3

and P3,5 is the path from v′i+4 to v′i+5 and P3,6 is the path from vi+6 to v′i+1.

vi � 3

vi � 4

vi � 5
v i' � 2

v i' � 3

vi � 2

vi � 1

vi

v i' � 5

v i' � 4

v i' � 1

vi � 6

Fig. 4. Illustration of the proof of Lemma 2 (Case 3)

Let G′ be the graph such that G′ = (G − {vi+1, vi+2, vi+4, vi+5}) ∪
{(vi, vi+3), (vi+3, vi+6), (v′i+1, v

′
i+4), (v′i+2, v

′
i+5)}(see Figure 4). Then we can

see that G′ is a simple 3-regular graph by proving that (i) both (vi, vi+3) and
(vi+3, vi+6) are not chord edges, that (ii) (v′i+1, v

′
i+4) is not a boundary edge,

and that (iii) (v′i+2, v
′
i+5) is not a boundary edge.

Since there are no chord edges of size 3 in Case 3, (i) holds. If (v′i+1, v
′
i+4) is a

boundary edge, then for some k, either v′i+1 = vk and v′i+4 = vk+1 or v′i+1 = vk+1

and v′i+4 = vk. In the first case, C0 is (vi, vi+1, v′i+1 = vk, v′i+4 = vk+1, vi+4,
vi+5, · · ·, vi+2, vi+3, · · ·, vi), which is Case 2. In the second case, C1 is (vi+3,
vi+4, v′i+4 = vk, v′i+1 = vk+1, vi+1, vi+2, · · ·, vi+5, vi+6, · · ·, vi+3) = (vi+1, vi+2,
· · ·, vi+5, vi+6, · · ·, vi+3, vi+4, v′i+4, v′i+1, vi+1), which is also Case 2.

If (v′i+2, v
′
i+5) is a boundary edge, then for some k, either v′i+2 = vk and

v′i+5 = vk+1 or v′i+2 = vk+1 and v′i+5 = vk. In the first case, C1 is (vi+1, vi+2,
v′i+2 = vk, v′i+5 = vk+1, vi+5, vi+6, · · ·, vi+3, vi+4, · · ·, vi+1), which is Case 2.
In the second case, C0 is (vi+4, vi+5, v′i+5 = vk, v′i+2 = vk+1, vi+2, vi+3, · · ·, vi,
vi+1, · · ·, vi+4) = (vi, vi+1, · · ·, vi+4, vi+5, v′i+5, v′i+2, vi+2, vi+3, · · ·, vi), which
is also Case 2.
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The dihamiltonian decomposition C′, C′
0 and C′

1 of G′ is similar to the pre-
vious cases. Let C′ be (vn−1, vn−2, · · ·, vi+6, vi+3, vi, vi−1, · · ·, v0, vn−1), and
C′

0 be (vi, vi+3, v′i+3, P3,2, v′i+4, v′i+1, P3,1, v′i+2, v′i+5, P3,3, vi), and C′
1 be (v′i+1,

v′i+4, P3,5, v′i+5, v′i+2, P3,4, v′i+3, vi+3, vi+6, P3,6, v′i+1). Then C′, C′
0 and C′

1 are
edge-disjoint hamiltonian cycles in the symmetric digraph of G′.

It remains to consider the case that some vertices in {vi, vi+1, vi+2, vi+3, vi+4,
vi+5, vi+6, v′i+1, v′i+2, v′i+3, v′i+4, v′i+5} are not distinct. In case of v′i+1 = vi+6,
P3,6 is a path with length 0. In case of v′i+5 = vi, P3,3 is a path with length 0.
In either case, C′, C′

0 and C′
1 are edge-disjoint hamiltonian cycles in G′. �

Now we are ready to present our main theorem.

Theorem 2 Every 3-regular graph G with n = 4k vertices is not dihamiltonian
decomposable.

Proof We use induction on the number of vertices, n. When n = 4, G is a
complete graph. Since G is not a bipartite graph, it is not dihamiltonian decom-
posable by Theorem 1. Assume that the theorem is true for n = 4k ≥ 4. We will
show that the theorem is true for n = 4(k +1). Suppose for a contradiction that
there exists a 3-regular graph with n = 4(k + 1) vertices which is dihamiltonian
decomposable. Then from Lemma 2, there is a 3-regular digraph with n = 4k
vertices which is dihamiltonian decomposable. This leads to a contradiction. �

4 Applications to Interconnection Network Topologies

In this section, we consider the dihamiltonian decomposition problem of intercon-
nection network topologies whose vertex degree is 3 such as CCC(cube-connected
cycles)[8], chordal rings[1] and Cm ⊕ Cm.

4.1 CCC

The m-dimensional cube-connected cycles (CCC) is constructed from the m-
dimensional hypercube by replacing each node of the hypercube with a cycle of
m nodes in the CCC. The ith dimension edge incident to a node of the hypercube
is then connected to the ith node of the corresponding cycle of the CCC. The
m-dimensional CCC is a 3-regular graph.

Theorem 3 Every m-dimensional CCC is not dihamiltonian decomposable,
m ≥ 3.

Proof The number of vertices in m-dimensional CCC is m2m, which is a multiple
of 4. Therefore it is not dihamiltonian decomposable by Theorem 2. �

4.2 Chordal Ring

For an even n and odd r, chordal ring CR(n, r) is a graph G such that its vertex
set is {v0, v1, · · ·, vn−2, vn−1} and the edge set is {(vi, vj) | j = mod n (i + 1),
0 ≤ i ≤ n − 1} ∪ {(vi, vj) | j = mod n (i + r), for even i, 0 ≤ i ≤ n − 1}. The
chordal ring is a 3-regular graph.
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Theorem 4 (a) Every chordal ring CR(n, r) with n = 4k is not dihamilto-
nian decomposable. (b) Chordal ring CR(n, r) with n = 4k + 2 is dihamiltonian
decomposable if n/2 is relatively prime to both 
r/2� and �r/2�.

Proof The proof of (a) follows from Theorem 2. Let G be a chordal ring CR(n, r)
with n = 4k + 2. Let C be a hamiltonian cycle (vn−1, vn−2, · · ·, v1, v0, vn−1) in
the symmetric digraph of G. Since GC

0 and GC
1 are cycles with length n/2 if and

only if n/2 is relatively prime to 
r/2� and �r/2� respectively, G is dihamiltonian
decomposable by Property 2. �

CR(4k + 2, 3), CR(4k + 2, 2k + 1), and CR(4k + 2, 4k− 1) are dihamiltonian
decomposable by Theorem 4. The condition of Theorem 4 (b) is not a necessary
condition. There are some dihamiltonian decomposable chordal rings CR(4k +
2, r) without a dihamiltonian decomposition such that one of three hamiltonian
cycles in the decomposition is (vn−1, vn−2, · · · , v1, v0, vn−1). CR(30, 5) is such
a chordal ring, which has the minimum number of vertices.

4.3 Cm ⊕ Cm

Cm⊕Cm is a class of 3-regular graphs such that some edges between the vertices
of two cycles with length m are added so that the degree of every vertex is 3.
Petersen graph belongs to Cm ⊕ Cm where m is 5. The product of Cm and
complete graph K2, Cm ×K2, also belongs to Cm ⊕ Cm.

Theorem 5 Every graph in Cm⊕Cm is not dihamiltonian decomposable, m ≥ 3.

Proof Let G be a graph in Cm ⊕ Cm. G has 2m vertices. If m is odd, G is
not dihamiltonian decomposable since it is not a bipartite graph. If m is even,
G is not dihamiltonian decomposable since the number of vertices is a multiple
of 4. �

5 Concluding Remarks

The dihamiltonian decomposition of regular graphs can be used to design re-
liable communication algorithms for broadcasting and multicasting under the
wormhole routing model. We suggested some conditions for 3-regular graphs to
be dihamiltonian decomposable. For a 3-regular graph G, it is bipartite if it
is dihamiltonian decomposable. If the number of vertices is 4k, then G is not
dihamiltonian decomposable. Using these results, we showed that chordal rings
with 4k vertices, m-dimensional CCCs, and Cm⊕Cm are not dihamiltonian de-
composable. We also proposed a class of chordal rings with 4k+2 vertices which
are dihamiltonian decomposable. The characterization for 3-regular graphs to
have a dihamiltonian decomposition should be further studied.
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Abstract. In this paper we introduce a new drawing style of a plane
graph G, called a “box-rectangular drawing.” It is defined to be a drawing
of G on an integer grid such that every vertex is drawn as a rectangle,
called a box, each edge is drawn as either a horizontal line segment
or a vertical line segment, and the contour of each face is drawn as
a rectangle. We establish a necessary and sufficient condition for the
existence of a box-rectangular drawing of G. We also give a simple linear-
time algorithm to find a box-rectangular drawing of G if it exists.
Keywords: Graph, Algorithm, Graph Drawing, Rectangular Drawing,
Box-drawing, Box-rectangular drawing.

1 Introduction

Recently automatic drawings of graphs have created intense interest due to their
broad applications, and as a consequence, a number of drawing styles and corre-
sponding drawing algorithms have come out [DETT94]. Among different drawing
styles, an “orthogonal drawing” has attracted much attention due to its beautiful
applications in circuit layouts, database diagrams, entity-relationship diagrams,
etc [B96, CP98, K96, T87]. An orthogonal drawing of a plane graph G is a draw-
ing of G in which each vertex is drawn as a grid point on an integer grid and each
edge is drawn as a sequence of alternate horizontal and vertical line segments
along grid lines as illustrated in Fig. 1(a). Any plane graph with the maximum
degree at most four has an orthogonal drawing. However, a plane graph with a
vertex of degree 5 or more has no orthogonal drawing.

A box-orthogonal drawing of a plane graph G is a drawing of G on an integer
grid such that each vertex is drawn as a rectangle, called a box, and each edge
is drawn as a sequence of alternate horizontal and vertical line segments along
grid lines, as illustrated in Fig. 1(b). Some of the boxes may be degenerated
rectangles, i.e., points. A box-orthogonal drawing is a natural generalization

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 250–261, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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of an ordinary orthogonal drawing, and moreover, any plane graph has a box-
orthogonal drawing even if there is a vertex of degree 5 or more. Several results
are known for box-orthogonal drawings [BK97, FKK96, PT98].

(a) (b)

(c) (d)  

Fig. 1. (a) An orthogonal drawing, (b) a box-orthogonal drawing, (c) a rectan-
gular drawing, and (d) a box-rectangular drawing.

An orthogonal drawing of a plane graph G is called a rectangular drawing
of G if each edge of G is drawn as a straight line segment without bends and the
contour of each face of G is drawn as a rectangle, as illustrated in Fig. 1(c). Since
a rectangular drawing has practical applications in VLSI floorplanning, much
attention has been paid to it [KK84, L90]. However, not every plane graph has a
rectangular drawing. A necessary and sufficient condition for a plane graph G to
have a rectangular drawing is known [T84], and several linear-time algorithms
to find a rectangular drawing of G are also known [KH97, RNN98a].

Thus a box-orthogonal drawing is a generalization of an orthogonal drawing,
while an orthogonal drawing is a generalization of a rectangular drawing. Hence
an orthogonal drawing is an intermediate of a box-orthogonal drawing and a
rectangular drawing. In this paper we introduce a new style of drawings as
another intermediate of the two drawing styles. The new style is called a box-
rectangular drawing and is formally defined as follows.

A box-rectangular drawing of a plane graph G is a drawing of G on an integer
grid such that each vertex is drawn as a (possibly degenerated) rectangle, called
a box, and the contour of each face is drawn as a rectangle, as illustrated in
Fig. 1(d). If G has multiple edges or a vertex of degree 5 or more, then G
has no rectangular drawing but may have a box-rectangular drawing. However,
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not every plane graph has a box-rectangular drawing. We will see in Section 2
that box-rectangular drawings have beautiful applications in floorplanning of
MultiChip Modules (MCM) and in architectural floorplanning.

In this paper we establish a necessary and sufficient condition for the exis-
tence of a box-rectangular drawing of a plane graph, and give a linear-time al-
gorithm to find a box-rectangular drawing if it exists. The sum of the width and
the height of an integer grid required by a box-rectangular drawing is bounded
by m+ 2, where m is the number of edges in a given graph.

The rest of the paper is organized as follows. Section 2 describes some appli-
cations of box-rectangular drawings. Section 3 introduces some definitions and
presents preliminary results. Section 4 deals with box-rectangular drawings of
G for a special case where some vertices of G are designated as corners of the
rectangle corresponding to the contour of the outer face. Section 5 deals with
the general case where no vertex is designated as a corner.

2 Applications of Box-Rectangular Drawings

In this section we mention some applications of box-rectangular drawings.
As mentioned in Section 1, rectangular drawings have practical applications

in VLSI floorplanning. In a VLSI floorplanning problem, an input is a plane
graph F as illustrated in Fig. 2(a); F represents the functional entities of a
chip, called modules, and interconnections among the modules; each vertex of F
represents a module, and an edge between two vertices of F represents the inter-
connections between the two corresponding modules. An output of the problem
for the input graph F is a partition of a rectangular chip area into smaller rect-
angles as illustrated in Fig. 2(d); each module is assigned to a smaller rectangle,
and furthermore, if two modules have interconnections, then their corresponding
rectangles must be adjacent, that is, must have a common boundary.

G
(c)

F
(b)(a)

F

(d)

f

g

a

b

c

d

e

g
e

f

a
b

c

d

e f

g

d

c

b

a
e f

g

a

b

c

d

Fig. 2. Floorplanning by a rectangular drawing.

A conventional floorplanning algorithm using rectangular drawings is out-
lined as follows. First, obtain a graph F ′ by triangulating all inner faces of F
as illustrated in Fig. 2(b), where dotted lines indicate new edges added to F .
Then obtain a dual-like graph G of F ′ as illustrated in Fig. 2(c), where the four
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vertices of degree 2 drawn by white circles correspond to the four corners of the
rectangular chip area. Finally, by finding a rectangular drawing of G, obtain a
possible floorplan for F as illustrated in Fig. 2(d).

In the conventional floorplan above, two rectangles are always adjacent if the
modules corresponding to them have interconnections. However, two rectangles
may be adjacent even if the modules corresponding to them have no interconnec-
tions. For example, module e and module f have no interconnection in Fig. 2(a),
but their corresponding rectangles are adjacent in the floorplan in Fig. 2(d).
Such unwanted adjacencies are not desirable in some other floorplanning prob-
lems. In floorplanning of a MultiChip Module (MCM), two chips generating
excessive heat should not be adjacent, or two chips operating on high frequency
should not be adjacent to avoid malfunctioning due to their interference [S95].
Unwanted adjacencies may cause a dangerous situation in some architectural
floorplanning, too [FW74]. For example, in a chemical industry, a processing
unit that deals with poisonous chemicals should not be adjacent to a cafeteria.

We can avoid the unwanted adjacencies if we obtain a floorplan for F by
using a box-rectangular drawing instead of a rectangular drawing, as follows.
First, without triangulating the inner faces of F , find a dual-like graph G of
F as illustrated in Fig. 3(b). Then, by finding a box-rectangular drawing of G,
obtain a possible floorplan for F as illustrated in Fig. 3(c). In Fig. 3(c) rectangles
e and f are not adjacent although there is a dead space corresponding to a vertex
of G drawn by a rectangular box. Such a dead space to separate two rectangles
in floorplanning is desirable for dissipating excessive heat in an MCM or for
ensuring safety in a chemical industry.

F
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Fig. 3. Floorplanning by a box-rectangular drawing.

3 Preliminaries

In this section we give some definitions and present preliminary results.
Throughout the paper we assume that a graph G is a so-called multigraph

which has no self loops but may have multiple edges, i.e., edges sharing both
ends. If G has no multiple edges, then G is called a simple graph. We denote the
set of vertices of G by V (G), and the set of edges of G by E(G). Let n = |V (G)|
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and m = |E(G)|. The degree of a vertex v, denoted by d(v), is the number of
edges incident to v in G. We denote the maximum degree of a graph G by ∆(G)
or simply by ∆.

A cycle C is an alternating sequence v0, e0, v1, e1, · · · , el−1, vl(= v0) of vertices
and edges where ei = vivi+1 for each i and all edges e0, e1, · · · , el−1 are distinct
each other. If no vertex appears twice or more on C, then C is called a simple
cycle. Thus a pair of multiple edges is a simple cycle. We hereafter call a simple
cycle a cycle unless otherwise specified.

A graph is planar if it can be embedded in the plane so that no two edges
intersect geometrically except at a vertex to which they are both incident. A
plane graph is a planar graph with a fixed embedding in the plane. A plane
graph G divides the plane into connected regions called faces. The unbounded
region is called the outer face. We regard the contour of a face as a cycle formed
by the edges on the boundary of the face. We denote the contour of the outer
face of G by Co(G).

Let G be a plane connected graph. For a cycle C in G, we denote by G(C)
the plane subgraph of G inside C (including C). An edge which is incident to
exactly one vertex of a cycle C and located outside of C is called a leg of C, and
the vertex of C to which the leg is incident is called a leg-vertex of C. A cycle
C in G is called a k-legged cycle if C has exactly k legs. We say that cycles C
and C′ in a plane graph G are independent if G(C) and G(C′) have no common
vertex. A set S of cycles is independent if any pair of cycles in S are independent.

We often use the following operation on a plane graphG [O67]. Let v be a ver-
tex of degree d in a plane graph G, let e1 = vw1, e2 = vw2, · · · , ed = vwd be the
edges incident to v, and assume that these edges e1, e2, · · · , ed appear clockwise
around v in this order. Replace v with a cycle v1, v1v2, v2, v2v3, · · · , vdv1, v1, and
replace the edges vwi with viwi for i = 1, 2, · · · , d. We call the operation above
the replacement of a vertex by a cycle. The cycle v1, v1v2, v2, v2v3, · · · , vdv1, v1 in
the resulting graph is called the replaced cycle corresponding to vertex v of G.

We often construct a new graph from a graph as follows. Let v be a vertex
of degree 2 in a connected graph G. We replace the two edges u1v and u2v
incident to v with a single edge u1u2, and delete v. We call the operation above
the removal of a vertex of degree 2 from G.

The width and the height of a rectangular drawing D of G is the width
and the height of the rectangle corresponding to Co(G). The following result on
rectangular drawings is known.

Lemma 1. Let G be a connected plane graph such that all vertices have degree
3 except four vertices of degree 2 on Co(G). Then G has a rectangular drawing if
and only if G has none of the following three types of cycles [T84]: (r1) 1-legged
cycles, (r2) 2-legged cycles which contain at most one vertex of degree 2, and
(r3) 3-legged cycles which contain no vertex of degree 2. Furthermore one can
check in linear time whether G satisfies the condition above, and if G does then
one can find a rectangular drawing of G in linear time. The sum of the width
and the height of the produced rectangular drawing is bounded by n

2 , where n is
the number of vertices in G [RNN98a]. ✷
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We now give some definitions regarding box-rectangular drawings. We say
that a vertex of graph G is drawn as a degenerated box in a box-rectangular
drawing D if the vertex is drawn as a point in D. We often call a degenerated
box in D a point and call a non-degenerated box a real box. We call the rectangle
corresponding to Co(G) the outer rectangle, and we call a corner of the outer
rectangle simply a corner. A box in D containing at least one corner is called a
corner box. A corner box may be degenerated. The width of a box-rectangular
drawing D is the width of the outer rectangle. The height of D is defined in a
similar manner.

If n = 1, that is, G has exactly one vertex, then the box-rectangular drawing
of G is trivial; the drawing is just a degenerated box corresponding to the vertex.

Thus in the rest of the paper, we may assume that n ≥ 2. We now have the
following four facts and a lemma.

Fact 31 Any corner box in a box-rectangular drawing contains either one or two
corners. ✷

Fact 32 Any box-rectangular drawing has either two, three, or four corner boxes.
��

Fact 33 In a box-rectangular drawing D of G, any vertex v of degree 2 or 3
satisfies the following (i), (ii) or (iii). (i) Vertex v is drawn as a point containing
no corner; (ii) v is drawn as a corner box containing exactly one corner; and
(iii) v is drawn as a real (corner) box containing exactly two corners. ✷

Fact 34 In a box-rectangular drawing D of G, every vertex of degree 5 or more
is drawn as a real box. ✷

Lemma 2. If G has a box-rectangular drawing, then G has a box-rectangular
drawing in which every vertex of degree 4 or more is drawn as a real box. ✷

The choice of vertices as corner boxes plays an important role in finding
a box-rectangular drawing. For example, the graph in Fig. 4(a) has a box-
rectangular drawing if we choose vertices a, b, c and d as corner boxes as il-
lustrated in Fig. 4(g). However, the graph has no box-rectangular drawing if
we choose vertices p, q, r and s as corner boxes. If all vertices corresponding to
corner boxes are designated for a drawing, then it is rather easy to determine
whether G has a box-rectangular drawing with the designated corner boxes. We
deal this case in Section 4. In Section 5 we deal with the general case where no
vertex of G is designated as corner boxes.

4 Box-Rectangular Drawing with Designated Corner
Boxes

In this section we establish a necessary and sufficient condition for the existence
of a box-rectangular drawing of a plane graph G when all vertices of G corre-
sponding to corner boxes are designated, and we also give a simple linear-time
algorithm to find such a box-rectangular drawing of G if it exists.
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By Fact 32, any box-rectangular drawing has either two, three or four corner
boxes. In Section 4.1 we consider the case where exactly four vertices are des-
ignated as corner boxes, and in Section 4.2 we consider the case where two or
three vertices are designated as corner boxes.

4.1 Drawing with Exactly Four Designated Corner Boxes

In this section we assume that exactly four vertices a, b, c and d in a given plane
graph G are designated as corner boxes. We construct a new graph G′′ from
G through an intermediate graph G′, and reduce the problem of finding a box-
rectangular drawing of G with four designated vertices to a problem of finding a
rectangular drawing of G′′.

A plane graph having a vertex of degree 1 has no box-rectangular drawing.
Also, a plane graph having a cycle with exactly one leg-vertex has no box-
rectangular drawing. Thus we may assume that our input plane graph G has no
vertex of degree 1 and has no cycle with exactly one leg-vertex.

We first construct G′ from G as follows. If a vertex of degree 2 in G, as
vertex d in Fig. 4(a), is a designated vertex, then it is drawn as a corner point
in a box-rectangular drawing of G. On the other hand, if a vertex of degree 2, as
vertex t in Fig. 4(a), is not a designated vertex, then it is drawn as a point on a
vertical or horizontal line segment corresponding to the two edges incident to it,
as illustrated in Fig. 4(g). Thus we remove all non-designated vertices of degree
2 one by one from G. The resulting graph is G′. Thus all vertices of degree 2
in G′ are designated vertices. Note that some new multiple edges may appear
in G′. Clearly G has a box-rectangular drawing with the four designated corner
boxes if and only if G′ has a box-rectangular drawing with the four designated
corner boxes. Fig. 4(a) illustrates a plane graph G with four designated vertices
a, b, c and d, and Fig. 4(b) illustrates G′. Fig. 4(f) illustrates a box-rectangular
drawing D′ of G′, and Fig. 4(g) illustrates a box-rectangular drawing D of G.

Since every vertex of degree 2 in G′ is a designated vertex, it is drawn as
a (corner) point in any box-rectangular drawing of G′. Every designated vertex
of degree 3 in G′, as vertex a in Fig. 4(b), is drawn as a real box since it is
a corner. On the other hand, every non-designated vertex of degree 3 in G′ is
drawn as a point. These facts together with Lemma 2 imply that if G′ has a
box-rectangular drawing then G′ has a box-rectangular drawing D′ in which all
designated vertices of degree 3 and all vertices of degree 4 or more in G′ are
drawn as real boxes.

We now construct G′′ from G′. Replace by a cycle each of the designated
vertices of degree 3 and the vertices of degree 4 or more, as illustrated in Fig. 4(c).
The replaced cycle corresponding to a designated vertex x of degree 3 or more
contains exactly one edge, say ex, on the contour of the outer face, where x =
a, b, c or d. Put a dummy vertex x′ of degree 2 on ex. The resulting graph is G′′.
We let x′ = x if a designated vertex x has degree 2. (See Fig. 4(d).) Now G′′

has exactly four vertices a′, b′, c′, and d′ of degree 2 on Co(G′′), and all other
vertices have degree 3.

We now have the following theorem.
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Theorem 1. Let G be a connected plane graph with four designated vertices
a, b, c and d on Co(G), and let G′′ be the graph transformed from G as mentioned
above. Then G has a box-rectangular drawing with four corner boxes correspond-
ing to a, b, c and d if and only if G′′ has a rectangular drawing.

Proof. Necessity. Assume that G has a box-rectangular drawing with the four
designated vertices a, b, c and d as corner boxes. Then by Fact 33 and Lemma 2
G has a box-rectangular drawing D in which all designated vertices of degree
3 and all vertices of degree 4 or more are drawn as real boxes, as illustrated in
Fig. 4(g). The drawing D immediately yields a box-rectangular drawing D′ of
G′, and D′ immediately gives a rectangular drawing D′′ of G′′.

Sufficiency. Assume that G′′ has a rectangular drawing D′′ as illustrated in
Fig. 4(e). In D′′, each replaced cycle is drawn as a rectangle, since it is a face in
G′′. Furthermore, the four vertices a′, b′, c′ and d′ of degree 2 in G′′ are drawn
as corners of the rectangle corresponding to Co(G′′). Therefore, D′′ immediately
gives a box-rectangular drawing D′ of G′ having the four vertices a, b, c and d as
corner boxes, as illustrated in Fig. 4(f). Then, inserting non-designated vertices
of degree 2 on horizontal or vertical line segments in D′, one can immediately
obtain from D′ a box-rectangular drawing D of G having the designated vertices
a, b, c and d as corner boxes, as illustrated in Fig. 4(g). ��

We now have the following theorem.

Theorem 2. Given a plane graph G with m edges and four designated vertices
a, b, c and d on Co(G), one can determine in O(m) time whether G has a box-
rectangular drawing with a, b, c and d as corner boxes, and if G has, then one
can find a box-rectangular drawing of G in O(m) time. The sum of the width
and the height of a produced box-rectangular drawing of G is bounded by m+ 2.

Proof. Time Complexity. Clearly one can construct G′′ from G in time O(m). G′′

is a connected plane graph such that all vertices have degree 3 except vertices a′,
b′, c′ and d′ of degree 2. Therefore, by Lemma 1 one can determine in linear time
whether G′′ has a rectangular drawing or not and find a rectangular drawing D′′

of G′′ if it exists. One can easily obtain a box-rectangular drawing D of G from
D′′ in linear time.

Grid size. Let n2 be the non-designated vertices of degree 2 in G. Let n′ =
|V (G′)| and m′ = |E(G′)|. Then m′ = m−n2. We replace some vertices of G′ by
cycles and add at most 4 dummy vertices to construct G′′ from G′. Therefore G′′

has at most 2m′+4 vertices. From Lemma 1, the sum of the width and the height
of the produced rectangular drawing of G′′ is bounded by 2m′+4

2 = m′ + 2. Now
the insertion of a vertex of degree 2 on a horizontal line segment or a vertical
line segment increases the width or the height of the box-rectangular drawing
by at most one. Thus the sum of the width and the height of the produced box-
rectangular drawing of G is bounded by m′ + 2 + n2 = m+ 2. ��

There are infinitely many cycles with four designated vertices for which the
sum of the width and the height of any box-rectangular drawing of the cycles is
m− 2.
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Fig. 4. Illustration of G, G′, G′′, D′′, D′ and D.

4.2 Drawing with Two or Three Designated Corner Boxes

If two or three vertices in G are designated as corner boxes and no other vertex
can be a corner box, then we can easily reduce this case to the case where
exactly four vertices are designated as corner boxes. The details are omitted in
this extended abstract.

5 Box-Rectangular Drawing with No Designated Corner
Boxes

In this section we consider the general case where no vertex of G is designated
as a corner box.
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By Fact 32 there are either two, three or four corner boxes in any box-
rectangular drawing of G. Therefore, considering all combinations of two, three
and four vertices on Co(G) as corner boxes and applying the algorithm in the
previous section for each of the combinations, one can determine whether G has
a box rectangular drawing. Such a straightforward method requires time O(n5)
since there are O(n4) combinations and the algorithm in Section 4 can examine
in time O(n) whether G has a box-rectangular drawing for each of them. In this
section we first establish a necessary and sufficient condition for the existence of
a box-rectangular drawing of G when no vertex is designated as a corner box,
and then show that the characterization leads to a linear-time algorithm.

In Section 5.1, we first derive a necessary and sufficient condition for a plane
graph G with the maximum degree ∆ ≤ 3 to have a box-rectangular drawing,
and then give a linear-time algorithm to obtain a box-rectangular drawing of
such a plane graph G if it exists. In Section 5.2 we give a linear-time algorithm
for a plane graphG with the maximum degree∆ ≥ 4 by modifying the algorithm
in Section 5.1.

5.1 Box-Rectangular Drawing of G with ∆ ≤ 3.

Let G be a plane graph with the maximum degree at most 3. As in Section 4,
we can assume that G is connected and has neither a vertex of degree 1 nor a
1-legged cycle. The following theorem is a main result of Section 5.1.

Theorem 3. A plane connected graph G with ∆ ≤ 3 has a box-rectangular
drawing if and only if G satisfies the following two conditions: (br1) every 2-
legged or 3-legged cycle in G contains an edge on Co(G); and (br2) any set S of
independent cycles in G satisfies 2 · |S2|+ |S3| ≤ 4, where S2 is the set of 2-legged
cycles in S and S3 is the set of 3-legged cycles in S. ✷

Before proving the necessity of Theorem 3, we observe the following fact.

Fact 51 In a box-rectangular drawing D of G, any 2-legged cycle of G contains
at least two corners, any 3-legged cycle of G contains at least one corner, and
any cycle with four or more legs may contain no corner. ✷

We now prove the necessity of Theorem 3.
Necessity of Theorem 3. Assume that G has a box-rectangular drawing D.
By Fact 51 any 2-legged or 3-legged cycle in D contains a corner, and hence
contain an edge on Co(G).

Let S be any set of independent cycles in G. Then by Fact 51 any 2-legged
cycle in S contains at least two corners and any 3-legged cycle in S contains at
least one corner. Since all these cycles in S are independent, they are vertex-
disjoint each other. Therefore there are at least 2 · |S2|+ |S3| corners in D. Since
there are exactly four corners in D, we have 2 · |S2|+ |S3| ≤ 4. ��

We give a constructive proof for the sufficiency of Theorem 3. Our proof,
which is omitted in this extended abstract, implies the following corollary.
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Corollary 1. A plane connected graph G with ∆ ≤ 3 has a box-rectangular
drawing if and only if G satisfies the following four conditions: (c1) every 2-
legged or 3-legged cycle in G contains an edge on Co(G); (c2) at most two 2-
legged cycles of G are independent each other; (c3) at most four 3-legged cycles
of G are independent of each other; and (c4) if G has a pair of independent
2-legged cycles C1 and C2, then {C1, C2, C3} is not independent for any 3-legged
cycle C3 in G, and neither G(C1) nor G(C2) has more than two independent
3-legged cycles of G. ✷

Using a method similar to ones in [RNN98a, RNN98b], one can determine
whether a given plane graph with ∆ ≤ 3 satisfies the conditions in Corollary 1 in
time O(m). If G satisfies the conditions in Corollary 1, then one can construct a
box-rectangular drawing of G in linear time, following the method described in
the constructive proof of the sufficiency of Theorem 3 and using the algorithm
in [RNN98a]. (We omit the proof in this extended abstract.) We, thus, have the
following theorem.

Theorem 4. Given a plane graph with the maximum degree ∆ ≤ 3, one can
determine in time O(m) whether G has a box-rectangular drawing or not, and
if G has, one can find a box-rectangular drawing of G in time O(m), where m
is the number of edges in G. The sum of the width and the height of a produced
box-rectangular drawing is bounded by m+ 2. ✷

5.2 Box-Rectangular Drawings of Graphs with ∆ ≥ 4.

In this section we give a necessary and sufficient condition for a plane graph
with ∆ ≥ 4 to have a a box-rectangular drawing when no vertex is designated
as corner boxes.

Let G be a plane connected graph with ∆ ≥ 4. We first transform G into a
graph H with ∆(H) ≤ 3, and then obtain a box-rectangular drawing of G by ap-
plying the algorithm in section 5.1 to H with appropriately choosing designated
vertices.

We construct H from G by replacing each vertex v of degree four or more in
G by a cycle. Each replaced cycle corresponds to a real box in a box-rectangular
drawing. We do not replace a vertex of degree 2 or 3 by a cycle since such a
vertex may be drawn as a point by Fact 33. Thus ∆(H) ≤ 3. We now have the
following theorem.

Theorem 5. Let G be a connected plane graph with no vertex of degree 1, and
let H be the graph transformed from G as above. Then G has a box-rectangular
drawing if and only if H has a box-rectangular drawing. ✷

It is rather easy to prove the necessity of Theorem 5; one can easily transform
any box-rectangular drawing of G to a box-rectangular drawing of H . On the
other hand, it is not trivial to prove the sufficiency. However, we give a method
to find a box-rectangular drawing of G in linear time if H has a box-rectangular
drawing. The detail is omitted in this extended abstract.
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Abstract. We describe a multi-scale approach to the problem of draw-
ing undirected straight-line graphs ”nicely”. In contrast to conventional
global/dynamic algorithms, we employ increasingly coarser-scale repre-
sentations of the graph, together with a simple local organization scheme,
without imposing formal criteria on the quality of the picture at large.
Our algorithm can deal easily with very large graphs; some of our exam-
ples contain over 1000 vertices.

1 Introduction

A large amount of work on the problem of graph layout has been carried out in
recent years, resulting in a number of sophisticated and powerful algorithms. An
extensive and detailed survey can be found in [DETT]. One of the most basic
problems in this area involves laying out arbitrary undirected graphs, with edges
drawn as straight-line segments. The goal is to try to achieve as “nice” a drawing
as possible.

A popular approach to this problem is the spring method, first proposed by
Eades [E], which likens a graph to a mechanical collection of rings and connect-
ing springs and strives to achieve physical-like equilibrium. Notable work that
followed [E] includes the algorithms in [KK] and [FR].

In [DH], we used a different method, whereby simulated annealing was used
to maximize a cost function reflecting the aesthetic quality of the drawing. The
criteria incorporated into the cost function were: (i) distributing vertices away
from each other, (ii) keeping edges short, (iii) minimizing edge crossings, and (iv)
keeping vertices from coming too close to edges. The algorithm of [DH] performs
well on small graphs, but becomes unsatisfactory when applied to graphs of over
30 vertices or so, especially with respect to minimizing edge crossings. Some of
the planar graphs that do not result in planar layouts are particularly annoying.
In general, these limitations apply to the other algorithms too.

Later, in [SH], we constructed a system that first carried out a rather com-
plex set of preprocessing steps, designed to produce a topologically good, but
not necessarily nice-looking layout, and then subjected it to a downhill-only ver-
sion of the simulated annealing algorithm of [DH]. The intermediate layout is
planar for planar graphs, since the first step of the algorithm in [SH] is to test

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 262–277, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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for planarity, producing a planar layout whenever possible. Planar graphs with
around 50 vertices, for example, yield excellent results. For 50-vertex graphs that
can be made planar by extracting a small number of edges, the results are still
good, but for graphs that are far from planar the results can still be worse than
manually produced drawings, even for medium sized inputs. For larger graphs,
the performance of the algorithm in [SH] further decreases, a fact that is true
even for planar graphs, since although the layout will be planar, the downhill
annealing finds it increasingly more difficult to remove extreme distortions in
the results of the preprocessing stages.

In this paper, we approach the problem in quite a different way. We do not
impose any formal criteria on the quality of the final picture, nor do we liken
the graph to a physical system; in fact, we do not work on the graph globally at
all. Instead, we work locally, in a multi-level (or multi-scale) fashion; see, e.g.,
[B1,B2]. The algorithm, described in Sections 3 and 4, incorporates a family of
natural coarse-scale representations of the graph, together with a simple local
organization scheme. In this respect, our work can be viewed as an alternative
to the traditional global/dynamic approach that is often used, and which we
discuss briefly in Section 2.

The algorithm can deal easily with very large graphs, as illustrated in Sec-
tion 5, where we apply it to some 400-vertex and 1000-vertex graphs. It also
seems to implicitly suggest a different notion of aesthetics for diagrammatic
structures, which we discuss briefly in Section 6.

We should remark that in very recent work, joint with Yehuda Koren [HHK],
the topological method we use here for coarsening has been changed, which,
together with some additional improvements makes it possible to deal easily,
and in fact much faster, with graphs of several thousand vertices. These results
will be published separately.

2 The Global/Dynamic Approach

Given a graph G = (V, E), with V = {v1, . . . , vn}, asking for a “nice” drawing of
G is an ill-posed problem. Certain regularity can be achieved by reformulating
the request as a minimization problem, in the following way. Each vertex vi

is identified with a point in the plane, ri = (r1
i , r2

i ), and an edge (vi, vj) will
be drawn as a straight line from ri to rj . Based on the graph structure, one
defines an energy functional (or cost function) H(r̄) = H(r1, r2, . . . , rn), which
is designed carefully to capture the interactions of the vertices and the edges in a
way that the most pleasant configuration thereof assigns H the minimum value.
A global/dynamic graph drawing algorithm is then simply a way of minimizing
H and finding its minimum energy configuration r̄∗.

A general approach to this search is the vertex-by-vertex minimization, or
relaxation. At each step of the process, the position of only one vertex, say
ri, is changed, keeping the positions of all others fixed. The new value of ri is
chosen so as to reduce H(r̄) as much as possible. Repeating this step for all
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vertices is called a relaxation sweep. By performing a sufficiently long sequence
of relaxation sweeps, one hopes to be able to get as close to r̄∗ as one wishes.
This minimization procedure, although seemingly quite reasonable, is actually
quite naive, and suffers from the following drawbacks:

– Slow convergence: In each relaxation, only a single vertex is allowed to move,
while all others are held fixed. Thus, many relaxations might be needed to
obtain a new configuration r̄ globally different from the initial configuration
r̄0. For graphs with n vertices, convergence to a minimum can take Ω(n2)
sweeps.

– High sweep cost: The energy functionals in question often contain Ω(n2)
summands, since they typically consider properties of each pair of vertex lo-
cations. This bounds from below the cost of the calculations in each sweep.
The cost, combined with the convergence time, yields a total of Ω(n4) oper-
ations.

– Convergence to local minima: Most kinds of minimization schemes, such
as vertex-by-vertex minimization, get easily trapped in local minima, thus
failing to lead to true minimal configurations. This phenomenon is espe-
cially severe when the energy functional has a multitude of local minima
and multi-scale attraction basins. In such cases, simple stochastic minimiza-
tion schemes, such as the simulated annealing of [DH], do not help either.

The algorithm we propose here does not utilize a cost function that purports
to capture aesthetics in a quantitive way. Rather, we use a relatively simple
procedure for local organization of neighborhoods, but in a multi-scale fashion,
with the scaling itself constituting the subtle part of the algorithm.

3 Multi-scale Representation and Relaxation

We first develop a notion of scale relevant to the graph drawing problem.
A natural strategy for drawing a graph nicely is to first consider an ab-

straction, disregarding some of the graph’s fine details. This abstraction is then
drawn, yielding a “rough” layout in which only the general structure is revealed.
Then the details are added and the layout is corrected. To employ such a strat-
egy it is crucial that the abstraction retain essential features of the graph. Thus,
one has to define the notion of coarse-scale representations of a graph, in which
the combinatorial structure is significantly simplified but features important for
visualization are well preserved. The drawing process will then “travel” between
these representations, and introduce multi-scale corrections.

Assuming we have already defined the multiple levels of coarsening, the general
structure of our strategy is as follows:

1. Perform fine-scale relocations of vertices that yield a locally organized con-
figuration.

2. Perform coarse-scale relocations (through local relocations in the coarse rep-
resentations), correcting global disorders not found in stage 1.
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3. Perform fine-scale relocations, correcting local disorders introduced by stage 2.

We now formalize the notion of multi-scale representations, and then de-
vise a natural family of relaxation schemes, determining the rules of interaction
between scales. The algorithm itself is presented in Section 4.

Multiple scales
Given a graph G = (V, E), we construct a sequence of graphs G = G0 =

(V0, E0), . . . , Gk = (Vk, Ek), where |Vi+1| = c|Vi|, for constant 0 < c < 1. The
graph Gi+1 is derived from Gi by edge contractions, which are defined later,
in such a way that the set Ei+1 of vertices of Gi+1 is the set {[u]|u ∈ Ei} of
equivalence classes, or clusters, of the vertices of Gi, by the relation that puts u
and v into the same class [u] = [v] whenever (u, v) ∈ Ei is a contracted edge.

The construction of Gi+1 from Gi is carried out iteratively: Taking Gi as the
initial graph G0 = Gi, in iteration l an edge (u, v) ∈ Gl is contracted, forming a
new graph Gl+1. The edge (u, v) is chosen to be optimal with respect to a cost
µ = µ(u, v), which is a convex combination of the following three objectives:

– The cluster number: Cl(u, v) = |CGl(u)|+ |CGl(v)|
– The degree number: D(u, v) = max (degGl(u), degGl(v))
– The homotopic number: Ho(u, v) = |{w ∈ Gl‖ (w, u), (w, v) ∈ EGl}|

The cost µ is devised so that the graph Gi+1, although being combinatorially
much simpler than Gi (containing significantly less vertices), captures some basic
topological properties. Minimizing the cluster number encourages uniform cover-
ing of Gi by Gi+1 with small clusters, thus preserving graph proportions. Namely,
for every pair of vertices u, v ∈ Vi, the distances satisfy dGi(u, v) ≈ dGi+1([u], [v]).
Minimizing the degree number encourages vertices in Gi with high degree to be
transformed unaltered to Gi+1; that is, for such a u we might have [u] = {u}.

Minimizing the homotopic number restricts Gi+1 so as not to “oversimplify”
Gi. In fact, it aims at preserving the Euler characteristic of Gi. The Euler charac-
teristic of a graph G = (V, E), denoted by χ(G) = |V | − |E|, determines (rather
surprisingly) a rather strong topological invariant of G, namely, its fundamental
group. This is a free group over a set of generators Y , with |Y | = 1 − χ(G).
Informally, one can view the fundamental group of a graph as characterizing its
cellular structure (or its structure as a labyrinth). Minimizing the reduction of
the value 1− χ (a contraction step can only decrease 1− χ) helps preserve the
cellular structure of the graph.

The sequence G0, . . . , Gk constitutes a multi-scale representation of the graph
G. We refer to graph Gi as the scale i representation of G.

Energy functionals
In each scale i the representation Gi is associated with a function Xi : Vi −→

R2, which we refer to as the scale i configuration of G. The relaxation scheme in
scale i acts on Xi, and is based on the heuristic that “nice” drawing relates to
“good” isometry. More precisely, a configuration X : V −→ R2 that preserves
combinatorial distances, i.e., for all u, v ∈ V , dG(u, v) ∼ ||X(u) − X(v)||, is



266 Ronny Hadany and David Harel

claimed to be “nice”. Accordingly, in every scale i we utilize an energy functional
of the form

Hi =
∑

u,v∈Vi

wuv(||Xi(u)−Xi(v)|| − hluv)2

Here h is a scaling factor, and the numbers wuv and luv are defined as follows.
In the initial scale (scale 0) luv is the combinatorial distance dG0(u, v) between
the vertices u and v in G0, and wuv = 1/dG0(u, v) for all u, v ∈ V0. The wuv and
luv for Hi+1 are obtained from those of Hi as follows. (For clarity we use A and
B to denote vertices of Gi+1.)

Hi+1 =
∑

A,B∈Vi+1

wAB(||Xi+1(A)−Xi+1(B)|| − hlAB)2

where

wAB =
∑

u∈A v∈B

wuv and lAB =
∑

u∈A v∈B wuv luv∑
u∈A v∈B wuv

Now, from Hi we derive a family {Hj
i | j = 1, . . . , diam(Gi)} of functionals:

Hj
i =

∑
u∈Vi

∑
dGi

(u,v)≤j

wuv(||Xi(u)−Xi(v)|| − hluv)2

Each functional Hj
i is a localization of the functional Hi, in the following sense.

If one thinks of luv, for u, v ∈ Vi, as a metric defined on Gi (except for scale 0,
luv is not necessarily a true metric), then the minimum configuration X∗

i with
respect to Hi is the best approximation of an isometry of Gi into R2. According
to this interpretation, it follows that the minimum configuration Xj

i

∗
of Hj

i is
the best approximation of a local isometry of Gi into R2. This minimum Xj

i

∗

is local, in the sense that it approximates an isometry only when restricted to
neighborhoods of radius ≤ j in Gi.

Relaxation scheme
For each scale i, we define an (i, j) relaxation sweep as follows. Visit the

vertices of Gi in some order, and for each vertex u ∈ Vi employ a steepest
descent minimization procedure with respect to the functional Hj

i . Namely, for
every vertex u, and on the basis of the current configuration Xi, first compute
the partial derivative of Hj

i with respect to Xi(u):

∂Hj
i

∂Xi(u)
=

∑
dGi

(u,v)≤j

||Xi(u)−Xi(v)||/h− luv

||Xi(u)−Xi(v)||/h
(Xi(u)−Xi(v))

Next, compute the unit vector

Du = − ∂Hj
i

∂Xi(u)

/ ∣∣∣∣
∣∣∣∣ ∂Hj

i

∂Xi(u)

∣∣∣∣
∣∣∣∣

Finally, change Xi(u) in the direction Du as long as the energy Hj
i is reduced.
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4 The Multi-scale Algorithm

The algorithm has two phases. The first contains preprocessing operations. It
constructs the representations G0, . . . , Gk and the functionals Hj

i . The second
phase is the drawing process, and consists of a recursive procedure with following
schematic structure:

1. pre-relaxation
2. gravitation
3. recursive call
4. interpolation
5. post-relaxation

At level i of the recursion, the algorithm acts on the representation Gi given
with an initial configuration X0

i . Step 1 is a sequence of (i, j) relaxation sweeps
for j = j0

1 , j0
2 , . . . , j0

l , where j0
1 ≤ j0

2 ≤ . . . ≤ j0
l , yielding a configuration X l

i . This
X l

i introduces a local improvement to X0
i , namely all neighborhoods of radius

≤ jl are better organized. In step 2, X l
i is transformed into a configuration X0

i+1

of the graph Gi+1, by assigning X0
i+1(u), for u ∈ Vi+1, the center of gravity of

all X l
i(v), for v ∈ [u] (hence the name “gravitation”):

X0
i+1(u) =

∑
v∈[u]

X l
i(v)

This X0
i+1 serves as an initial configuration for the next recursive level, carried

out on the graph Gi+1. The recursion in step 3 returns with a configuration Xf
i+1

of Gi+1. In step 4, this Xf
i+1 is transformed by interpolation into a configuration

X l+1
i of the graph Gi, by the translation

X l+1
i (u) = X l

i(u) + (Xf
i+1([u])−X0

i+1([u]))

We might say that a vertex u ∈ Vi inherits the movement of its parent [u] ∈
Gi+1. The configuration X l+1

i introduces an improvement to X l
i in a global sense,

but it might contain local disorders due to the interpolation. These are fixed in
step 4, by employing another sequence of (i, j) relaxation sweeps, this time for
j = j1

1 , j1
2 , . . . , j1

l′ , where 11 ≤ j1
2 ≤ . . . ≤ j1

l′ , yielding the configuration X l+l′+1
i .

The hope is that X l+l′+1
i will introduce both local and global improvements

to X0
i .

The complexity of the preprocessing phase of the algorithm depends heavily
on the implementation, but in any case it is dominated by the time taken to
construct the Hj

i functionals. The construction of Hj
i involves the calculation of

all pairs of shortest distances in G. If carried out naively, this can take O(V E),
where we write V and E for their sizes, |V | and |E|, respectively. Actually, the
algorithm works well with approximated shortest distances too, which is an easier
problem that can be solved in time O(V 2). Thus, a sophisticated implementation
can execute the first phase of the algorithm in O(V 2).
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As to the second phase, the complexity of an (i, j) relaxation sweep turns out
to be O(

∑
u∈Vi

|Γj(u)|), where Γj(u) = {v ∈ Vi | dGi(u, v) ≤ j}. Thus, |Γj(u)|
is the number of operations in the calculation of the partial derivative ∂Hj

i

∂Xi(u) . If
we require Gi to be of bounded degree ∆i, we have

O(
∑
u∈Vi

|Γj(u)|) ≤ O(|Vi||∆i|j) = O(Vi)

Hence, in such a case, at level i of the recursion, steps 1 and 5 together contribute
O(l|Vi||∆i|l)+O(l′|Vi||∆i|l′) = O(Vi). Applying gravitation to the configuration
of Gi to obtain that of Gi+1 (step 2), costs O(

∑
u∈Vi+1

|[u]|), where |[u]| is the
number of operations in the calculation of Xi+1(u) from Xi(v), for v ∈ [u]. If,
in the construction of Gi+1, we assume that the cluster sizes |[u]|, for u ∈ Vi+1,
are bounded, the contribution of the gravitation step will be O(Vi). Similar
considerations show that the cost of the interpolation (step 4) will also be O(Vi).

We conclude that the total cost of stage i in the recursion is O(Vi). Since we
employ a fixed number of scales, the overall complexity of the recursive procedure
is dominated by the cost of the first stage of the recursion, which is O(V ). Thus,
the preprocessing is quadratic in |V |, whereas the drawing process is linear in |V |.

5 Examples

We illustrate our approach with several examples. The algorithm was imple-
mented in C, and runs on a Silicon Graphics workstation. The drawing process
for the 400-vertex graphs, for example, take less than 5 seconds. The preprocess-
ing takes longer, of course. For each example, we show a number of final results
of the algorithm run with a number of varying levels of coarsening. For some
we also show the representations involved, i.e., the graph on a given scale after
carrying out the reduction in the number of vertices. In all examples, the initial
configuration was a random scattering.

The construction of the coarse-scale representations is carried out with the
cost

µ(u, v) = Cl(u, v) + Ho(u, v) + 2D(u, v)

We have set things up so that step 1 of the algorithm involves ten (i, j) sweeps,
for j = 1, 2 and 4, and step 5 involves ten (i, j) sweeps, for j = 4.

First we deal with one of the simplest kinds of graphs — a circle. Fig. 1
shows the results obtained for a 160-vertex circle. The left-hand column shows
the representations and the right-hand column shows the final outcomes, for 2, 3
and 4 levels of coarsening. Observe the improvement in the output as more scales
enter the game. This improvement becomes more global and the resemblance
between the output and a perfect circle is increased. Another way of viewing
the results is to think of the initial configuration (a random scatter) as suffering
from multi-scale disorders. Associated with each disorder is a natural scale, in
which the relaxation scheme ‘sees’ the disorder and deals with it effectively.
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The graph in Fig. 2 consists of 40 circles of 10 vertices each, concatenated in
a grand circle to form a 400-vertex torus. Again, note the gradual globalization
of the solution as more scales are involved. The middle solution, using three
coarsenings, has the torus ‘twisted’ in 3D space, although obviously the algorithm
knows nothing at all about 3D. Also, notice how the representations retain the
torus-like topology, even the coarsest one in the left-hand bottom part of the
figure.

Figs. 3 and 4 show the algorithm’s results on a 1000-vertex torus (100 cir-
cles of 10 vertices each) and a 1024-vertex torus (64 circles of 16 vertices each),
respectively. We have not included the representations here, just the final out-
comes.

This might be a good place to point out that we could have subjected the
outcomes shown in the paper to some relatively straightforward stochastic global
scheme (e.g., the simulated annealing algorithm of [DH]), in order to remove
minor distortions from the final layout. We have not done so, however, and show
the raw results as produced by the multi-scale method on its own.

We now turn to grids. These too are amenable to “multi-scale aesthetics”.
Fig. 5 shows the results obtained for a 400-vertex 20×20 grid, together with the
representations. Fig. 6 shows a 1024-vertex 32×32 grid without the representa-
tions.

Fig. 7 shows a 15×15 grid, in which the two pairs of opposite corners have
been connected by an edge. We show only the final result, obtained with three
levels of coursening. Such a graph, although combinatorially similar to a simple
grid, causes the algorithm to display more complicated behavior. The connected
corners interfere with the movement of other vertices, requiring more work in the
organization process. This is less significant on coarser scales, so that fortunately
it is overcome quite naturally by the multi-scale algorithm. Another consequence
of such a combinatorial structure is the possible appearance of a “deep” local
optimum “trap”. Again, this phenomenon is less significant as the number of
vertices is reduced and the combinatorial structure simplified, so that it too is
handled well by the algorithm when operating on coarse-scale representations of
the graph.

6 Discussion

The approach we describe in this paper is novel in several ways.
On the operational level, it is capable of handling large graphs containing

thousands of vertices, yielding interesting layouts — perhaps the “right” layouts,
and this in very acceptable time limits. For example, we are aware of no other
algorithm that can deal nearly as well with laying out the large torus and grid
graphs of Figs. 3, 4 and 6. (See also the remark at the end of the Introduction
about the very recent [HHK].)

On the conceptual level, our algorithm deals with a real-life, ill-defined prob-
lem, of the kind that seems to require carefully wrought heuristics. However, we
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2 levels: representation 2 levels: result

3 levels: representation 3 levels: result

4 levels: representation 4 levels: result

Fig. 1. 160-vertex circle
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2 levels: representation 2 levels: result

3 levels: representation 3 levels: result

4 levels: representation 4 levels: result

Fig. 2. 400-vertex torus (40×10)
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2 levels: result 4 levels: result

5 levels: result 6 levels: result

Fig. 3. 1000-vertex torus (100×10)
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2 levels: result 3 levels: result

4 levels: result 5 levels: result

Fig. 4. 1024-vertex torus (64×16)
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2 levels: representation 2 levels: result

3 levels: representation 3 levels: result

4 levels: representation 4 levels: result

Fig. 5. 400-vertex grid (20×20)
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2 levels: result 3 levels: result

4 levels: result 5 levels: result

Fig. 6. 1024-vertex grid (32×32)
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Fig. 7. 225-vertex grid with knotted corners

may argue that the algorithm deals with this problem in a heuristic free fash-
ion, in that it does not depend critically on a heuristic definition of “nice”. The
drawing process consists of relaxation steps and coarsening steps. In a relaxation
step, a local relaxation scheme is employed to organize small neighborhoods, and
when dealing with small enough neighborhoods it makes no real difference which
scheme is used. We can choose any of the the relaxation schemes in [E], [FR],
or [KK], for example, or even a stochastic relaxation scheme, such as simulated
annealing [DH]. The main argument is that in our approach the role of the re-
laxation steps is not to draw the entire graph, but merely to organize small
neighborhoods therein. The full picture “emerges” from the coarse-scales down
to the fine ones. Perhaps a good way to summarize this is to say that local neigh-
borhoods in coarser scales encapsulate global information about the finer scales.
And the algorithm is particularly suited to graphs that have this hard-to-define
multi-scale aesthetics property.

On the other hand, our work is far from being perfect, and should be ex-
tended and strengthened in several ways. For example, the construction of the
coarse-scale representations of the graph is carried out through a sequence of
edge contractions determined by specific criteria. Here we have used very basic
criteria, taking care of only the most vital topological properties that should
be preserved, namely, cluster size, vertex degree, and homotopy. Devising more
detailed criteria, that integrate higher level visual properties of the graph, will
surely improve the results for additional kinds of graphs. An example of a more
elaborate criterion has to do with edges connecting distant sections of the graph;
that is, edges whose removal from the graph will significantly increase the dis-
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tance between its two endpoint vertices. It might be wise not to contract such
edges. In fact, in [HHK] we use a simpler global criterion to achieve a rather
spectacular improvement.

Experimental work should be carried out in optimizing the performance of
the algorithm. One could try to distribute wisely the amount of relaxation work
between the scales, investing more relaxation sweeps in coarser scales. An in-
tersting parameter is the recursion index, namely, the number of recursive calls
on each level. Different values of this parameter determine the work distribution
between the scales. Simple recursion (i.e., a single recursive call), distributes
the work evenly between the scales. As the recursion index grows, the work is
concentrated in the coarser scales.

Another direction that should be looked into is the incorporation of stochas-
tics. One approach, hinted at earlier, would be to develop a hybrid system, in the
spirit of [SH]. It would link a deterministic multi-scale algorithm (such as ours)
to achieve a good first approximation of an optimal drawing with a stochastic
fine-tuning algorithm, such as simulated annealing with detailed beauty criteria.
Another approach would be to try to develop a “true” multi-scale simulated
annealing algorithm, in which the stochastic part is used throughout.
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Via Dodecaneso 35, 16146 Genova, Italy
ancona@disi.unige.it

http://www.disi.unige.it/person/AnconaM/

Abstract. Lai and Leinwand have shown that an arbitrary plane (i.e.,
embedded planar) graph G can be transformed, by adding crossover ver-
tices, into a new plane graph G′ admitting a rectangular dual. Moreover,
they conjectured that finding a minimum set of such crossover vertices
is an NP-complete problem. In this paper it is shown that the above
problem can be resolved in polynomial time by reducing it to a graph
covering problem, and an efficient algorithm for finding a minimum set
of edges on which to insert the crossover vertices is also presented.

1 Introduction

Rectangular dualization is a method for VLSI floorplanning which is concerned
with the allocation of space to component modules and their interconnections. A
floorplanning can be obtained by constructing the rectangular dual of the circuit
structure graph1. Each planar graph admits a dual graph: i.e. a graph composed
by non overlapping regions of the plane such that each region corresponds to a
vertex of the original graph and two regions are neighbors (i.e. share a common
boundary) if and only if the corresponding vertices in the original graph are
adjacent. When all regions are rectangles2, and their union is a rectangle too,
then the dual is called a rectangular dual. However, not all planar graphs admit
a rectangular dual.

The problem was studied in [2,3,6] by providing both conditions guarantee-
ing the existence of a rectangular dual and algorithms for its construction. We
suppose to start from a plane, i.e. planar embedded, and triangulated graph. The
problem of triangulating a planar graph has been studied in[6,4]. Each cycle of
a plane graph surrounds a region of the plane. An elementary region (i.e., not
including in its interior any vertex of G) is called a face.
1 A graph theoretic description of the circuit.
2 Four of them never meeting in a single point.

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 278–290, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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In a planar graph, each cycle of length three which is not a face is called a
separating triangle (ST hereafter). Each graph containing an ST does not admit a
rectangular dual. Lai and Leinwand [6] suggested to modify the graph by breaking
all STs by adding new crossover vertices on an edge of each ST. This breaking
adds new areas to the floor plan that are used only for interconnections, thus this
waste of space should be kept as low as possible. Lai and Leinwand conjectured
that the problem adding a minimum number of such crossover vertices is an
NP-complete problem, in this paper we show that the above problem can be
solved in polynomial time.
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Fig. 1. A triangulated graph G� which does not have RDG; and its dual
graph GT .

2 Background

A planar graph G = (V,E) is a graph that can be drawn on the plane with-
out crossing edges. A plane graph is planar embedding of a planar graph3. A
plane graph is composed of faces. The exterior face is unbounded and called the
outerface. If all the internal faces of G are triangles the graph is said to be trian-
gulated. A Rectangular Dual (RDG) of a n-vertex graph G = (V,E) is a rectangle
R partitioned into n non-overlapping rectangles with the following properties:

- each vertex i ∈ V corresponds to a distinct rectangle i in the RDG;
- (i, j) is an edge of E iff i and j are adjacent in R (that is they have either

an edge or part of it in common).
It is easy to see that some graphs do not admit RDG and for yet others it

is not unique. Kozminski and Kinnen determined the conditions to be fulfilled
3 We suppose that all edges incident to each vertex are listed in clockwise order.
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by a biconnected plane graph in order to admit an RDG[2] and developed an
algorithm for its construction.

Theorem 1. A biconnected plane graph G that (a) has all faces of degree 3, (b)
has all internal vertices with degree at least 4, and (c) all cycles in G that are
not faces have degree ≥ 4, has an RDG iff it has no more than 4 PICs4.

A cycle in G of length 3, which is not a face, is called a Separating Triangle
(an ST): a plane graph containing an ST does not admit an RDG [2]. Lai and
Leinwand were the first to propose to modify G by adding new vertices so as to
obtain a new graphG′ which does not contain STs [6]. They defined an algorithm
which finds and breaks each ST T in G by adding a new vertex to an edge of T .

In the next sections we show that an optimal breaking of all the STs in a plane
triangulated graph can be found in polynomial time. Our purpose is to modify
the graph as little as possible in order to obtain a graph which has an RDG.
We have found a polynomial algorithm which determines the minimum number
of vertices and their exact position. Our method is based on graph covering:

Definition 1. Given a simple non-directed graph G = (V,E), a matching is a
subset of edges M ⊂ E such that no two edges of M are adjacent. A covering is
a subset of edges C ⊂ E such that every vertex is the endpoint of at least one
edge of C. A maximum matching (minimum covering) is a matching (covering)
of maximum (minimum) cardinality.

3 The Method

Our method takes as input a plane triangulated graph G� (Figure 1 shows a
triangulated plane graph). The algorithm is divided into 3 steps:

Step 1: Dualization
Construction of the geometrical dual GT of G�. The vertices of GT corre-
spond to the internal faces of G�. There is an edge between two vertices a and
b of GT iff the corresponding faces in G� are adjacent, i.e. they share an edge.

Figure 1b shows the dual graphGT of the graph of Figure 1a. We describe the
algorithm referring to Figure 1, by starting from a triangulated plane graph G�,
i.e. a graph with all faces of length three. The construction of the geometrical
dual GT of G� is straightforward and it will not be described here: it is implicitly
performed in Step 2.

Step 2: Structuration
In this phase all STs are identified, and their geometrical relationship (i.e., if
they are adjacent or nested) is encoded. The associated structured graph GT =
(M,N,E) of GT is constructed (Algorithm 1), by recursively shrinking each
subgraph surrounded by an ST in G� into a single macrovertex (or macro for
short) of GT . The shrinking is recursively repeated until no more ST to be
4 A PIC, i.e. Corner Implying path, is a segment v1, v2, ..., vk of the outermost cycle
U of G such that (v1, vk) ∈ E − U and (vi, vj) /∈ E − U 1 < i, j < k.
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Fig. 2. The structured graph GT computed from Figure 1 and its hierarchical
structure.

contracted are found. Figure 2a shows the structured graph GT relative to Figure
1; for example the ST 1 − 4 − 36 is shrunk into macro M0

1 . The main problem
is to identify all STs and their mutual relationship; in fact, some of them are
adjacent, i.e. they share an edge, some are nested and eventually also adjacent. In
Figure 1a ST T1 = {20, 21, 22} is nested and adjacent to T2 = {23, 24, T1}, while
T3 = {25, 26, 27} is adjacent to T2. Finally ST T4 = {15, 16, 17} is nested, but
not adjacent into {11, 12, 13, ...17, 18, 19}. Note that two adjacent STs may be
broken by a single crossover vertex. GT encodes the relationship existing among
the STs of GT . More formally, GT is obtained by recursively shrinking a subset of
vertices W ⊂ V into a single new vertex w. The condensing operation produces
a new graph, called the reduced graph, whose set of vertices is V −W ∪ {w} (all
vertices of W are omitted and a new vertex w added to replace W ) and where
the edges are of the following form:

- (u, v) if u ∈ V −W and v ∈ V −W and (u, v) ∈ E;
- (u,w) if u ∈ V −W and there is a v ∈ W such that (u, v) ∈ E (all edges with
both endpoints in W are omitted). Vertex v is called a port of w, while edges
(u, v) (u,w) are identified by saying that edge (u, v) ≡ (u,w) is incident to
macro w into its port v5.

Intuitively a structured graph is a hierarchy of graphs connected by a parent-
child relation defined by the shrinking operation above6; formally a structured
graph can be recursively defined as follows:

Definition 2. A structured graph is a pair G = (T , G) where G is a graph and T
a tree of subgraphs of G such that: G0 = (M ∪N,E) is a simple graph called the
5 We draw (u, v) as a line entering w and terminating on v (see, for example, edge
32− 36 in Figure 2).

6 The parent graph is the reduced graph and the child the shrunk graph.
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restriction of G to level-0, or the root graph of G. N is a set of simple vertices,
while M is the set of level-0 macrovertices of G. Each macro m ∈ M is the
collapsing of a structured subgraph Gm of G. We say that Gm = Exp(m) is the
(structured) expansion of m. We also denote Gm = Gm[0] = Exp0(m) the root
graph7 of Gm.

The following definitions introduce some concepts about structured graphs
that will be used hereafter:

Definition 3. Given a structured graph G = (T , G) its restriction at level n is the
structured graph G(n) whose macrovertices of level � = n are considered simple
vertices (their internal structure is discarded). Note that G[0], also denoted G0,
is always a simple graph.

Definition 4. A vertex v (simple or macro) is at level 0 if it belongs to G0, it
is at level n > 0 if it belongs to the level 0 expansion of a macrovertex at level
n− 1. The level of a vertex v is denoted �(v).

For example (Figure 2) M2
411 is at level 2, while M0

2 is at level 08. A more
accurate description of structured graph is reported in [1].

Now we find an ST in G� and collapse it into a macrovertex M of GT by
obtaining a structured graph G1

T . By collapsing a new ST of G� we obtain
a second structured graph G2

T . By recursively collapsing all the ST of G� we
transform it into GT . The condensing operation is consistent for each Gi

T because
if ST1 = {t1, t2, .., tk} and ST2 = {t′1, t′2, ..., t′l} are two STs such that ST1∩ST2 �=
∅ then ST1 ⊆ ST2 or ST2 ⊆ ST1. In other words the construction of GT does
not depend on the order of finding and shrinking the STs. Each macrovertex
contains exactly three ports9, and three adjacent edges (Figure 5).
7 Also called the level-0 restriction of Gm.
8 We use symbol M i

j to denote the j macro belonging to level i.
9 A port may be a macrovertex.
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Fig. 4. Two RDGs from graph of Figure 3

Figure 5a shows an ST of G� while 5b its shrinking into a macrovertex
Mabc of GT . We now detail how to find all STs of G� and collapse them into a
macrovertex.

Definition 5. Two faces (i.e., elementary triangles) t1 and t2 of G� (vertices
of GT ) are said to be incident iff they share at least a vertex in G�. A path
(cycle) of faces is a sequence t1, . . . , tn of faces such that ti is incident to ti+1

for all i = 1, . . . , n− 1 (t1 = tn).

Definition 6. Two faces t1 and t2 are said to be adjacent if they share one edge
in G�.

In Figure 5a triangles t1 = A and t2 = b are incident, while A and a are
adjacent. Note that two adjacent faces are also incident, but two incident faces
are not necessary adjacent. It is immediate to show that:

Theorem 2. A cycle of three faces t1,t2 and t3 define a separating triangle
{v1, v2, v3} in G� if there exist another cycle of three faces T1, T2 and T3

10 such
that T1 is adjacent to t1, T2 is adjacent to t2 and T3 is adjacent to t3. In other
words T1, T2 and T3 define the same ST {v1, v2, v3} defined by t1, t2 and t3.
Moreover, if all vertices and adjacencies in G� are listed in clockwise order,
then three of the six triangles can be classified as internal triangles and three as
external triangles (see Figure 5).

From the above theorem we derive an algorithm for computing GT from G�.
The algorithm (procedure B STG) performs a double visit of the adjacency list
L(v) of each vertex v ∈ G� finding all cycles of length three through v. When a
cycle is found, if it is a face then a vertex t of GT is created otherwise the cycle
10 Some of the Ti or ti could be degenerated, i.e., coincident with the outer unbounded

infinite face.
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is an ST and the subgraph surrounded by it in G� originates a macro of GT (see
Figure 5b and procedure Create Macro).

The algorithm runs in time O(n2)11, where n is the number of vertices of G�.

Algorithm 1. Let a,b,c and A,B and C the internal and the external triangles
of an ST {v1,v2,v3} defined by Theorem 2 (see Figure 5).

procedure Create Macro(M: Macro;a,b,c,A,B,C: Face;v1,v2,v3: Vertex);

begin
New Macro(M,a,b,c); (* M is the created macro *)

(* a,b,c are the ports of M, A,B,C become adjacent to M *)

substitute A,B,C with NULL in a,b,c respectively;

(*disconnect the inner graph ports from the outer graph*)

substitute M with a,b,c in A,B,C respectively;

(* connect the outer graph to M *)

end Create Macro;

procedure B STG(v: vertex);

var w,z: vertex;

begin
for each w ∈ L(v) do

for each z ∈ L(v)− {w} adjacent to w do;
if is face(v,w,z) then Create Vertex(t,v,w,z)

else Create Macro(M,a,b,c,A,B,C,v,w,z)

end (* if *)

end (* inner for *)

end (* outer for *)

end B STG.

11 O(n3) when applied to all vertices of G�.
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While procedure Create Macro turn an ST in G� into a macrovertex of GT

(Figure 5).

Step 3: Optimal Breaking
Each edge e of G� corresponds to a single edge eT of GT . Finding a minimum
set of additional vertices to break all separating triangles is equivalent to the
problem of finding a minimum covering of the subset of macrovertices of GT .
This problem is called macro-covering of GT and is formulated and resolved in
the next session.

4 Covering in Structured Graphs

An optimal breaking of G� is now reduced to a covering problem in GT , i.e. to
the problem of finding a minimum number of edges incident to all macrovertices
of GT . Figure 3 shows two optimal breakings, derived from the two minimum sets
of edges that are incident to all macrovertices and Figure 4 shows the rectangular
duals derived from coverings and breakings in Figure 3. Finally, we will show
that a minimum macro-covering can be efficiently constructed by computing a
sequence of minimum weighted covering problems on each simple graph of GT

by visiting in postorder its hierarchy.

Definition 7. Given an undirected structured graph G = (T , G) then a macro-
covering on G is a collection K of edges of G, such that there is an edge e ∈ K
incident to each macrovertex m of G, i.e.:

- If m is at level 0, i.e. G[0] = (M ∪N,E) and m ∈ M , then there exists an
edge e ∈ E ∩ K incident to m;

- If m is at level n, then there exists a macrovertex u at level n′ < n such
that G0

u = Exp0(u) = (Mu ∪ Nu, Eu), m ∈ Mu and there exists an edge
e = (m,x) ∈ Eu ∩ K with x ∈ Nu ∪Mu ;

Definition 8. Given a (weighted) graph G; we define minimum (weighted) cov-
ering of G constrained to e = (u, v) ∈ E the problem of finding a minimum
(weighted) covering in G containing edge e. Intuitively we want to choose a
minimum (weighted) covering between the set of coverings which include the
edge e = (u, v). We also say that the above minimum covering is constrained
to e = (u, v).

Note that, in a structured graph, some edges are incident to more that two
vertices (when their endpoints are macrovertices). Such edges are hyper-edges
showing that structured graphs are a special case of hypergraphs. Moreover, the
minimum covering problem is NP-complete in general hypergraphs, while it runs
in polynomial time in simple graphs. What happens for our structured graphs? A
minimum macro-covering can be conveniently reduced to a minimum weighted
covering problem in simple graphs: with a bottom-up visit of the hierarchy of
GT weights are assigned to the three arcs incident to each macrovertex. Thus,



286 Anna Accornero et al.

36

M4
0

M2
411

41M 1

0

0
M 1

41

M2

411

M
0

4

M2

411

0
M1

41

0

0

1 M
0

4

0

0

1

so001.fig

32

36

3331

35 34

2930

27

30 29

35

31

32

34

33

27

32

31 33

35 34

30 29

36

27

tszz.fig

1

3

4

2 5

37

36

8

7 9

6
10

18

19

14

1311

12

16

15 17

32

33

35 34

31

30 29

20

22 21

24 23

27

26

25

28

M

M

M

M0

0

0

M
0

M1

1

2

3

5

M
6
0

4
0

31

51M

M2
411

1M21

1

0

0

01

1

1

0

1
1

0

0

1
0

1

0

1

0 0

0

0 0

0

1

41M 1

1

1

1
0

0

0

0

0

0

Fig. 6. Bottom-up computation of weights of macro M0
4 of Figure 2; weights

on GT .

macro-covering can be solved in polynomial time. The weight assigned to an edge
e = (u, v) is equal to the minimum number of edges to be added to Exp0(u) and
Exp0(v) if e is included into a minimum cover of GT

12. Such a number could
be computed by resolving a weighted minimum covering constrained to e, i.e. a
covering on Exp0(u) after removing all macrovertices covered by e13.

Algorithm 2. Computation of weights in GT . Method: visit in post-order the
hierarchy of GT and assign to each edge e = (u, v) incident to at least a macro (u
or v) the cost wu+wv+1, where wu (wv) is the solution of the minimum weighted
macro-covering problem on G

(e)
u = Exp0(u) (G

(e)
v = Exp0(v)), wu = 0 (wv = 0)

for simple vertices. G(e)
u is obtained from Gu = Exp0(u) by deleting all macros

covered by edge e, thus exposing some inner macrovertices with corresponding
weights.

For example, in Figure 6a.2, u = M1
41 is covered by edge e = (36, 32) and

G
(e)
u = ({29, 30, 31, 32}∪ {z}, {(29, z), (31, 32), (31, z)}) where z =M2

411. Proce-
dures Prune and Visit implement the algorithm. Weight wu and wv of edge
e = (u, v) are denoted e.w1 and e.w2 respectively (initially e.w1 = 0 and
e.w2 = 0). Procedure Cons Weight computes a minimum weighted covering on
F , by using appropriate weights W (e) = e.w1 + e.w2 + 1.

The covering is restricted to macrovertices, thus procedure Prune computes
G

(e)
m from Gm = Exp0(m) by including all macros and all adjacent simple ver-

tices with incident edges. The resulting graph may become disconnected, in this
case Cons Weight has to be activated on all the connected components. Figure
6 (example of Figure 2) shows the bottom-up computation of weights on M2

411,
M1

41 and M0
4 . The complete set of weights of GT are shown in Figure 3.

12 Exp0(u) = ∅ if u is a simple vertex.
13 Actually, a single (free) covering on Exp0(u) combined with weights of nested macros

is sufficient to this aim.
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procedure Prune(var F:Graph; N: Macro);

var x:vertex; G: Graph; V: SetOfVertex; G: SetOfEdge;

begin
let G = (N ∪ M, E) =Exp0(N);

V:=M ∪ Ports(N);(* start with macros and ports*)

for each m ∈ M do
for each v ∈ L(m) do

V:=V ∪ {v}; E ∪ {(m, v)}
end for; (* inner*)

end for;(* outer*)

V:=V ∪ {P1,P2,P3};(* add external ports*)

E:=E∪{e1,e2,e3};(* and entering edges*)

F:=(V,E);

end Prune;

procedure Visit(G: ST Graph);

var w:integer;F, G : Graph;

begin
let G:=G0; (* restriction to level 0 *)

for each macro N ∈ G do
Visit(Exp0(G)); (* expansion of N *)

Prune(F,N);

for each edge e incident to N do (* exactly 3 edges *)

G:=F(e);(* delete macros broken by e*)

w:=Cons Weight(G); (*W(e) = e.w1+ e.w2+ 1*)

end for;
if e = (N, v) then e.w1:=w else e.w2:=w endif

end for (* macro *);

end Visit;

Cons Weight computes a weighted optimal graph covering in polynomial time
(O(n3) [8]). Let ni be the number of vertices of each macro, for i = 0, . . . ,m,
where m is the number of macros in GT . It can be shown that

∑m
0 ni = n+m,

thus
∑m

0 n3
i << (n +m)3 (n0 is the number of vertices of the root graph). It

follows that our method is faster than computing a single minimum covering on
a single graph of the size of GT .

Algorithm 3. Computation of the minimum macro-covering Γ of GT . Let Γ 0

a solution of the minimum weighted macro-covering problem on G0 restriction
of GT at level 0, computed by Algorithm 2. Then W (Γ 0) is the minimum number
of edges covering GT such that |Γ | =W (Γ 0). Method:

a) Let Γ := Γ 0;
b) Visit in preorder the hierarchy of GT and for each macro M of GT let
e ∈ Γ be an edge of minimum weight w(e) incident into M . Then let Γ :=
Γ ∪ Γe(M), where Γe(M) is the minimum weighted covering of Exp0(M)
(the expansion graph of M) constrained to e.
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procedure M Covering(Var Γ: Set of edge;M: Macro-vertex);

begin
for each macro N ∈ Exp0(M) do

let e ∈ Γ an edge incident to M;

Γ := Γ ∪ Γe(M);
M Covering(Γ,N);

end for;
end M Covering;

It is immediate to verify that the above algorithm runs in polynomial time.

Theorem 3. The cardinality of macro-covering Γ on GT , computed by the above
algorithm, is minimum.

Proof. The proof can be obtained inductively from the leaves to the root on the
hierarchy of GT by observing that:
a) From the definition of weight it follows that, for each macroM at level l, the
weight w(e) of each edge e incident to a macro N ∈ Exp(M) (or two macros N1

and N2) represents the number of edges to be added to each local optimal solution
S at level l+1 in Exp(N) (or Exp(N1) and Exp(N2)), when e is included into
S (e itself is included in w(e)).
b) The minimum and unconstrained weighted covering on the root graph GT [0]
represents the minimum number of edges belonging to each optimal macro-
covering of GT .
c) the optimal covering C may be constructed by collecting in a top-down visit
of the hierarchy, all the edges, belonging to the local solutions constrained to
each edge inserted in S, during the visit of the parent graph.

Definition 9. A breaking of a plane graph G = (V,E) is subset Γ of E such
that each ST in G has at least an edge in Γ .

The following Lemma asserts that each optimal breaking of G� is equivalent
to a macro-covering of GT and viceversa.

Lemma 1. There is a 1-1 correspondence ℘ mapping each breaking Γ of G into
a macro-covering Θ of GT . Moreover, if Γ is optimal then also Θ is optimal, i.e.
|Θ| is minimum and viceversa.

Proof. For each e ∈ Γ let ℘(e) = (t1, t2) where t1 and t2 are the two triangles
mutually adjacent in G through e. Obviously, ℘ is 1-1 because to each edge of E
there correspond a unique pair of triangles in G� and GT adjacent through it.
(⇒) Let π be the 1-1 mapping defined by Algorithm 1 and mapping each ST S
in G into a macro M = π(S) of GT , and Γ a breaking of G. Then, for each
S = {v1, v2, v3} in G there is an edge of S, let it e = (v1, v2), belonging to Γ .
Let (t, T ) respectively the internal and external triangles mutually adjacent via e.
Then t is a port and T the adjacent external vertex of the macrovertex M = π(S)
constructed from S. It follows that there is an edge (T,M) ≡ (T, t) incident to
M in GT , i.e. Θ = {e′|e′ = ℘(e)&e ∈ Γ} is a macro-covering of GT .
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(⇐)Let Θ be a macro-covering of GT and θ ∈ Θ and edge θ = (t0,M) where M
is a macrovertex of GT . Let S = π−1(M) the ST of G from which M has been
built. Them M has a port p0 on which θ is incident. Both t0 and p0 could be
macros. In this case they have a port t1 and p1 that, in turn, may be a macro.
By iterating this reasoning we obtain two simple vertices in GT tl and pk internal
to two sequences of macros t0, t1, ..., tl−1 and p0, p1, ..., pk−1 respectively. From
Algorithm 1 it follows that tl and pk are two faces of G such that tl is an external
face of all STs π−1(M) and π−1(pi), i = 0, ..., k−1. Then, tl and pk are adjacent
and their common edge in G say (v, w) is a breaking edge for all the above STs.
Moreover, by exchanging the role of pk with that of tl we can show that (v, w) is
a breaking edge for all STs π−1(ti), i = 0, ..., l − 1. Thus, we can say that each
θ ∈ Θ there corresponds a unique edge ℘−1(θ) in G that breaks all STs associated
by π−1 to all macros on which θ is incident. It follows that Γ = ℘−1(Θ) is a
breaking of G.

Optimality
(⇒)The optimality of Θ = ℘ < Γ >= {θ|θ = ℘(γ) γ ∈ Γ} follows from the
optimality of Γ : otherwise there would exist a macro-covering Ψ of GT such that
|Ψ | < |Θ|. This implies that ∆ = ℘−1(Ψ) is a breaking of G such that |Ψ | < |Γ |
that is a contradiction.
(⇐)The optimality of Γ = ℘−1 < Θ > follows by that of Θ in a similar way, for
the injectivity of ℘.

5 Conclusions

In this paper we have shown that all the STs in a plane and triangulated graph
can be optimally broken in polynomial time. The problem is reduced to the
solution an optimal weighted covering of a hierarchy of simple graphs. Even if the
complexity of the available algorithms for resolving the latter problem is O(n3)
(where n = |V |)14 [8], the divide and conquer approach proposed here, partitions
the graph into a hierarchy of small graphs, making the method effectively usable
on very large graphs like that used in VLSI design.
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Abstract. In random geometric graphs, vertices are randomly distribu-
ted on [0, 1]2 and pairs of vertices are connected by edges whenever they
are sufficiently close together. Layout problems seek a linear ordering
of the vertices of a graph such that a certain measure is minimized.
In this paper, we study several layout problems on random geometric
graphs: Bandwidth, Minimum Linear Arrangement, Minimum Cut, Min-
imum Sum Cut, Vertex Separation and Bisection. We first prove that
some of these problems remain NP-complete even for geometric graphs.
Afterwards, we compute lower bounds that hold with high probability
on random geometric graphs. Finally, we characterize the probabilistic
behavior of the lexicographic ordering for our layout problems on the
class of random geometric graphs.

1 Introduction

Several well-known optimization problems on graphs can be formulated as Lay-
out Problems. Their goal is to find a linear ordering (layout) of the nodes of an
input graph such that a certain measure is minimized. Graph layout problems
are an important class of problems with many different applications in Com-
puter Science [4], Biology [14], Archaeology [3] and Linear Algebra [19]. Finding
an optimal layout is NP-hard in general, and therefore it is natural to develop
and analyze efficient methods that give good approximations in practice. How-
ever, evaluating heuristics as simulated annealing, greedy algorithms or spectral
methods is a hard task [17,18].

A standard way of analyzing the efficiency of an heuristic algorithm is to
evaluate its performance on random instances. Two classes of random instances
have been widely used in the literature to enable comparisons of algorithms for
layout and partitioning problems: random graphs and random geometric graphs.
We denote the former class by Gn,p, where n represents the number of nodes
and p is the probability of the existence of each possible edge. Random graphs
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Gn,p have received much attention and together with the probabilistic method
have become a powerful tool in combinatorics (see e.g. [1]). The approximation
properties of sparse random graphs for different layout problems are considered
in [8,19] and partitioning algorithms for random graphs are studied in [5,6]. On
the other hand, we denote the class of random geometric graphs as Gn(r), where
n is the number of vertices and r is called the radius. The vertices of a ran-
dom geometric graph correspond to n points randomly distributed on the unit
square. Each of its possible edges appears if and only if the distance between
their two end-points is at most r. Random geometric graphs are considered a
relevant abstraction to model graphs that occur in practice in real applications,
such as finite element graphs, VLSI circuits, and communication graphs [11,12].
Moreover, since for many problems Gn,p random graphs do not serve to differ-
entiate good from bad heuristics [8,6,19], random geometric graphs offer a good
alternative. Even though many empirical studies have used random models of
geometric graphs [11,18,12], its theoretical study has mainly focussed on pa-
rameters as their clique number or chromatic number, or in their connectivity
properties [16].

In this paper, we are concerned with bounds for several layout measures
on random geometric graphs. The layout problems that we consider are: Band-
width, Minimum Linear Arrangement, Minimum Cut, Minimum Sum Cut, and
Vertex Separation. We also consider the Bisection problem, which is a partition-
ing problem, but can be also treated as a layout problem. All these problems,
formally defined in Section 2, are NP-complete. In Section 3, we prove that
some of them remain NP-complete even for geometric instances. In Section 4,
we compute lower bounds that hold with high probability on random geometric
graphs. Afterwards, we obtain tight bounds on the cost of the projection order-
ing that is obtained by the projection of each node of a given random geometric
graph into the x-axis. Section 5 analyzes this ordering. Our main result is the
fact that the projection ordering is, with high probability, a constant approxima-
tion algorithm for our layout problems on the class of random geometric graphs
considered here.

2 Definitions

We always consider undirected graphs without self loops. A layout ϕ on a graph
G = (V,E) is a one-to-one function ϕ : V → [n] = {1, . . . , n} with n = |V |.
Given a graph G and a layout ϕ on G, let us define:

L(i, ϕ,G) = {u ∈ V (G) : ϕ(u) ≤ i}
R(i, ϕ,G) = {u ∈ V (G) : ϕ(u) > i}
θ(i, ϕ,G) = {uv ∈ E(G) : u ∈ L(i, ϕ,G) ∧ v ∈ R(i, ϕ,G)}
δ(i, ϕ,G) = {u ∈ L(i, ϕ,G) : ∃v ∈ R(i, ϕ,G) : uv ∈ E(G)}

λ(uv, ϕ,G) = |ϕ(u)− ϕ(v)| where uv ∈ E(G).
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Fig. 1. A graph and a layout.

The problems we consider and their associated measures are:

• Bandwidth (Bandwidth): Given a graph G = (V,E), find minbw(G) =
minϕ bw(ϕ,G) where bw(ϕ,G) = maxuv∈E λ(uv, ϕ,G).
• Minimum Linear Arrangement (MinLA): Given a graph G = (V,E), find

minla(G) = minϕ la(ϕ,G) where la(ϕ,G) =
∑

uv∈E λ(uv, ϕ,G) =∑n
i=1 |θ(i, ϕ,G)|.

• Minimum Cut Width (MinCut): Given a graph G = (V,E), find
mincut(G) = minϕ cut(ϕ,G) where cut(ϕ,G) = maxn

i=1 |θ(i, ϕ,G)|.
• Vertex Separation (VertSep): Given a graph G = (V,E), find minvs(G) =
minϕ vs(ϕ,G) where vs(ϕ,G) = maxn

i=1 |δ(i, ϕ,G)|.
• Minimum Sum Cut (MinSumCut): Given a graph G = (V,E), find

minsc(G) = minϕ sc(ϕ,G) where sc(ϕ,G) =
∑n

i=1 |δ(i, ϕ,G)|.
• Bisection (Bisection): Given a graph G = (V,E), find minbis(G)
= minϕ bis(ϕ,G) where bis(ϕ,G) = |θ(�n/2
, ϕ,G)|.

It is well known that all the above problems are NP-complete for general
graphs [9,10,13].

We introduce now several classes of geometric graphs on the plane. These
graphs depend on which kind of norm is used to measure distances. Under the
l2 norm (the Euclidean norm), the distance between two points (x1, y1) and
(x2, y2) is ((x1 − x2)2 + (y1 − y2)2)1/2. Under the l∞ norm, their distance is
max{|x1 − x2|, |y1 − y2|}.

A graph is a unit disk graph if each vertex can be mapped to a closed, unit
diameter disk in the plane such that two vertices are adjacent (in the graph)
if and only their corresponding disks intersect (in the plane). A graph is a grid
graph if it is a node-induced finite subgraph of the infinite grid. Observe that
grid graphs are unit disk graphs both in l2 and l∞: it suffices to associate each
node of the grid with a disk or a square (see Figure 2).

We define the class of random geometric graphs Gn(rn) as the graphs of
n nodes that can be obtained from the following experiment: Let the set Xn

consist of n points sampled uniformly and independently at random from the
unit square ([0, 1]2); the nodes of the graph correspond to those points, and the
edges of the graph connect pairs of distinct points whose distance is at most
rn (a random geometric graph is shown in Figure 3). Random geometric graphs
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(a) Grid graph (b) l1 (c) l2 (d) l∞

Fig. 2. Any grid graph is a unit disk graph in l1, l2 and l∞.

induce a probability distribution on unit disk graphs. Observe that, under this
distribution, grid graphs have some positive probability.

All through this paper, we use the l∞ norm. Furthermore, in the following
we restrict our attention to the case

rn =
√
an

n
where an = bn logn with bn →∞ and bn = O

(√
logn

)
.

It is important to remark that through this choice, the construction of sparse but
connected graphs is guaranteed: Define the connectivity distance ρn of a random
geometric graph by ρn = inf{r | G ∈ Gn(r) is connected}. It is known [2] that
as n→∞,

(√
n/logn

)
ρn converges to 1

2 almost surely.

Fig. 3. A random geometric graph.

3 Complexity Results

In this section we will consider the decisional counterparts of the optimization
problems previously defined. Let us show now that some of the layout problems
we consider are still hard to solve efficiently, even when restricted to geometric
instances.
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Theorem 1. Bandwidth, MinCut and VertSep remain NP-complete even
when restricted to grid graphs (and therefore, even when restricted to unit disk
graphs).

We could not obtain similar results for MinSumCut, MinLA and Bisec-
tion. However, for the Bisection problem, we are able to give a weak result:

Theorem 2. If the Bisection problem is NP-complete even when restricted to
planar graphs with maximum vertex degree 4, then Bisection is NP-complete
even when restricted to unit disk graphs.

The proof of these results will be given in the full version of this paper. Re-
mark that Papadimitriou and Sideri [15] conjecture the hypothesis of Theorem 2,
which is an important open problem.

4 Lower Bounds

In this section we find asymptotic lower bounds for the optimum cost of our
various layout problems. As said, we take rn =

√
an/n where an = bn logn with

bn →∞ as n→∞ and bn = O
(√

logn
)
. We consider a collection Xn of n points

independently uniformly distributed in the unit square [0, 1]2. Consider �2/rn
2
little boxes of size 1

2rn×
1
2rn placed packed in [0, 1]2 starting at (0, 0). Notice that,

by construction, any two points of Xn in neighboring boxes (including diagonal
neighbors) will be connected by an edge in the geometric graph induced by Xn.

Definition 1. Given ε ∈
(
0, 1

2

)
, let us say that a configuration of n points in

the unit square is ε-nice if every box has at least 1
4 (1 − ε)an points and at most

1
4 (1 + ε)an points.

Using Chernoff’s bounds and Boole’s inequality, it is possible to show that,
given any ε ∈

(
0, 1

2

)
, Pr [Xn is ε-nice]→ 1 as n tends to infinity.

Proposition 1. Let ε ∈
(
0, 1

2

)
. Then for all large enough n, for any ε-nice

geometric graph G with n nodes, and any layout ϕ of G, and any integer i ∈{
� 14n�, . . . , �

3
4n


}
, we have |θ(i, ϕ,G)| ≥ 3

64 (1− ε)3n1/2a
3/2
n .

Proof. Consider n points in an ε-nice configuration, and take an arbitrary or-
dering ϕ of the n points. Let α = i/n and assume α ∈

[
1
4 ,

3
4

]
. Call the first i

points in the ordering “red” and the others “green”. Let Rn be the set of boxes
containing at least 1

4βan red points (red boxes), and let Gn be the set of boxes
containing fewer than 1

4βan red points (green boxes) with β = 1
2 (1 − ε). Define

u, v, w and t such that un is the number of green points in red boxes, vn is
the number of red points in red boxes, wn is the number of red points in green
boxes, and tn is the number of green points in green boxes. According to these
definitions, v + w = α and u + t = 1 − α. Moreover, as G is ε-nice, each box
contains 1

4 (1− ε)an or more points. Therefore, each green box contains at least
1
4 (1− ε− β)an = 1

4βan green points.
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Observe that |θ(i, ϕ,G)| is the total number of edges between opposite color
points. Let us refer to such edges as “within-box” if the points in question lie
in the same box, or “between-box” if not. Let C1 (respectively C2) denote the
contribution to |θ(i, ϕ,G)| from within-box edges that are within green boxes
(respectively, red boxes). Each red point in a green box is connected, at least, to
all the green points of its own box, and there are wn red points in all the green
boxes. As a consequence, C1 ≥ 1

4wnβan. Similarly, C2 ≥ 1
4unβan.

Let C3 denote the contribution to |θ(i, ϕ,G)| of between-box edges. As, by
ε-niceness, no box can contain more than 1

4 (1+ ε)an points and there are vn red
points in red boxes and tn green points in green boxes, we have

|Rn| ≥
vn

1
4 (1 + ε)an

=
4v

(1 + ε)r2n
and |Gn| ≥

tn
1
4 (1 + ε)an

=
4t

(1 + ε)r2n
.

Let ∂G denote the number of pairs of neighbor boxes of opposite colors in G.
We have

C3 ≥ ∂G(1
4βan)(1

4βan) = ∂G (1−ε)2

64 a2
n.

The following isoperimetric inequality, giving a lower bound for ∂G, can be
proved along the following lines. If Gn includes and entirely green row of boxes,
and Rn includes an entirely red row of boxes, then each column includes a red-
green neighbor pair of boxes, which contributes at least 3 to ∂G (remember
diagonal neighbors are counted) except for the pair in the right-most column
which contributes 1, so that ∂G ≥ 3�2/rn
 − 2. If Rn containes no entirely
red row or column, and more rows than columns have non-empty intersection
with Rn, then there are at least

√
|Rn| such rows, and each contains a red-

green neighbor pair which contributes at least 3 to ∂G, so that ∂G ≥ 3
√
|Rn|.

Combining these and analogous cases we have

∂G ≥ min
{
3
√
|Rn|, 3

√
|Gn|, 3

⌊
2
rn

⌋
− 2

}
≥ 3min

{√
|Rn|,

√
|Gn|

}

≥ 6
rn

min

{√
v

1 + ε
,

√
t

1 + ε

}
.

Using the results obtained so far, we obtain

|θ(i, ϕ,G)| ≥ C1 + C2 + C3 ≥ An(u+ w) +Bn min
{√

v,
√
t
}

where An = 1−ε
8 nan and Bn = 3

32a
3/2
n n1/2(1 − ε)2(1 + ε)−1/2.

Remember that u+t = 1−α, v+w = α and α ∈
[

1
4 ,

3
4

]
. When t < (1−α)(1−ε)

we have u ≥ 1
4ε. When v < α(1 − ε), we have w ≥ 1

4ε. In both cases

|θ(i, ϕ,G)| ≥ An(u + w) ≥ 1
4εAn.

Finally, when v ≥ α(1 − ε) and t ≥ (1− α)(1 − ε), we have

|θ(i, ϕ,G)| ≥ Bn min
{√

v,
√
t
}
≥ Bn min

{√
α,

√
(1− α)

}√
1− ε.
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Since we assume α ∈
[
1
4 ,

3
4

]
, we have min

{√
α,

√
(1− α)

}
≥ 1

2 . Hence, as An

grows faster than Bn since an/n→ 0, joining these three cases we get for n big
enough that

|θ(i, ϕ,G)| ≥ min
{

1
4εAn,

1
2Bn

√
1− ε

}
≥ 3

64a
3/2
n n1/2(1− ε)3. ✷

Theorem 3 (Lower bounds). Let ε ∈ (0, 1
2 ). Then for n big enough, the

following lower bounds hold for any ε-nice geometric graph G with n vertices:

minbis(G)

n1/2a
3/2
n

≥ 3
64 (1− ε)

−3 (lb1)

mincut(G)

n1/2a
3/2
n

≥ 3
64 (1− ε)

−3 (lb2)

minla(G)

n3/2a
3/2
n

≥ 3
128 (1− ε)

−3(1− 4n−1) (lb3)

minvs(G)

n1/2a
1/2
n

≥ 3
400 (1− ε)

−4 (lb4)

minsc(G)

n3/2a
1/2
n

≥ 3
800 (1 + ε)

−4(1− 4n−1) (lb5)

minbw(G)

n1/2a
1/2
n

≥ 3
400 (1− ε)

−4 (lb6)

Proof. The proof of (lb1) and (lb2) is directly obtained from Proposition 1. To
prove (lb3), take any layout ϕ; using Proposition 1, we have:

la(ϕ,G) ≥
�3n/4�∑

i=�n/4�
|θ(i, ϕ,G)| ≥

(
1
2n− 2

)
3
64 (1− ε)

−3n1/2a3/2
n .

To prove (lb4), let ∆ be the degree of the graph (i.e. the maximum degree
of its vertices). Then, for any layout ϕ and any i ∈ [n], we have |δ(i, ϕ,G)| ≥
|θ(i, ϕ,G)|/∆. For any ε-nice graph,∆ ≤ 25

4 (1+ε)an. Therefore, by Proposition 1,
for any layout ϕ and any i with 1

4n ≤ i ≤ 3
4n, we have |δ(i, ϕ,G)| ≥ 3

400 (1 −
ε)−4n1/2a

1/2
n , implying (lb4), and also (lb5) since

sc(ϕ,G) ≥
�3n/4�∑

i=�n/4�
|δ(i, ϕ,G)| ≥

(
1
2n− 2

)
3

400 (1 − ε)
−4n1/2a1/2

n .

Finally, let us prove that (lb6) holds. Before the node at position i, 1
4n ≤ i ≤

3
4n,

there have to be at least |δ(i, ϕ,G)| nodes, all of them connected with some other
nodes located after the position i. So, the first of these |δ(i, ϕ,G)| nodes must
have an edge that jumps at least |δ(i, ϕ,G)| nodes. In other words, for any layout
ϕ there is an edge uv ∈ E(G) with λ(uv, ϕ,G) ≥ |δ(i, ϕ,G)|. Thus (lb6) follows
from (lb4).
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5 The Projection Ordering

In this section, we characterize the behavior of the projection ordering. Recall
that the projection ordering is obtained through the projection of the nodes on
the x-axis. Another way to see this ordering is to sweep a vertical line starting
from x = 0 to x = 1, numbering vertices in the order the line touches them. As in
the previous section, we consider a collection Xn of n points independently and
uniformly distributed in the unit square [0, 1]2 and work in the case rn =

√
an/n

where an = bn log n with bn → ∞ and bn = O
(√

logn
)
. The coordinates of a

point u are denoted x(u) and y(u). We dissect the unit square in boxes of size
γrn × γrn with γ = 1/k for some large enough integer k. Let t = n/(γ2an)
denote the total number of boxes. Without loss of generality, we will suppose
that 1/(γrn) and t are integers.

Definition 2. A set Xn of n points in [0, 1]2 is said to be γ-good if every box
contains no less than p− = (1−γ)γ2an points and no more than p+ = (1+γ)γ2an

points. In this case, the random geometric graph induced by Xn is also said to
be γ-good.

Later we will prove that with high probability, random geometric graphs are
γ-good for any γ ∈ (0, 1

2 ). The behavior of the Projection ordering on γ-good
graphs is characterized by the following result:

Theorem 4. Let Gn be a sequence of γ-good graphs with n vertices, and let π
be the projection layout on Gn. Then, for any ε ∈ (0, 1

2 ) and for any measure
f ∈ {bw,vs, sc,cut,bis, la}, we have

1− ε ≤
(
lim

n→∞
f(π,Gn)
Af

)
≤ 1 + ε

where

Abw = n1/2a1/2
n , Avs = n1/2a1/2

n , Asc = n3/2a1/2
n ,

Acut = n1/2a3/2
n , Abis = n1/2a3/2

n , Ala = n3/2a3/2
n .

5.1 Upper Bounds on the Projection Ordering

Definition 3. Consider the geometric graph G induced by Xn. Given a node
u from G, let θ(u) denote the cut induced by the projected layout π on u, that
is, the number of edges vw such that x(v) ≤ x(u) and x(u) < x(w). Given an
edge uv from G, let λ(uv) denote the length induced by the π on uv, that is, the
number of nodes w such that x(u) < x(w) and x(w) < x(v).

Lemma 1. For any node u and for any edge uv of any γ-good graph, we have
that

θ(u) ≤ cθ(γ) · n1/2a3/2
n and λ(uv) ≤ cλ(γ) · n1/2a1/2

n

where limγ→0 cθ(γ) = 1 and limγ→0 cλ(γ) = 1.
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Proof. Every possible edge is between boxes with centers at distance at most rn.
Thus,

θ(u) ≤
1/γ∑

i=0

(
1
γ
− i+ 1

) (
2
γ
+ 1

)
1
γrn
· p2+ ≤ cθ(γ) · n1/2a3/2

n .

On the other hand, λ(uv) is bounded above by the number of possible nodes in
the columns of boxes between the column of u and the column of v. Thus,

λ(uv) ≤ p+
(
1
γ
+ 2

)
1
γrn
≤ cλ(γ) · n1/2a1/2

n .

Corollary 1. For any γ-good graph G with n nodes, the following upper bounds
on the cost of the projected layout π of G hold:

cut(π,G) ≤ cθ(γ) · n1/2a3/2
n (ub1)

bis(π,G) ≤ cθ(γ) · n1/2a3/2
n (ub2)

bw(π,G) ≤ cλ(γ) · n1/2a1/2
n (ub3)

la(π,G) ≤ cθ(γ) · n3/2a3/2
n (ub4)

vs(π,G) ≤ cλ(γ) · n1/2a1/2
n (ub5)

sc(π,G) ≤ cλ(γ) · n3/2a3/2
n (ub6)

Proof. Bounds (ub1), (ub2) and (ub3) follow directly from Lemma 1. Bounds
(ub4), (ub5) and (ub6) hold because for any layout ϕ, we have la(ϕ,G) ≤
n · cut(ϕ,G), vs(ϕ,G) ≤ bw(ϕ,G) and sc(ϕ,G) ≤ n · vs(ϕ,G).

5.2 Lower Bounds on the Projection Ordering

Lemma 2. For any sequence Gn of γ-good graphs with n vertices, the following
lower bounds on the cost of the projected layout π of Gn hold:

bw(π,Gn)

n1/2a
1/2
n

≥ c1(γ) (lb1)

vs(π,Gn)

n1/2a
1/2
n

≥ c2(γ) (lb2)

lim inf
n→∞

sc(π,Gn)

n3/2a
1/2
n

≥ c3(γ) (lb3)

lim inf
n→∞

cut(π,Gn)

n1/2a
3/2
n

≥ c4(γ) (lb4)

lim inf
n→∞

bis(π,Gn)

n1/2a
3/2
n

≥ c5(γ) (lb5)

lim inf
n→∞

la(π,Gn)

n3/2a
3/2
n

≥ c6(γ) (lb6)

where ci(γ) are functions that only depend on γ and such that limγ→0 ci(γ) = 1.
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Proof. Let G be a γ-good graph with n vertices. Let us prove (lb1). Consider a
node u far enough from the square boundaries (u exists because of goodness).
This node will be connected with some other node v which is located k − 1
columns away from the column of u (v also exists because of goodness). The
length of the edge uv in the projected layout π is certainly larger than the total
number of nodes located at columns between the column of u and the column
of v:

λ(π, uv,G) ≥ p− · (k − 2) · 1
γrn
≥ (γ − 1)(2γ − 1) · a1/2

n n1/2.

As bw(π,G) is the maximal edge length, we obtain the claimed bound.
Let us give a proof of (lb2). Consider any node u far enough of the square

boundaries. All the nodes in the k− 2 columns preceding the columns of u must
be connected to some node in the next column after the column of u. Therefore,

vs(π,G) ≥ p− · (k − 2) · 1
γrn
≥ (γ − 1)(2γ − 1) · a1/2

n n1/2.

Let us prove (lb3). We can extend the previous proof to all the points which
are away from the left and the right borders of the unit square:

sc(π,G) ≥ p−
(

1
γrn

) (
1
γrn
− 2k

) (
p− · (k − 2) · 1

γrn

)
.

In this case,

lim
n→∞

sc(π,G)

n3/2a
1/2
n

≥ 1− 4γ + 5γ2 − 2γ3.

We prove now (lb4) and (lb5). Take any node u in the central part of [0, 1]2.
We have

cut(π,G) ≥
k−2∑

i=1

p2−(k − i− 1)
(

1
γrn
− 2k

)
2k.

Therefore,

lim
n→∞

cut(π,G)

n1/2a
3/2
n

≥ 1− 5γ + 9γ2 − 7γ3 + 2γ4.

As the �n/2�-th node of the projected layout must be in the central part of
[0, 1]2, we have also that limn→∞

bis(π,G)

n1/2a
3/2
n

≥ 1− 5γ + 9γ2 − 7γ3 + 2γ4.

Finally, let us prove (lb6). We can extend the cut width proof to all the points
which are away from the left and the right borders of the unit square:

la(π,G) ≥ p−
(

1
γrn

) (
1
γrn
− 2k

)
·

k−2∑

i=1

p2−(k − i− 1)
(

1
γrn
− 2k

)
2k.

In this case,

lim
n→∞

la(π,G)

n3/2a
3/2
n

≥ 1− 6γ + 14γ2 − 16γ3 + 9γ4 − 2γ5
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5.3 Approximability of the Projection Ordering

In Section 4, we have given lower bounds that hold with high probability for
all the considered problems on ε-nice graphs. Theorem 4 characterizes the be-
havior of the Projection ordering on γ-good graphs. Using Chernoff’s bounds
and Boole’s inequality, one can show that the probability of a random geometric
graph to be both ε-nice and γ-good tends to one as n tends to infinity. Therefore,
we have the following result:

Theorem 5. The projection ordering is an approximation algorithm with high
probability for the Bandwidth, Minimum Linear Arrangement, Minimum Cut,
Minimum Sum Cut, Vertex Separation and Bisection problems on the class Gn(r)
with rn =

√
an/n where an = bn log an with bn →∞ and bn = O

(√
logn

)
.

6 Conclusion

In this paper we have presented upper and lower bounds for different measures
of vertex orderings. We have also shown that the projection ordering is able to
deliver with high probability solutions whose cost is not more than a constant
times bigger the optimum on a particular class of random geometric graphs
for several layout problems. Given the importance of the considered problems
and the intensive use of these graphs in experimental papers, our result fills an
important gap that existed between theory and practice.

We have considered only the two-dimensional geometric graphs as most real
instances belong to that case, but we think that similar results will also hold
on d-dimensional spaces. Our current work is trying to generalize the results on
other models of random geometric graphs. For instance, it would be interesting
to understand how the optimal costs of our problems change for different radii.

On the other hand, in [7] layout problems for lattice graphs and random
lattice graphs are studied. Our main result in that paper is a convergence the-
orem (analoguous to the Beardwood, Halton and Hammersley theorem for the
Euclidian TSP) for the optimal cost of the MinLA and MinSumCut problems,
for the case where the underlying graph is obtained through a subcritical site
percolation process.
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Abstract. The diversity of application areas relying on tree-structured
data results in a wide interest in algorithms which determine differences
or similarities among trees. One way of measuring the similarity between
trees is to find the smallest common superstructure or supertree, where
common elements are typically defined in terms of a mapping or em-
bedding. In the simplest case, a supertree will contain exact copies of
each input tree, so that for each input tree, each vertex of a tree can
be mapped to a vertex in the supertree such that each edge maps to
the corresponding edge. More general mappings allow for the extrac-
tion of more subtle common elements captured by looser definitions of
similarity. We consider supertrees under the general mapping of minor
containment. Minor containment generalizes both subgraph isomorphism
and topological embedding; as a consequence of this generality, however,
it is NP-complete to determine whether or not G is a minor of H , even
for general trees. By focusing on trees of bounded degree, we obtain an
O(n3) algorithm which determines the smallest tree T such that both of
the input trees are minors of T , even when the trees are assumed to be
unrooted and unordered.

1 Introduction

The breadth of algorithmic research on trees stems from both the simplicity of
the structure and the variety of application domains. When information about
a data set can be derived from its tree structure, comparisons among two or
more data sets can entail determining similarities among two or more trees.
Algorithms of this type have been developed in areas such as compiler design,
structured text databases, theory of natural languages, computer vision [18], and
? Research supported by the Natural Sciences and Engineering Research Council of
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computational biology (the reader is directed to a previous paper on trees [10]
for further references).

Comparisons of trees range from the classical tree pattern matching problem
(finding an exact copy of one tree in another) to numerous variants, including
problems on multiple trees and inexact matches. Each problem can be viewed
as finding a way to relate trees by mappings, where trees are related if it is
possible to map vertices to sets of vertices and edges to sets of edges subject
to certain constraints. Researchers have considered different types of trees (or-
dered, unordered, labeled, unlabeled) and different mappings between pairs of
trees (exact matching, approximate matching, subgraph isomorphism, topolog-
ical embedding, minor containment) [5,13,14,3,9]. In addition, researchers have
measured the similarity between trees by finding the largest common subtree or
smallest common supertree under various constraints [1,4,7,8,10,12,19].

In this paper we consider the problem of finding the smallest common su-
pertree under minor containment. Concisely, a graph G is a minor of a graph
H if it is possible to map all the vertices in G to mutually disjoint connected
subgraphs in H and there exists a bijection, from the edges of G to the edges
of H that are not in any of these subgraphs, such that the images of the end-
points of any edge e in G contain the endpoints of the image of e through
this bijection; equivalently we can view the mapping as taking edges to paths.
Minor containment is of interest due to its generality; it encompasses both sub-
graph isomorphism and topological embedding and is fundamental in the work of
Robertson and Seymour on graph minors [17]. However, due in large part to the
generality, many problems which are tractable under subgraph isomorphism and
topological embedding are NP-complete for minor containment. In particular, it
is NP-complete to determine whether or not one tree is a minor of another [6],
but this can be determined in polynomial time when there is a degree bound of
O(log n/ log log n) [9]. We thus restrict our attention to trees of bounded degree,
noting that the resultant supertree will also be of bounded degree (in contrast,
a common subtree of two bounded degree trees may not have bounded degree).

Interest in supertrees under minor containment arises from their applica-
tions to editing, image clustering, genetics, chemical structure analysis, and
evolution [12,19]. Previous algorithms to find supertrees have been limited to
special cases: in ordered minor containment, there is an order imposed on the
children of each node in each input tree, and this order must be preserved by
the mapping [12]; for evolutionary trees, the leaves have distinct labels and are
constrained to map to other leaves [19].

2 Preliminaries

Each input to our algorithm is a bounded-degree tree (an undirected graph with
no cycles). V (T ) denotes the vertices of T and E(T ) the edges of T . A tree T
may be rooted at a distinguished vertex r; in this case we can view the rooted
tree as a directed graph, with children and parents defined as in standard graph-
theoretic references [2]. When processing rooted trees we will consider a subtree
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Tv of T , defined to be the subgraph of T induced by v and all its descendants.
More generally, for A a subset of the children of some node v, we define TA to
be the subgraph induced by v, the vertices in A, and all descendants of nodes in
A. For A an arbitrary subset of vertices, T [A] is defined to be the subgraph of
T induced by A.

Given input trees Q and R, we wish to find a tree T such that both Q and
R are minors of T and T is as small as possible. There are several equivalent
definitions of minors; the most relevant one for our purposes is given below.
Intuitively, a graph G is a minor of a graph H (or H is a major of G) if H can be
obtained from G by a series of vertex and edge deletions and edge contractions,
where a contraction of an edge (u, v) in G is the operation that replaces u and v
by a new vertex whose neighbors are the vertices that were adjacent to u or v.
We will use the notation G ≤ H (G ≥ H) to denote that G is a minor (major)
of H . It is not difficult to see that the following definition is equivalent:

Definition 1. A tree Q is a minor of a tree T if and only if there exists a
surjection f : V (T ) → V (Q) such that

1. for each a ∈ V (Q), T [f−1(a)] is connected;
2. for each pair a, b ∈ V (Q), f−1(a) ∩ f−1(b) = φ; and
3. for S = {(u, v) ∈ E(T ) | f(u) 6= f(v)}, there exists a bijection ξ : S → E(Q)

such that for each e = (s, t) ∈ S, ξ(e) = (f(s), f(t)).

We call f a minor embedding of T into Q. Intuitively, f−1(a) is the set of
vertices of T contracted into a; (2) captures the notion that each vertex of T
corresponds to exactly one vertex of Q; and (3) captures the notion that uncon-
tracted edges of T are preserved in Q.

The problem we wish to solve is that of determining the smallest common
acyclic major of Q and R, henceforth called the smallest common tree major.
For sctmj(Q, R) the minimum number of vertices in a common tree major of
Q and R, it is not difficult to see that max{|V (Q)|, |V (R)|} ≤ sctmj(Q, R) ≤
|V (Q)|+ |V (R)|. We observe that sctmj(Q, R) = |Q| if and only if R ≤ Q. In [6],
Duchet proved that it is NP-complete to determine whether one tree is a minor
of another. It is now easy to prove that deciding whether sctmj(Q, R) ≤ k for two
general trees Q, R is NP-complete. In view of this, we will restrict our attention
to the case where the input graphs are both trees with maximum degree bounded
by a fixed constant.

In the remainder of the paper we will make use of the following notational
conventions. Since we will be finding a graph T such that Q and R are both
minors of T , we will use f to denote the minor embedding of T into Q and g to
denote the minor embedding of T into R. We will use letters near the beginning
of the alphabet for vertices of Q and letters near the end of the alphabet for
vertices of R.
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3 Expansions

To facilitate understanding of the algorithm, it is beneficial to consider the map-
pings between Q, R, and a common tree major T . The edges of T correspond
to edges in the input trees Q and R; we distinguish between strong edges, which
correspond to edges in both Q and R, and weak edges, each of which corresponds
to an edge in only one of Q and R. For f and g the minor embeddings of T into
Q and R, respectively, f−1(a) and g−1(u) describe connected subgraphs of T .
Since each vertex in f−1(a) is in g−1(u) for some u ∈ V (R), we can associate
a with a set of vertices in V (R) with overlapping preimages. This notion is for-
malized in a graph called an expansion of Q and R consisting of edges between
associated vertices. More formally:

Definition 2. For Q and R trees on disjoint sets of vertices, an expansion of Q
and R is a bipartite graph E = (V (E), E(E)) with bipartition (V (Q), V (R)) such
that

1. the neighborhood in E of any vertex of V (R) (respectively, V (Q)) induces a
connected subgraph of Q (respectively, R);

2. E has no isolated vertices;
3. the neighborhoods in E of two vertices in V (Q) (respectively, V (R)) intersect

in at most one vertex; and
4. for every edge (a, b) in E(Q), either there are edges (a, u) and (b, u) in E

for some u ∈ V (R), or there are edges (a, u) and (b, v) in E for some edge
(u, v) ∈ E(R) (and symmetrically for edges in R).

Given an expansion E of Q and R, we define TE to be a graph whose vertices
are edges in E and whose edges are formed by condition 4 in the definition
above. For an edge (a, b) ∈ E(Q), if there are edges (a, u) and (b, u) in E , then
{(a, u), (b, u)} is an edge in TE , and if there are edges (a, u) and (b, v) in E for
some (u, v) ∈ E(R), and neither (a, v) nor (b, u) is in E , then {(a, u), (b, v)} is in
TE . Edges (u, v) ∈ E(R) define edges in TE in a similar fashion. In the former
case we call the edge (a, b) weak; in the latter case, (a, b) and (u, v) are strong.
Note that there is a natural bijection fE between strong edges in E(Q) and
strong edges in E(R).

The proof of the following lemma is an easy consequence of the definition of
an expansion.

Lemma 1. For any expansion E of Q and R, if (ai, ui) ∈ E , i = 1, 2, 3, and a2

is on the path connecting a1 and a3 in Q, then u2 is on the path connecting u1

and u3 in R.

Lemma 2. If E is an expansion of two trees Q and R, then TE is isomorphic
to a common tree major of Q and R.

To prove Lemma 2, we can show that TE is connected and contains exactly
|E(E)| − 1 edges, forming a tree. Furthermore, if we alter TE by contracting
the edges resulting from E(Q) (E(R), respectively) we obtain a graph that is
isomorphic to R (Q, respectively).
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Lemma 3. For T a smallest common tree major of Q and R, there exists an
expansion E such that TE is isomorphic to T .

Proof: Given minor embeddings f and g of T into Q and R, for each a ∈ V (Q)
and each u ∈ V (R), |f−1(a) ∩ g−1(u)| ≤ 1, since otherwise the minor of T
obtained after contracting the edges in the graph induced by {f−1(a)∩ g−1(u)}
would be a smaller common tree major of Q and R. We define the expansion E
to be the set {(a, u) : |f−1(a)∩ g−1(u)| = 1}. It is straightforward to verify the
claim that E is an expansion of Q and R. Q.E.D.

As a corollary of Lemmata 2 and 3, we can conclude that sctmj(Q, R) is the
number of edges in the minimum expansion of Q and R. It is now easy to prove
the following.

Lemma 4. For trees Q and R and for any a ∈ V (Q), sctmj(Q, R) is the min-
imum over all u ∈ V (R) of the number of edges in the smallest expansion E of
Q and R such that (a, u) is an edge in E.

4 Smallest Common Tree Major Algorithm

4.1 Algorithm Overview

For algorithmic convenience, we construct a rooted tree major, where any node
of either input tree could be associated with the root. We fix a root for one tree
and then try all possible rootings of the other tree; the following description
concerns one possible choice of a root.

Our algorithm proceeds by dynamic programming, at each stage building
tree majors of various subtrees of our inputs. After topologically sorting each
tree with respect to the chosen root, we process each vertex a in V (Q) in order
from leaves to root, pairing a with each u in V (R) in order from leaves to root.

For a given pair (a, u) we wish to determine the size of the largest common
tree major T such that Qa ≤ T and Ru ≤ T where for r the root of T , f(r) = a
and g(r) = u. We solve this problem using subproblems involving children of a
and u, where in each subproblem we specify not only the roots of the subtrees of
Q and R, but also the subsets of the children included thus far in the mapping.

Expansions, as defined in the previous section, give a convenient framework
for expressing the progress of the algorithm, where expansions involving sub-
graphs of Q and R are augmented to form expansions of larger subgraphs of Q
and R. The dynamic programming formulation of the problem relies on a set of
subproblems at a ∈ V (Q) and u ∈ V (R), where each subproblem corresponds to
one choice of how the children of a and the children of u are related, assuming
that (a, u) is to be an edge in the expansion and that all subproblems rooted at
children have already been solved.

4.2 Technical Lemmas

When processing (a, u), we are assuming that (a, u) ∈ E(E) and attempting to
see where subsets of the children of a and u can map. To build our intuition, we
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consider the process from the point of view of Q (viewing from R is symmetric
and hence the reasoning identical). Each child b of a must eventually be involved
in E . There are four different cases for a child b of a, reflecting four different
possible smaller expansions involving subtrees rooted at the children of a and u
(for an illustration of the case analysis that follows, see Figure 1).

many - 1
children

many - 1
children children

1 - many
children
terminal1 - many

children
terminal
children

epsilon

ε

vb

εεεε

vb

a u

epsilon
children children

Fig. 1. The different ways possible smaller expansions involving subtrees rooted
at the children of a and u can be combined to a general expansion.

1. (epsilon child) The subtree rooted at b is not involved in any previous ex-
pansion. It will be included by creating an edge in E from each vertex in the
subtree to u.

2. (terminal child) The subtree rooted at b has been mapped to a subtree rooted
at a child v of u, where (a, v) is not an edge in any previous expansion. In
this case the edges (a, b) and (u, v) will be corresponding strong edges.

3. (one-many child) The subtree rooted at b is mapped to subtrees rooted at a
set of children of u, where (b, u) is an edge in a previous expansion. In this
case (a, b) is a weak edge.

4. (many-one child) A set of subtrees rooted at children of a is mapped to
a subtree rooted at a child v of u, where (a, v) is an edge in a previous
expansion. In this case (u, v) is a weak edge.

We formalize the possible associations of children by a tuple for each possible
pair of subsets A of children of a and X of children of u and each possible mapping
among vertices.

Definition 3. Given two sets A, X we define Π(A, X) as the set containing all
tuples

({Ae, At, Ao, Am}, {Xe, Xt, Xo, Xm}, τ, α, χ)

that satisfy the following properties.

1. {Ae, At, Ao, Am} is a partition of A;
2. {Xe, Xt, Xo, Xm} is a partition of X;
3. τ : At → Xt is a bijection;
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4. α : Xm → Ao is a surjection; and
5. χ : Am → Xo is a surjection.

The proof of the following lemma uses Lemma 1.

Lemma 5. For any expansion E of two trees Q and R and any (a, u) ∈ E, there
exists a tuple ({Ae, At, Ao, Am}, {Xe, Xt, Xo, Xm}, τ, α, χ) in
Π(children(a), children(u)), such that the following hold:

1. there are no strong edges in QAe or RXe ;
2. all edges from a to vertices in At and from u to vertices in Xt are strong;
3. all edges from a to vertices in Ao and from u to vertices in Xo are weak;
4. for all b ∈ At, v ∈ Xo, and c ∈ Ao, fE maps (a, b) to (u, τ(b)), the strong

edges in Qb to the strong edges in Rτ(b), the strong edges in Rv to the strong
edges in Qα(v), and the strong edges in Qc to the strong edges in Rτ(c).

In order to define the recurrence for our dynamic programming algorithm,
we need to be able to decompose a minimum size expansion of two trees into
minimum size expansions of pairs of subtrees. The following two lemmas do this
for the subtrees needed when considering decompositions induced by removal of
a strong edge and a weak edge, respectively.

Lemma 6. If E is a minimum size expansion of Q and R, (a, b) is a strong edge
of Q, and (u, v) = fε((a, b)) is the corresponding strong edge of R, then E is the
union of a minimum size expansion of Q \Qb and R \Rv containing (a, u) and
a minimum size expansion of Qb and Rv containing (b, v).

Lemma 7. If E is a minimum size expansion of Q and R, (a, b) is a weak edge
of Q, and (a, u) and (b, u) are edges of E, then there exists a subset X of the
children of u such that E is the union of a minimum size expansion of Qb and
Ru \ (Rchildren(u)\X \ {u}) containing (b, u) and a minimum size expansion of
Q \ (Qa \ {a}) and R \ (RX \ {u}) containing (a, u).

The following lemma is proved by applying Lemma 5, followed by repeated
applications of Lemma 6 and Lemma 7.

Lemma 8. For any expansion E of two trees Q and R with minimum size and
any (a, u) ∈ E, there exists a tuple ({Ae, At, Ao, Am}, {Xe, Xt, Xo, Xm}, τ, α, χ)
in Π(children(a), children(u)) such that (Ee ∪ Et ∪ Ea ∪ Eu) is a partition of E
where

1. Ae and Xe define epsilon children. That is, Ee = {(a, z) | z ∈ V (RAe)} ∪
{(c, u) | c ∈ V (QXe)}.

2. At and Xt define terminal children. That is, Et =
⋃

b∈At Et,b where, for any
vertex b ∈ At, Et,b is a minimum expansion of Qb and Rτ(b) that contains
(b, τ(b)).

3. Ao defines one-many children. That is, Ea =
⋃

b∈Ao Ea,b where, for any vertex
b ∈ Ao, Ea,b is a minimum expansion of Qb and Rα−1(b) that contains (b, u).

4. Xo defines many-one children. That is, Eu =
⋃

v∈Xo Eu,v where, for any
vertex v ∈ Xo, Eu,v is a minimum expansion of Qχ−1(v) and Rv that contains
(a, v).
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4.3 Algorithm Details

Procedure Expansion(Q, R, a, u)
Input: Two trees Q, R and two vertices a ∈ V (Q), u ∈ V (R).
Output: min{|E| : E is an expansion of Q and R and (a, u) ∈ E}.

1: Root Q and R at a and u respectively.
2: Topologically sort V (Q), giving LQ := {a1, . . . , a|V (Q)|} where a = a|V (Q)|.
3: Topologically sort V (R), giving LR := {u1, . . . , u|V (R)|} where u = u|V (R)|.
4: for i := 1 . . . |V (Q)| do
5: for j := 1 . . . |V (R)| do
6: if ai and uj are leaves then I(ai, uj , φ, φ) := 1
7: else
8: for all X ⊆ children(uj) and A ⊆ children(ai) do
9: x := |V (Q)|+ |V (R)|

10: for all ({Ae, At, Ao, Am}, {Xe, Xt, Xo, Xm}, τ, α, χ) ∈ Π(A, X) do
11: x := min{ x, |V (QAe)|+ |V (RXe)| − 1 + (i)∑

b∈At I(b, ft(b), children(b), children(τ(b))) + (ii)∑
b∈Ao I(b, ui, children(b), α−1(b)) + (iii)∑
v∈Xo I(ai, v, χ−1(v), children(v)) } (iv)

12: I(ai, ui, A, X) := x
13: return I(a, u, children(a), children(u))

Theorem 1. For any trees Q and R rooted at a and u respectively, Expansion
(Q, R, a, u) returns the minimum number of edges in any expansion E containing
(a, u).

Proof: We prove that for Q and R rooted at a and u respectively, for any
c ∈ V (Q), z ∈ V (R), and any A ⊆ children(c) and X ⊆ children(z), the quantity
I(c, z, A, X) computed by the algorithm is the minimum number of edges over
all expansions E of QA and RX , where (c, z) ∈ E . The proof is by induction on
the order of computation.

Consider the computation of I(c, z, A, X). As LQ and LR are topological
sortings of V (Q) and V (R) respectively, we can conclude that I(d, y, Ad, Xy) has
already been computed in the following three cases, which cover the expressions
on the right-hand side of step 11.

1. d ∈ children(c), y ∈ children(z), Ad ⊆ children(d), and Xy ⊆ children(y).
2. d ∈ children(c), y = z, Ad ⊆ children(d), and Xy ⊆ children(z).
3. d = c, y ∈ children(z), Ad ⊆ children(c), and Xy ⊆ children(y).

If we assume by the inductive hypothesis that the values I(d, y, Ad, Xy)
are correct, then by Lemma 8 there is a choice of ({Ae, At, Ao, Am}, {Xe, Xt,
Xo, Xm}, τ, α, χ) that results, at step 11, in x taking on the minimum number
of edges in an expansion E of QA and RX containing (c, z), as required. Q.E.D.

Theorem 2. For any pair of trees Q and R of bounded degree, sctmj(Q, R) can
be computed in O(n3) time where n = max{|V (Q)|, |V (R)|}.
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Proof: The if-statement at step 6 is invoked O(n2) times, and because the
maximum degrees of Q and R are bounded by a constant, the loops at steps 8
and 10 result in a constant number of iterations of step 11. Q.E.D.

5 Conclusions and Further Work

We have shown an O(n3) algorithm for finding the smallest common tree ma-
jor of two trees Q and R, where both Q and R are unrooted and undirected,
and have degree bounded by a fixed constant. The degree restriction can be
relaxed to maximum degree O(log n/ log log n) while keeping the running time
of the algorithm polynomial, since the multiplicative factor is in O(22ddd) for
trees of maximum degree d. Our algorithm can be generalized to the problem of
determining the edit distance (under the operations of edge contraction, vertex
expansion, and relabeling) of a pair of a edge-labeled, unrooted, unordered trees,
by incorporating labels into the definition of the expansion. Both of these can
be solved by NC algorithms using the technique of Brent restructuring [9]. Our
work is also related to work on intertwines [15]: the value sctmj(Q, R) is the
minimum size of an acyclic intertwine of Q and R.

Although the NP-completeness of minor containment for general trees sug-
gests the intractability of finding the largest common subgraph under minors,
there is hope for solving other related problems. The problem of determining
whether or not G is a minor of H is solvable in polynomial time for G and
H both bounded-degree partial k-trees [16] or for G and H both k-connected
k-paths [11]; solving the largest common supergraph problem for each of these
graph classes would be an obvious extension to our work. It is an open question
whether or not the ideas in our algorithm can be extended to solve the largest
common tree major problem for three or more input trees.
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Abstract. Recently, there have been increasing interests and progresses
in lowering the worst case time complexity for well-known NP-hard prob-
lems, in particular for the Vertex Cover problem. In this paper, new
properties for the Vertex Cover problem are indicated and several
new techniques are introduced, which lead to a simpler and improved
algorithm of time complexity O(kn + 1.271kk2) for the problem. Our
algorithm also induces improvement on previous algorithms for the In-
dependent Set problem on graphs of small degree.

1 Introduction

The current paper was motivated by two lines of research on algorithms for
NP-hard optimization problems. The first is the recent progress on parame-
terized algorithms for the Vertex Cover problem (given a graph G and a
parameter k, deciding if G has a vertex cover of k vertices), which is central in
the study of fixed-parameter tractability theory [4] and has important applica-
tions in fields such as computational biochemistry [7]. Buss developed the first
fixed-parameter tractable algorithm of running time O(kn + 2kk2k+2) for the
problem (see [2]), which was later improved to O(kn + 2kk2) by Downey and
Fellows [5]. More recently, parameterized algorithms for the Vertex Cover
problem have further drawn researchers’ attention, and continuous improve-
ments on the problem have been developed. Balasubramanian et al. [1] first
broke the bound 2 barrier in the base of the exponential term and developed an
O(kn + 1.324718kk2) time algorithm for the problem, which was then slightly
improved to an O(kn + 1.31951kk2) time algorithm by Downey et al. [6]. This
algorithm was further improved most recently by Niedermeier and Rossmanith
by their O(kn + 1.29175kk2) time algorithm [10].

The other motivation is from the research on worst case analysis of algo-
rithms for the Independent Set problem. Since the initialization by Tarjan
and Trojanowski [14] with an O(2n/3) time algorithm for the Independent
Set problem, there have been continuous improved algorithms for the problem
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[8,12,13]. The best of these algorithms is due to Robson [12], whose algorithm
solves the Independent Set problem in time O(20.276n).

In the present paper, we develop a further improved parameterized algorithm
for the Vertex Cover problem, starting with two simple but important obser-
vations. Our first observation is on the size for the problem kernel [6] and is based
on a theorem by Nemhauser and Trotter [11]. We show that in order to decide if
a graph has a vertex cover of k vertices, we essentially only need to concentrate
on graphs of at most 2k vertices. This observation makes it become possible for
us to apply dynamic programming techniques to further improve parameterized
algorithms for the Vertex Cover problem. Our second observation is a new,
but simple technique to deal with degree-2 vertices, which greatly simplifies the
case by case combinatorial analysis. We have also developed a new technique
called “iterative branching” which is used to maintain a special structure for a
graph so that an efficient branching search procedure is always applicable.

Using the new techniques and the observations, we are able to develop im-
proved parameterized algorithms for the Vertex Cover problem. More pre-
cisely, we present an O(kn + 1.271kk2) time algorithm for the Vertex Cover
problem. This greatly improves the previous best parameterized algorithm of
running time O(kn + 1.29175kk2) by Niedermeier and Rossmanith [10].

We further indicate that our improved parameterized algorithm for the Ver-
tex Cover problem can be employed to develop improved exponential time
algorithm for the Independent Set problem on graphs of small degree. For
example, our algorithm induces an O(1.161n) time algorithm for the Indepen-
dent Set problem on graphs of degree bounded by 3, which significantly im-
proves the previously best algorithm of running time O(20.276n) ≈ O(1.211n) by
Robson [12].

2 On Problem Kernel and Degree-2 Vertices

Let G be a graph and V ′ be a subset of vertices in G. In the rest of this paper,
we will denote by G(V ′) the subgraph induced by the vertex set V ′.

Suppose (G, k) is an instance for the Vertex Cover problem, where G is
a graph of n vertices and k is an integer. By reduction to problem kernel, we
mean we apply an efficient preprocessing procedure on the instance (G, k) to
construct another instance (G1, k1), where G1 is a smaller graph (the kernel)
and k1 ≤ k, such that the graph G1 has a vertex cover of k1 vertices if and only
if the original graph G has a vertex cover of k vertices. Buss [2] explained a
simple algorithm of running time O(kn) that reduces an instance (G, k) for the
Vertex Cover problem to another instance (G1, k1), where the graph G1 has
at most k2 edges and k1 ≤ k. This result has been extensively used in the latter
improved parameterized algorithms for the Vertex Cover problem [1,6,10].

We show that the size of the kernel can be further reduced. This is based
on a theorem due to Nemhauser and Trotter [11], as stated in the following
proposition.
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Proposition 1. [NT-Theorem]. There is an O(
√

nm) time algorithm that,
given a graph G1 of n vertices and m edges, constructs two disjoint subsets C0

and V0 of vertices in G1 such that
(1). Every minimum vertex cover of G1(V0) plus C0 forms a minimum vertex

cover for G1;
(2). A minimum vertex cover of G1(V0) contains at least |V0|/2 vertices.

Now we explain how Proposition 1 is used to obtain a smaller kernel. Given
an instance (G, k) for the Vertex Cover problem, let (G1, k1) be the instance
constructed by Buss’ algorithm, where G1 has at most ≤ k2 edges and k1 ≤ k.
We apply Proposition 1 to the graph G1 to construct the two subsets C0 and V0,
as described in Proposition 1. Now the graph G1 has a vertex cover of size k1

if and only if the induced subgraph G1(V0) has a vertex cover of size k1 − |C0|.
Since the minimum vertex cover of the graph G1(V0) consists of at least |V0|/2
vertices, a necessary condition for the graph G1(V0) to have a vertex cover of size
k1 − |C0| is that the number of vertices |V0| of the graph G1(V0) is bounded by
2k1−2|C0| ≤ 2k. Let G2 = G1(V0) and k2 = k1−|C0|, then we have constructed
an instance (G2, k2) for the Vertex Cover problem, where G2 has at most 2k2

vertices and k2 ≤ k, such that the graph G2 has a vertex cover of k2 vertices if
and only if the graph G1 has a vertex cover of k1 vertices, which in consequence
is a sufficient and necessary condition for the original graph G to have a vertex
cover of k vertices.

Since the graph G1 has O(k2) vertices and O(k2) edges, according to Propo-
sition 1, the instance (G2, k2) can be constructed from the instance (G1, k1) in
time O(k3). Summarizing these discussions, we conclude

Theorem 1. There is an algorithm of running time O(kn + k3) that given an
instance (G, k) for the Vertex Cover problem constructs another instance
(G2, k2), where the graph G2 contains at most 2k2 vertices and k2 ≤ k, such that
the graph G has a vertex cover of k vertices if and only if the graph G2 has a
vertex cover of k2 vertices.

Our second observation is on the processing of degree-2 vertices during the
branching search for a vertex cover of size k. First note that unless a graph G
has less than k vertices, which can be easily checked, the graph G has a vertex
cover of size exactly k if and only if it has a vertex cover of size bounded by
k. Therefore, for each instance (G, k) of the Vertex Cover problem, we only
need to decide if the graph G has a vertex cover of size bounded by k.

There have been several methods proposed in dealing with degree-2 vertices
in parameterized algorithms for the Vertex Cover problem [1,6,10]. Most of
those methods consider the combinatorial structures case by case and apply
different operations according to the combinatorial structures. Here we propose
a new method which is more uniform and simpler, and seems more convenient
in processing degree-2 vertices.

Suppose v is a degree-2 vertex in the graph G with two neighbors u and w
such that u and w are not adjacent to each other. We construct a new graph G′

as follows: remove the vertices v, u, and w and introduce a new vertex v0 that
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is adjacent to all neighbors of the vertices u and w in G (of course except the
vertex v). We say that the graph G′ is obtained from the graph G by folding the
vertex v. See Figure 1 for an illustration of this operation.
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Fig. 1. Vertex folding

Lemma 1. Let G′ be a graph obtained by folding a degree-2 vertex v in a graph
G, where the two neighbors of v are not adjacent to each other. Then the graph
G has a vertex cover of size bounded by k if and only if the graph G′ has a vertex
cover of size bounded by k − 1.

The following two trivial situations will be ignored in our rest discussion. If
the graph G has a degree-1 vertex v, we can simply include the neighbor of v
in the minimum vertex cover “for free”. If the graph G has a degree-2 vertex v
whose two neighbors u and w are adjacent to each other, then we can simply
include the vertices u and w in the minimum vertex cover “for free”.

3 On Graphs of Degree Bounded by 3 and by 4

We first describe an algorithm for the Vertex Cover problem on graphs of
degree bounded by 3. This algorithm well illustrates the power of the vertex
folding techniques. For a vertex v, we denote by N(v) the set of neighbors of v.

Let G be a graph in which every vertex is of degree bounded by 3. We also
assume that the graph G contains at least one vertex of degree at most 2: if G has
no such a vertex, we subdivide an edge in G by two degree-2 vertices. According
to Lemma 1, the resulting graph G′ has a vertex cover of size bounded by k+1 if
and only if the graph G has a vertex cover of size bounded by k. We then instead
work on the instance (G′, k + 1). Consider the algorithm given in Figure 2.1

Since the graph given to each stage is always a proper subgraph of the original
graph G of degree bounded by 3, we ensure that the graph at the beginning
of each stage always has a vertex of degree 2. The new vertex v0 is always
immediately eliminated in a stage if it has degree larger than 2.
1 For simplicity, by “including a vertex v in the vertex cover C” we mean “adding v to

C, removing v and the edges incident on v from the graph G, and then also removing
all vertices of degree 0 in G”. Similarly, by “branching at a vertex v0”, we mean we
branch into two search paths, one includes the vertex v0 in the vertex cover C then
works recursively on the resulting graph, and the other includes all neighbors of v0

in C, then works recursively on the resulting graph. These conventions will be used
throughout this paper.
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VC-Degree-3
Input: A graph G and an integer k

1. C = ∅;
2. while |C| < k and G is not empty do

2.1. pick a degree-2 vertex v in G;

2.2. fold v;

2.3. if the new vertex v0 has degree larger than 2 then branch at v0.

Fig. 2. An algorithm for vertex cover on graphs of degree bounded by 3

We consider the running time of the algorithm VC-Degree-3. In the rest
of this paper, we always let C(k) be the number of search paths in the search
tree of our algorithm searching for a vertex cover of size bounded by k. In Step
2.2 of the algorithm VC-Degree-3, folding the vertex v reduces the parameter
k by 1 (according to Lemma 1). When we branch at v0 in Step 2.3, we further
reduce the parameter k either by 1 (by including v0 in C), or by |N(v0)| ≥ 3 (by
including all neighbors of v0 in C). Therefore, we always branch with

C(k) ≤ C(k − 1) or C(k) ≤ C(k − 2) + C(k − 4)

It is easy to verify that C(k) = αk, where α = 1.272 · · · is the root of the
polynomial x4 − x2 − 1. Finally, according to Theorem 1, we can assume that
the graph G has at most 2k vertices (thus O(k) edges). Therefore, each search
path takes time O(k). In conclusion, we have

Theorem 2. The Vertex Cover problem on graphs of degree bounded by 3
can be solved in time O(kn + 1.273kk).

The time bound in Theorem 2 can be further improved using dynamic pro-
gramming techniques. We will describe this improvement in section 5.

Now we consider graphs of degree bounded by 4.

Lemma 2. Let v be a vertex of degree 3 in a graph G. Then there is a minimum
vertex cover of G that contains either all three neighbors of v or at most one
neighbor of v. Moreover, if all neighbors of v have degree at least 3 and there is
an edge between two neighbors of v, then we can branch with C(k) ≤ 2C(k− 3).

Based on Lemma 2 and the vertex folding technique, we derive the following
theorem (a proof can be found in [3]).

Theorem 3. The Vertex Cover problem on graphs of degree bounded by 4
can be solved in time O(1.277kk + kn).

4 Iterative Branching

In this section we consider graphs of degree bounded by 5. ¿From the previous
sections, we have seen great advantages for always having a vertex of degree
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bounded by 3. This condition can be easily preserved while we are dealing with
graphs of degree bounded by 4 since every proper subgraph of such a graph has
at least one vertex of degree bounded by 3. However, the condition is no longer
guaranteed for graphs of degree bounded by 5. In the following, we first intro-
duce a technique, the iterating branching method, that imposes this condition on
graphs of degree bounded by 5.

Let G be a graph whose vertices have degree either 4 or 5. We also assume
that the graph G is not regular. Consider the algorithm in Figure 3.

Iterative-Branch

while G has a vertex of degree 5 and no vertex of degree ≤ 3 do

pick a vertex v of degree 4 that is adjacent to a vertex u of degree 5;

branch with (1) including u in the vertex cover, and STOP;

(2) including N(u) in the vertex cover.

Fig. 3. The iterative branch algorithm

In the algorithm Iterative-Branch the process at the two branches at the
vertex u is asymmetric: in case we include u in the vertex cover, the vertex v
becomes of degree 3 so we stop the process; while in case we include N(u) in
the vertex cover, we continue the process by working on another pair of degree-4
and degree-5 vertices. Therefore, when the process stops, we should end either
with a graph with a vertex of degree bounded by 3, or with a graph in which all
vertices have degree less than 5. In the latter case, we can apply Theorem 3.

Before we formally present our algorithm, we give an intuitive illustration for
our algorithm. At each stage of our algorithm, we assume that the given graph
satisfies the following degree condition:

Degree-Assumption. All vertices in the graph have degree bounded
by 5 and at least one vertex has degree bounded by 3.

We branch at a vertex of degree bounded by 3 according to its combinatorial
structures. In case there is no vertex of degree bounded by 3 left in the graph,
we apply the iterative branching process to reinstate the Degree-Assumption so
that the graph is applicable for the next stage.

We let C(k) be the number of search paths in the search tree of our algorithm
to construct a vertex cover of at most k vertices in a general graph of degree
bounded by 5. Moreover, we let C0(k) be the number of search paths in the search
tree of our algorithm to construct a vertex cover of at most k vertices in a graph
that satisfies the Degree-Assumption. We will concentrate on the analysis of the
function C0(k). Due to the space limit, we only present the detailed analysis for
a few cases for illustration. The detailed analysis for other cases can be found in
[3]. Let G be a graph satisfying the Degree-Assumption.

Case 1. The graph G has a vertex v of degree 1. We branch with

C0(k) ≤ C(k − 1) (1)
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Case 2. The graph G has a vertex v of degree 2. We branch with

C0(k) ≤ C(k−2) or C0(k) ≤ C(k−1) or C0(k) ≤ C(k−2)+C(k−6) (2)

Excluding cases 1-2, we can assume in the following discussion that all ver-
tices of the graph G have degree at least 3. Let v be a vertex of degree 3 in
G with neighbors x, y, and z, with z of the largest degree among x, y, and z.
Without less of generality, we also assume that the degree of z is larger than 3.

Case 3. The degree of z is 5.
We branch at the vertex z. The branch including N(z) in the vertex cover

reduces the parameter k by 5. In the branch that includes z in the vertex cover,
the vertex v becomes of degree 2, thus we fold v. If the new vertex v0 has degree
larger than 5, we further branch at v0. Thus in the branch including z, we either
reduce the parameter k by 2, or further branch and reduce the parameter k by
either 3 or 8. This gives

C0(k) ≤ C(k−5)+C(k−2) or C0(k) ≤ C(k−5)+C(k−3)+C(k−8) (3)

Now we can assume that all vertices x, y, and z have degree at most 4.
Case 4. There are two edges among x, y, and z. We branch with

C0(k) ≤ C(k − 1) (4)

Case 5. There is exactly one edge among x, y, and z. We branch with

C0(k) ≤ C(k − 3) + C0(k − 3) (5)

we now assume that there is no edge among the vertices x, y, and z.
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Fig. 4. Vertex cover for a graph of degree bounded by 5

Case 6. There are two vertices r and t, other than v, that are adjacent to
more than one vertex in {x, y, z}. (see Figure 4, case 6).

By Lemma 2, there is a minimum vertex cover S that either contains all x,
y, and z, or contains at most one of them. In the latter case, all three vertices v,
r, and t must be in S. Therefore, we can branch by either including x, y, and z
in S, or including v, r, and t in S. Note that in both cases, the resulting graph
contains a vertex of degree bounded by 3. This gives

C0(k) ≤ 2C0(k − 3) (6)
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Case 7. There is exactly one vertex t, other than v, that is adjacent to more
than one vertex in {x, y, z}. The recurrence relations are

C0(k) ≤ C(k − 2) + C(k − 5) or
C0(k) ≤ C(k − 3) + C(k − 8) + C(k − 6) + C(k − 11) or

C0(k) ≤ C(k − 3) + C(k − 8) + C(k − 5) or
C0(k) ≤ C(k − 2) + C(k − 6) + C(k − 11) (7)

Excluding cases 1-7, now we can assume that v is the only vertex that is
adjacent to more than one vertex in {x, y, z}.

Case 8. A vertex in {x, y, z}, say x, has degree 3.
Then we branch at z. In case we include z, the vertex v becomes of degree 2

(see Figure 4, case 8), so we fold v, totally reducing the parameter k by 2. The
new vertex v0 has degree at most 5, so we do not need to further branch at it.

In case we include N(z), the vertex x becomes of degree 2, so we fold x and
if the new vertex has degree larger than 5, we further branch at the new vertex.
Thus, in this branch, we either reduce the parameter k by 5, or further branch
at the new vertex and reduce the parameter k totally by either 6 or at least 11.
Thus, the recurrence relation is

C0(k) ≤ C(k− 2)+C(k− 5) or C0(k) ≤ C(k− 2)+C(k− 6)+C(k− 11) (8)

Excluding cases 1-8, we can assume all x, y, z have degree exactly 4.
Case 9. A neighbor t of one of x, y, and z has degree 5. We branch with

C0(k) ≤ C(k − 3) + C(k − 6) + C(k − 6) or
C0(k) ≤ C(k − 3) + C(k − 6) + C(k − 7) + C(k − 12) or (9)

C0(k) ≤ C(k − 3) + C(k − 7) + C(k − 12) + C(k − 7) + C(k − 12) or
C0(k) ≤ C(k − 3) + C(k − 7) + C(k − 12) + C(k − 6)

Case 10. All neighbors of x, y, z have degrees at most 4. We branch with

C0(k) = C0(k−2)+C0(k−4) or C0(k) = C0(k−3)+C0(k−8)+C0(k−4) (10)

This completes our construction for all possible cases. Note that it is easy to
verify that in all cases, the resulting graph has all its vertices of degree bounded
by 5 and contains at least one vertex of degree bounded by 4.

The function C(k) can be expressed by the function C0(h) by applying the
Iterative Branch algorithm on a general graph of degree bounded by 5:

C(k) = C0(k − 1) + C0(k − 6) + · · ·+ C0(k − 5h + 4) + C0(k − 5h)

for some integer h ≤ bk/5c. Using this formula in the recurrences (1)-(10), we
can prove (see [3] for a proof)

Lemma 3. The recurrences (1)-(10) have a solution C0(k) ≤ 1.2852k.

Theorem 4. The Vertex Cover problem on graphs of degree bounded by 5
can be solved in time O(1.2852kk + kn).
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5 Putting All Together and Further Improvements

Now we are ready to describe the entire algorithm.
Given a general graph G, we first branch at each vertex of degree larger than

5. The number C(k) of search paths in the search tree of our algorithm satisfies
the recurrence relation:

C(k) ≤ C(k − 1) + C(k − 6)

Note that the function C(k) = 1.2852k satisfies this recurrence relation.
After eliminating all vertices of degree larger than 5, we get a graph of degree

bounded by 5. Now combining this with Theorem 4, which gives an O(1.2852kk)
time algorithm for the Vertex Cover problem on graphs of degree bounded
by 5, we conclude with an O(kn + 1.2852kk2) time algorithm for the Vertex
Cover problem on general graphs.

Theorem 5. The Vertex Cover problem on general graphs can be solved in
time O(kn + 1.2852kk2).

Theorem 5 is a clear improvement over the best previous algorithm of time
O(kn + 1.29175kk2) for the Vertex Cover problem [10].

Further improvement of the algorithm can be obtained by using a technique
of dynamic programming, which is similar to the one used by Robson [12] for
solving the Independent Set problem.

Let G6 be a graph of degree bounded by 6. Pick a constant 0 < α < 1. We
first count how many subsets V ′ of vertices of G are there such that the induced
subgraph G(V ′) is connected and has a vertex cover of size bounded by αk.
According to Theorem 1, we can assume that the subset size |V ′| is bounded
by 2αk. Each induced connected subgraph G(V ′) of at most 2αk vertices can
be represented by a 5-ary tree as follows: order the edges of G in an arbitrary
order. Pick any vertex v in G(V ′) and any edge e incident to v (e does not have
to be in G(V ′)). Label the root of the 5-ary tree by v (and e). Now the edges
incident to v correspond to the children of v in the 5-ary tree. If a vertex w
adjacent to v is in G(V ′), then the corresponding child is labeled by w, and if
the vertex w adjacent to v is not in G(V ′), then the corresponding child is a
leaf. It is easy to see that given a tree and a vertex v and an edge e, a connected
induced subgraph is uniquely determined. Therefore, the number of connected
subgraphs induced by at most 2αk vertices is bounded by 2k · 3k · β5 = 6k2β5,
where β5 is the number of different 5-ary trees of 2αk vertices. It is known [9]
that

β5 =
(

5 · 2αk

2αk

)
1

4 · 2αk + 1
≤

(
10αk

2αk

)
1

8αk

Using Stirling approximation [9], we have

β5 ≤ c5(1010/(4 · 88))αk

where c5 is a small constant. Therefore, the number of connected subgraphs
induced by at most 2αk vertices is bounded by

√
k(1010/(4 · 88))αk. Now for
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each such induced subgraph, we apply our algorithm to check whether it has a
vertex cover of size bounded by αk. If so, we record it. For each such an induced
subgraph, checking this takes time O(1.2852αkk). Therefore, the total time for
checking this for all connected subgraphs induced by a vertex subset of at most
2αk vertices is bounded by

√
k(1010/(4 · 88))αk1.2852αk

Now suppose we have decided the value of α. Then we modify our algorithm
for general graphs as follows. First we branch at each vertex of degree at least 7
with the recurrence relation

C(k) ≤ C(k − 1) + C(k − 7)

Note that the function C(k) = 1.271k satisfies this recurrence relation. After
eliminating all vertices of degree larger than 6, we obtain a graph G6 of degree
bounded by 6. Now we enumerate all connected subgraphs of G6 with at most
2αk vertices and check if each of them has a vertex cover of size bounded by αk.
By the above discussion, this can be done in time

√
k(1010/(4 · 88))αk1.2852αk.

Finally, we apply the algorithm in Theorem 5 to the graph G6 but to find at
most k − αk vertices in the vertex cover. Once we have found at least k − αk
vertices in the vertex cover, we check directly whether the subgraph consisting
of the rest of the vertices has a vertex cover of size bounded by αk. In this case,
the running time of our algorithm can be given by

O(kn + 1.2852k−αkk2 +
√

k(1010/(4 · 88))αk1.2852αk)

Choosing α so that

1.2852k−αkk2 =
√

k(1010/(4 · 88))αk1.2852αk

we obtain α ≈ 0.04557 and the running time of our algorithm is reduced to

O(kn + 1.2852k−0.04557kk2) ≤ O(kn + 1.271kk2)

Theorem 6. The Vertex Cover problem is solvable in time O(kn+1.271kk2).

Using the same technique, we can reduce the running time for our algorithms
on graphs of degree bounded by 3 and by 4.

Theorem 7. The Vertex Cover problem on graphs of degree bounded by 3
can be solved in time O(kn + 1.2497kk).

Theorem 8. The Vertex Cover problem on graphs of degree bounded by 4
can be solved in time O(kn + 1.2588kk).
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6 Improving Algorithms for Independent Set

The problem of Maximum Independent Set problem — given a graph, find a
maximum independent set — has been playing a major role in the study of opti-
mization problems. Initialized by Tarjan and Trojanowski’s algorithm of running
time O(2n/3) [14], efficient exponential time algorithms for the Maximum Inde-
pendent Set problem have been investigated for more than two decades. Jian
[8] refined Tarjan and Trojanowski’s algorithm and presented an algorithm of
running time O(20.304n), and Shindo and Tomita [13] developed more recently
a simpler algorithm of running time O(2n/2.863). The best algorithm for the
Maximum Independent Set problem is due to Robson [12] whose algorithm
for solving the Maximum Independent Set problem runs in time O(20.276n).
This bound has stood as the best for about two decades. All these algorithms
for the Maximum Independent Set problem use similar approach as the one
recently used in the development of parameterized algorithms for the Vertex
Cover problem, i.e., they are based on exhaustive combinatorial search. Note
that according to the theory of fixed-parameter tractability [4,5], it is very un-
likely that we can develop algorithms of running time O(ckp(n)) for constructing
an independent set of k vertices, where c is a constant and p(n) is a polynomial
of n.

We show a different approach to solving the Maximum Independent Set
problem via the Vertex Cover problem. We show that using the algorithms
we have developed for the Vertex Cover problem, we can obtain improved
algorithms for the Maximum Independent Set problem on graphs of small
degree. We first prove a lemma.

Lemma 4. Let G be a graph of degree bounded by d and having n vertices. Then
a minimum vertex cover of G contains at most n(d− 1)/d vertices.

Proof. It is easy to construct an independent set of at least n/d vertices in
G. Therefore, a maximum independent set of G contains at least n/d vertices.
Consequencely, a minimum vertex cover contains at most n(d−1)/d vertices. ut

We first show our improved algorithm for graphs of degree bounded by 3.

Theorem 9. For graphs of degree bounded by 3, there is an algorithm of running
time O(1.161n) that solves the Maximum Independent Set problem.

Proof. Given a graph of degree bounded by 3, instead of finding a maximum
independent set, we try to construct a vertex cover of k vertices, starting from
k = 1, 2, 3, . . . . At the first k for which we are able to construct a vertex cover
of k vertices, we know this vertex cover is a minimum vertex cover. Thus, the
complement of these vertex cover gives a maximum independent set. As shown in
Lemma 4, we must have k ≤ 2n/3. Therefore, the running time of this algorithm
is bounded by O(1.24972n/3) = O(1.161n). ut

Similarly, we can prove
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Theorem 10. There is an algorithm of running time O(1.18842n) that solves
the Maximum Independent Set problem on graphs of degree bounded by 4.

Note that both Theorem 9 and Theorem 10 significantly improve the previ-
ous best algorithm by Robson [12], whose algorithm runs in time O(20.276n) ≈
O(1.211n).
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Abstract. In a cooperation with the national German railway company,
we construct a directed graph from a set of train time tables where train
stations correspond to vertices, and where pairs of consecutive stops of
trains correspond to edges. We consider the problem of locating vertices
of this time table graph that intuitively correspond to train stations
where the underlying railroad network branches into several directions,
and that induce a partition of the edge set into bundles.

We formulate this problem as a graph theoretic optimization prob-
lem, and show for two versions of the problem that they are NP-hard. For
the first version we show that it is even NP-complete to decide whether
any other solution besides the trivial one exists.

1 Introduction

We are given train time tables of long distance, regional, and local trains con-
sisting of more than 140 000 trains. Together, they stop at about 25 000 train
stations all over Europe. Each time table contains a list of consecutive stops for
one particular train, indicating the times of arrival and departure for each stop.
Such a set of train time tables induces a directed time table graph as follows:
Each train station appearing in some time table becomes a vertex of the graph,
and if there is a train leaving station r and having station s as its next stop, then
there is a directed edge (r, s) in the graph. By definition, a time table graph has
no multiple edges.

The original problem to be solved as posed by the TLC 1 is now the following:
Decide, solely on the basis of the train time tables, for each edge of the time table
graph, whether trains traveling along it pass through other train stations on the
way without stopping there. If so, the sequence of these other train stations
is also sought. In other words, the edges have to be classified as representing
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1 Transport-, Logistik- und Consulting GmbH/EVA-Fahrplanzentrum, the subsidiary
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Neckarelz

Heidelberg

Heilbronn

Eberbach

Neckargemünd

Eppingen

Hirschhorn

Meckesheim

Steinsfurt

Meckesheim

Steinsfurt

Fig. 1. Left: An example of the underlying undirected graph of a time table
graph. Real edges are drawn in black, transitive edges are drawn in grey. Right:
Line graph edges induced by the trains operating on this part of the time table
graph are drawn in dotted lines. Edges shown undirected mean that there is a
directed edge in either direction.

segments of the physical railroad network (real edges) or not (transitive edges),
and for each transitive edge (s, t), an appropriate s-t-path consisting of only
real edges is sought. Figure 1 shows an example. See also [4, Sect. 2.3] for a
discussion of the application background and the modeling aspects of this edge
classification problem.

Our approach to this problem is based on the following observation: Often
there are bundle-like edge sets along a line of railroad tracks that are delimited
by the branching points of the physical railroad network (in Fig. 1 for example
between Heilbronn and Eppingen, or between Neckarelz and Eberbach). If we
can find sets of edges that form such bundles, then we can, within each bundle,
classify the edges: The physical railroad network appears as a (unique) Hamilton
path of the bundle. Notice that since a time table graph is a directed graph, along
one line of railroad tracks there are usually two bundles, one in each direction.

Suppose that we could guess the branching points of the physical railroad
network. Then this vertex set together with the train time tables induces a
partition of the edges of the time table graph as follows: If a train travels along
the edge (r, s) and then along the edge (s, t), and if s is not a branching point,
then (r, s) and (s, t) belong to the same edge set. Ideally, these edge sets form
the bundles we are looking for. Edges connecting end points of bundles like
(Heidelberg,Eberbach) in Fig. 1 will never be put together into a bundle with
any other edge, so they will form a singleton in the induced edge partition. The
edges in these singletons are exactly the edges of a time table graph that remain
unclassified by this approach.

So our goal is to find a vertex subset of a time table graph that induces a
partition of the edge set into bundles, and we want there to be few singletons
in the partition. Sect. 2 will formally define this graph theoretic optimization
problem by formalizing the notion of a bundle. Notice that the vertex set we are
looking for is not necessarily exactly the set of branching points of the physical
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railroad network, because then trains that travel through a branching point
without stopping there would cause us to unite edge sets that we would want
to regard as two separate bundles. The edge (Heidelberg,Hirschhorn) is one of
several examples for such a situation in Fig. 1.

Two optimization criteria will be considered: The first one is minimizing the
cardinality of the vertex subset that induces an edge partition into bundles. The
second one is finding a vertex subset inducing an edge partition into bundles, so
that the number of singletons in the partition is minimized.

Section 3 constitutes the main part of the paper. It first provides the following
NP-hardness result for each of the two optimization criteria: We show that it is
even NP-complete to decide whether there is any other solution besides the trivial
one. This is a strong result in comparison to other graph theoretic problems
such as Vertex Cover or Feedback Vertex Set [2, Problems GT1 and
GT7], which are NP-hard to solve to optimality, but for which it is polynomial
to find a vertex set that is a solution and that is minimal with respect to set
inclusion. Intuitively, the crucial difference seems to be that if a vertex set V ′ is
not a solution for Vertex Cover or Feedback Vertex Set, then no subset
V ′′ ⊂ V ′ is, whereas this is not true for the problems discussed in this paper.

For the NP-completeness proof we will construct instances where one bundle
is usually opposite (as defined below) to more than one other bundle. Demanding
that a bundle has at most one opposite bundle yields a second version of the
problem formulation. We will show that it is again NP-hard to solve this problem
to optimality, but we do not know what the complexity is of deciding whether
a solution other than the trivial one exists. The NP-hardness result holds again
for both optimization criteria mentioned above.

2 Formalizing the Bundle Recognition Problem

Recall the following definition:

Definition 1. Given a directed graph G = (V,A), its line graph L = (A,AL) is
the directed graph in which every edge of G is a vertex, and in which there is an
edge (a, b) if and only if there are three vertices r, s, and t of G so that a = (r, s)
and b = (s, t) are edges in G.

A set of train time tables induces the time table graph G = (V,A) together
with a subset A′

L of its line graph edge set: If there is a train with train stations r,
s, and t as consecutive stops, in that order, then the line graph edge

(
(r, s), (s, t)

)

is in A′
L.

Definition 2. Given a directed graph G = (V,A) and a subset A′
L of its line

graph edges, a vertex subset V ′ ⊆ V induces a partition of A by the following
procedure:

1. Every edge of A is its own set.
2. For every line graph edge

(
(r, s), (s, t)

)
∈ A′

L, if s is not in V ′, then unite
the edge sets that (r, s) and (s, t) belong to.
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o op pq qr rs s

Fig. 2. Left: V ′ = {o, s} would induce two edge sets, one consisting of the
four short edges, and one consisting of the two long edges — note that there
are no line graph edges

(
(p, q), (q, s)

)
or

(
(o, q), (q, r)

)
. Classifying edges along

Hamilton paths within bundles as real would lead to classifying all six edges as
real. V ′ = {o, q, s}, however, induces four edge sets, among them two singletons,
resulting in four edges classified as real and two edges remaining unclassified.
Right: V ′ = {o, s} induces two edge sets that are opposite of each other.

We still need to specify how to recognize whether the edge sets of a directed
graph G = (V,A) induced by a line graph edge subset A′

L and a vertex subset
V ′ ⊆ V form bundles that are suitable for our edge classification approach.
Since we classify edges along Hamilton paths within bundles as real, a situation
as depicted on the left side of Fig. 2 would lead to wrongly classifying two edges
as real. We can avoid such wrong classifications by demanding that two different
bundles do not share vertices outside V ′, unless, of course, the two bundles are
opposite of each other as defined below and as illustrated on the right side of
Fig. 2.

Definition 3. For a directed acyclic graph G, define a partial order “≤” on its
vertex set by r ≤ s for two (not necessarily distinct) vertices of G if and only
if there is a directed path (possibly of length zero) from r to s in G. If neither
r ≤ s nor s ≤ r for two vertices r and s, we write r||s.

We are now ready to cast the intuitive notion of opposite edge sets into
a formal definition, and to state the bundle recognition problem as a graph
theoretic problem:

Definition 4. For a directed graph G = (V,A) and a subset A′ ⊆ A of its edge
set, let G[A′] denote the directed graph induced by A′. Given two disjoint edge
subsets A1 ⊆ A and A2 ⊆ A of G such that G[A1] and G[A2] are acyclic, A1

and A2 are called opposite if the following two conditions hold:

1. There is an edge (r, s) ∈ A1 such that (s, r) ∈ A2.
2. If r and s are two distinct vertices belonging both to G[A1] and to G[A2],

and if r ≤ s in G[A1], then either s ≤ r or s||r in G[A2].

Bundle Recognition Problem. Given a directed graph G = (V,A) and a sub-
set A′

L of its line graph edge set, find a vertex set V ′ ⊆ V such that the sets of
the induced edge partition fulfill the following three conditions:

1. Each edge set induces a directed acyclic graph.
2. This graph contains a Hamilton path.
3. Two distinct edge sets do not have vertices outside V ′ in common, except

possibly if the edge sets are opposite.
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Note that there is always a trivial solution for the bundle recognition problem,
namely V ′ = V . But this solution is useless because it induces an edge partition
consisting only of singletons, and our goal is to minimize the number of induced
singletons. Since adding a vertex to a solution of the bundle recognition problem
cannot reduce the number of induced singletons, minimizing the cardinality of
V ′ seems to be a reasonable optimization criterion as well. Note, however, that
a minimum cardinality set V ′ solving the bundle recognition problem does not
necessarily yield the smallest possible number of induced singletons. In fact,
there are instances where all vertex sets solving the bundle recognition problem
and inducing the minimum number of singletons possible contain more vertices
than a vertex set of minimum cardinality. We will consider both optimization
criteria below.

3 NP-Hardness Results

We will now see that finding a solution for the bundle recognition problem that
contains a small number of vertices or that induces a small number of singletons
is NP-hard in a very strong sense: It is already NP-complete to decide whether
there is any other solution besides the trivial one.

Theorem 1a. Given a directed graph G = (V,A) and a subset A′
L of its line

graph edge set, it is NP-complete to decide whether there is any proper subset
V ′ ⊂ V solving the bundle recognition problem.

To prove the theorem, we will make intensive use of the basic arguments
illustrated in Fig. 3.

Definition 5. Given a directed graph G = (V,A) and a subset A′
L of its line

graph edge set, a vertex set V ′′ ⊆ V is an all-or-none-set if for every solution
V ′ ⊆ V of the bundle recognition problem, either V ′′ ⊆ V ′, or V ′′ ∩ V ′ = ∅.

Proof (of Theorem 1a). Clearly the bundle recognition problem is in NP. We
use a reduction from the problem 3-Satisfiability (3Sat; see [1] and [2, Prob-
lem LO2]) to see that it is NP-complete. Given a set U of Boolean variables and
a set C of clauses over U , we may assume that U contains at least two variables.
We construct an instance

(
G = (V,A), A′

L

)
of the bundle recognition problem

as follows:
For each variable u ∈ U there are two literal chains, one for the positive

literal (also denoted by u) and one for the negative literal (denoted by u), as
defined by Fig. 4. Furthermore, the two literal chains belonging to a variable are
connected by a variable cycle as depicted in Fig. 5. For each clause c ∈ C there
is a clause cycle as defined by Fig. 5, connecting the literal chains corresponding
to the three literals forming c.

If U consists of the n variables u1, . . . , un, there is a forcing component as
defined by Fig. 6 from the two literal chains corresponding to ui to the two
literal chains corresponding to ui+1 for each 1 ≤ i ≤ n − 1, and there is a
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op

q

r s t v

Fig. 3. Given this directed graph (black and white vertices and black edges) and
this set of line graph edges (dotted), assume a vertex subset V ′ is a solution
to the bundle recognition problem. Then {o, p, q} ⊆ V ′ because of the third
condition in the bundle recognition problem. If r ∈ V ′, then the edges (r, t) and
(s, t) belong to different sets of the induced edge partition, so again because of
the third condition in the bundle recognition problem, r ∈ V ′ implies t ∈ V ′.
The second condition implies that v ∈ V ′, and that if t ∈ V ′, then s ∈ V ′. The
first condition implies that at least two of the four white vertices of the cycle
must belong to V ′.

So we have that r ∈ V ′ implies t ∈ V ′, t ∈ V ′ implies s ∈ V ′, and s ∈ V ′

implies r ∈ V ′. Together, these implications mean that either all of r, s, and t
belong to V ′, or none of them does. Therefore, we call {r, s, t} an all-or-none-set.

Vertices that must belong to every solution of the bundle recognition problem
will always be drawn in black, while vertices that may or may not belong to a
solution will be drawn in white. Line graph edges will always be dotted.

forcing component from the literal chains corresponding to un to the literal
chains corresponding to u1.

We will make use of the following lemmas, the proofs of which are omitted:

Lemma 1. In this instance of the bundle recognition problem there are 18 · |U |
vertices (the black vertices of the literal chains and of the forcing components
in Fig. 4 and 6) that every solution V ′ of the bundle recognition problem must
contain.

Lemma 2. Within every literal chain, the set of white vertices forms an all-or-
none-set.

Lemma 3. If for a forcing component attached to the literal chain x by the
vertices ax and bx as shown in Fig. 6, a solution V ′ of the bundle recognition
problem contains ax or bx, then V ′ contains all three vertices ax, bx, and cx.

Lemma 4. Consider a variable u and the vertices cu and cu of the corresponding
forcing component as shown in Fig. 6. If both cu and cu are contained in a
solution V ′ of the bundle recognition problem, then the vertices du, eu, fu, gu,
du, eu, fu, and gu all belong to V ′ as well.

We need to show that there is a fulfilling truth assignment for the variables of
the 3Sat instance if and only if there is a solution V ′ for the bundle recognition
problem that is a proper subset of V . First assume we have a fulfilling truth
assignment for the 3Sat instance. We construct a solution V ′ for the bundle
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Fig. 4. An example of a literal chain as used in the construction for the proof of
Theorem 1a. For a literal appearing in � clauses, the corresponding literal chain
is constructed to contain 6 black vertices, 6 + 2� white vertices, 18 + 4� edges,
and 12 + 4�− 1 line graph edges. Each literal chain is vertex and edge disjoint
from every other literal chain.

u1

u1 u2

u3

Fig. 5. For each variable u in the construction for the proof of Theorem 1a, the
two literal chains for u and u are connected by a cycle of four edges and four line
graph edges, called a variable cycle. The picture shows the variable cycle for u1.
Each variable cycle is vertex and edge disjoint from every other variable cycle.

For each clause c in the construction for the proof of Theorem 1a, the literal
chains corresponding to the three literals making up c are connected by a clause
cycle of six edges and six line graph edges. The picture shows the clause cycle
for a clause c = (u1∨u2∨u3). Each clause cycle is vertex and edge disjoint from
every other clause cycle and from every variable cycle.

recognition problem as follows. Include all black vertices in V ′. For each literal x
that the truth assignment sets true, include the white vertices of its literal chain
in V ′, and include in V ′ the vertex cx of the corresponding forcing component.
Clearly, this set V ′ is a proper subset of V . We may convince ourselves that it
is also a solution to the bundle recognition problem.

Now assume we are given a solution V ′ to the bundle recognition problem
that is a proper subset of V . We claim that such a set V ′ yields a fulfilling truth
assignment for the 3Sat instance by setting each variable to true for which the
white vertices of the positive literal chain are contained in V ′, and by setting
every variable to false for which the white vertices of the negative literal chain
are contained in V ′.
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dui
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Fig. 6. For each variable in the construction for the proof of Theorem 1a,
there is a forcing component connecting the two literal chains of the vari-
able to the literal chains of another variable. Each of the |U | forcing
components consists of six black vertices, eight white vertices (besides the
white vertices of literal chains that are part of the forcing component),
32 edges, and 28 line graph edges. The line graph edges at vertex cui

are
(
(cui

, cui), (cui , dui
)
)
,

(
(bui , cui), (cui , cui

)
)
, and

(
(bui , cui), (cui , dui)

)
.

The line graph edges at vertex dui
are

(
(cui , dui

), (dui
, eui

)
)
,(

(cui , dui
), (dui

, fui
)
)
,

(
(cui

, dui
), (dui

, eui
)
)
, and

(
(cui

, dui
), (dui

, fui
)
)
. The

situation at cui
and dui is symmetric.

Every forcing component is vertex and edge disjoint from every other forcing
component, and from every variable and clause cycle.

We first need to show that for each variable, exactly one of its two literal
chains has its white vertices contained in V ′. First recall that by Lemma 2,
for each literal chain, either all its white vertices are in V ′ or none is. Now
assume there is a variable u for which neither of its two literal chains has its
white vertices in V ′. But then the four edges of the variable cycle for u form an
induced edge set that is cyclic, contradicting that V ′ is a solution to the bundle
recognition problem. So for each variable, at least one of its literal chains has
its white vertices in V ′. Now assume there is a variable u for which both of
its literal chains have their white vertices in V ′. Applying Lemmas 3, 4, and 2
repeatedly yields that all white vertices of all literal chains and all white vertices
of all forcing components must be in V ′. But then V ′ = V , contradicting that
V ′ is a proper subset of V . So we have that for each variable, exactly one of its
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literal chains has their white vertices in V ′, and thus V ′ indeed induces a truth
assignment for the variables.

Now assume that this truth assignment leaves a clause c with only false lit-
erals. Then the six edges of the clause cycle corresponding to c form an induced
edge set that is cyclic, contradicting that V ′ is a solution to the bundle recogni-
tion problem. 
�

Notice that in the instances of the bundle recognition problem constructed
for this proof, there is a solution V ′ �= V if and only if there is a solution so that
the induced edge sets form less than |A| singletons. So we have as a corollary of
Theorem 1a:

Theorem 1b. Given a directed graph G = (V,A) and a subset A′
L of its line

graph edge set, it is NP-complete to decide whether there is any vertex set V ′ ⊆ V
solving the bundle recognition problem and inducing less than |A| singletons.

The proof of Theorem 1a makes extensive use of situations where for one
edge set A′, there are several edge sets to which A′ is opposite. Considering
the motivation of the bundle recognition problem through time table graphs,
one might argue that this situation is very artificial and far removed from the
original problem of finding bundles along a line of railroad tracks. So let us
consider a version of the bundle recognition problem where we do not allow an
edge set to have more than one opposite edge set:

Modified Bundle Recognition Problem. Given a directed graph G =
(V,A) and a subset A′

L of its line graph edge set, find a vertex set V ′ ⊆ V such
that the sets of the induced edge partition fulfill the following four conditions:

1. Each edge set induces a directed acyclic graph.
2. This graph contains a Hamilton path.
3. Two distinct edge sets do not have vertices outside V ′ in common, except

possibly if the edge sets are opposite.
4. No edge set has more than one opposite edge set.

We will see that it is still NP-hard to minimize the number of vertices in a
solution V ′, or to minimize the number of singletons induced by a solution V ′:

Theorem 2a. Given a directed graph G = (V,A), a subset A′
L of its line graph

edge set, and an integer K, it is NP-complete to decide whether there is a vertex
set V ′ ⊆ V with |V ′| ≤ K that solves the modified bundle recognition problem.

Proof. The modified bundle recognition problem is again in NP. We use a re-
duction from the following variation of One-In-Three 3Sat: Given a set U
of Boolean variables and a set C of clauses over U where each clause contains
exactly three positive literals, is there a truth assignment for the variables so
that there is exactly one true literal in each clause ? [3] shows that One-In-
Three 3Sat is NP-complete, and [2, Problem LO4] observes that it remains
NP-complete even if there are no negative literals. This can be easily seen.
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Fig. 7. An example of a variable component as used for the proof of Theorem 2a.
If a variable appears � times in clauses, then the corresponding variable compo-
nent has � arms and consists of 6 + 4� black vertices, 9� white vertices, 6 + 22�
edges, and 22�− 1 line graph edges. The picture shows an example with three
arms.

Given U and C, we now construct an instance
(
G = (V,A), A′

L,K
)
of the

problem in Theorem 2a as follows: For each variable in U the positive literal of
which appears � times in some clause of C there is a variable component with �
arms as defined by Fig. 7. For each clause c in C there is a clause component as
defined by Fig. 8. It connects three arms of variable components corresponding
to the three literals making up c. Set K = 6 · |U |+ 28 · |C|.

We will make use of the following lemmas, the proofs of which are again
omitted:

Lemma 5. Every solution to the modified bundle recognition problem must con-
tain the 6 · |U |+ 12 · |C| black vertices of the variable components.

Lemma 6. If a variable component has � arms, then the vertex set {x1, z1, z
′
1,

z′′1 , . . . , x�, z�, z
′
�, z

′′
� } forms an all-or-none-set.

Lemma 7. If a variable component has � arms, then for each i ∈ {1, . . . , �}, the
vertex set {yi, bi, ci, di} forms an all-or-none-set.

Lemma 8. In each clause component and for each i ∈ {1, 2, 3}, the vertex set
{pi, qi, ri, si} forms an all-or-none-set.

To show that there is a truth assignment for the variables in U fulfilling the
One-In-Three 3Sat instance if and only if there is a solution to the modi-
fied bundle recognition problem with at most K vertices, first assume there is a
fulfilling truth assignment. Construct a solution V ′ to the modified bundle recog-
nition problem as follows. Let every black vertex be in V ′. For each variable that
is set to true, let the all-or-none-set containing x1 be in V ′. For every variable
that is set to false, let the all-or-none-sets of the arms of the variable component
be in V ′. For each clause component, let only those four vertices be in V ′ that
will have to belong to it because of Lemma 8. We may convince ourselves that
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p1

q1

r2

s2

p2

q2

r3

s3

p3 q3

Fig. 8. For each clause, there is a clause component connecting three arms of the
variable components corresponding to the literals making up the clause. A clause
component contains 6 white vertices (besides the white vertices that are part of
the arms of variable components), 18 edges, and 18 line graph edges. Note that
each vertex labeled ri for some i ∈ {1, 2, 3} is called dj for some integer j > 0 in
an arm of a variable component. Likewise, each si has another label cj .

this set V ′ contains exactly K vertices and that it is a solution for the modified
bundle recognition problem.

Now assume we are given a vertex set V ′ with at most K vertices that solves
the modified bundle recognition problem. All the black vertices must then belong
to V ′, and we have the following lemmas:

Lemma 9. If the all-or-none-set containing x1 of a variable component with �
arms is not in V ′, then every all-or-none-set corresponding to an arm of the
variable component must be in V ′. Thus, there are at least 4� vertices of each
variable component in V ′.

Lemma 10. For each clause component, at least two of its all-or-none-sets must
belong to V ′.

The number of vertices that must belong to V ′ according to the above lemmas
is exactly K. Therefore, if for a variable component its all-or-none-set containing
x1 belongs to V ′, then no all-or-none-sets corresponding to arms of the variable
component may be in V ′, and we have a truth assignment for the variables by
setting a variable to true if and only if the all-or-none-set containing x1 belongs
to V ′. This truth assignment fulfills the One-In-Three 3Sat instance because
due to the limit of K vertices for V ′ no clause component can have all three of
its all-or-none-sets belong to V ′. 
�

As with Theorems 1a and 1b, we can again obtain a result corresponding to
Theorem 2a where the optimization criterion is the number of induced singletons
rather than the number of vertices in the vertex set V ′:

Theorem 2b. Given a directed graph G = (V,A), a subset A′
L of its line graph

edge set, and an integer K, it is NP-complete to decide whether there is a vertex
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set V ′ ⊆ V that induces at most K singletons, and that solves the modified
bundle recognition problem.

Proof (idea). The proof uses the same ideas as the proof of Theorem 2a but with
a slightly altered construction of the instance of the modified bundle recognition
problem:

For every variable component with two or more arms, prolong the first arm
by inserting an extra white vertex e1: Replace the edge (d1, f1) by two edges
(d1, e1) and (e1, f1), replace the edge (c1, f1) by two edges (c1, e1) and (d1, f1),
and add two line graph edges so that {y1, b1, c1, d1, e1} forms an all-or-none-set.

For every variable component with � ≥ 3 arms, add to every “middle” arm
i with 2 ≤ i < � one edge (bi, fi), and add one line graph edge

(
(ai, bi), (bi, fi)

)

so that {yi, bi, ci, di} is still an all-or-none-set. If a variable component has only
one arm, then do the same thing to this arm.

If KF, KM, and KL are the number of first, middle, and last arms, counted
over all variable components, then set K = 6 · |U |+11 · |C|+12 ·KF+11 ·KM+
10 ·KL. 
�

4 Conclusion

We have considered two versions of a graph theoretic optimization problem mod-
eling the problem of recognizing bundles in time table graphs. For the first ver-
sion, we have shown that it is even NP-complete to decide whether there is any
other solution besides the trivial one. For the proof we constructed instances
where one bundle was usually opposite to more than one other bundle. Demand-
ing that a bundle has at most one opposite bundle yields the second version of
the problem formulation. We were able to show that it is still NP-hard to solve
this problem to optimality. For each of the two versions, we have shown the
NP-completeness result for two different optimization criteria.

Algorithmic results as to how to solve the bundle recognition problem in
an approximative or heuristic way are now needed. Alternatively, further mod-
ifications of the graph theoretic formulation of the problem, for example by
demanding that two opposite edge sets actually share all their vertices, may be
promising.
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Abstract. In this paper we describe a computational study to solve
hard frequency assignment problems (FAPs) to optimality using a tree
decomposition of the graph that models interference constraints. We
present a dynamic programming algorithm which solves FAPs based on
this tree decomposition. With the use of several dominance and bound-
ing techniques it is possible to solve small and medium-sized real-life
instances of the frequency assignment problem to optimality. Moreover,
with an iterative version of the algorithm we obtain good lower bounds
for large-sized instances within reasonable time and memory limits.

1 Introduction

The Frequency Assignment Problem (FAP) in its most basic form has two struc-
tural properties: the limited availability of frequencies to be assigned to wireless
connections, and signal interference between connections for some combinations
of frequencies. The diversity of practical applications, ranging from military
communication, television broadcasting, and (the most popular example) mo-
bile telephone communication has not only resulted in many different models,
but also in many different types of instances. We consider a model that is fairly
general in the sense that most variants of the FAP can be translated to this
model: Given is a set of antennae that are all to be assigned a frequency. For
each antenna the available set of frequencies, the domain, is known, though not
necessarily the same for all antennae. In some applications certain frequencies
are favored over others. For instance, if there is an existing frequency plan in
which changes are to be reduced to a minimum. We model this by introducing a
penalty on each frequency from the domain of an antenna, such that the smaller
the penalty the more favorable the frequency is. For pairs of antennae specific
combinations of frequencies may interfere, resulting in loss of quality of the re-
ception of the signals. This loss of quality is measured and penalized with an
amount related to the quality loss. For each pair of antennae we are given the
penalties for all combinations of frequencies possible, the penalty matrix. The
penalty matrices have a structure that can be used in solution methods, namely
that frequencies that are close or even equal have a high penalty, because of
high interference levels, and frequencies at larger distances have no penalty. We
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model this problem on graphs as follows: the vertices represent the antennae;
each antenna pair with a nonzero penalty matrix is connected by an edge. This
graph is called the constraint graph. The objective is to find a frequency plan
that minimizes the sum of the vertex and edge penalties.

The FAP is, in most of its variants, hard to solve, due to its close relation
to the vertex coloring problem. Therefore, many heuristic approaches have been
suggested using all of the known methods in operations research and artificial
intelligence, like simulated annealing (cf. Tiourine, Hurkens and Lenstra [10]),
tabu search (cf. Castelino, Hurley and Stephens [4]) and genetic algorithms
(Kolen [5]). A comparison of these techniques on a specific set of data can be
found in [9]. In this paper we concentrate on finding exact solutions, or sec-
ond best on finding good lower bounds for the FAP. To obtain lower bounds
for this problem, Tiourine, Hurkens and Lenstra [10] use nonlinear program-
ming techniques. Non-trivial lower bounds are only obtained for very special
cost structures and fairly simple constraint graphs. An exact solution technique
has been studied by Koster, van Hoesel and Kolen [6]. They investigate the poly-
hedral approach (which can also be used to obtain lower bounds). It only works
within reasonable time for problems with a very limited number of frequencies
available for every antenna.

Forced by the limited success of the exact solution methods so far, we tried
to exploit the structure of the constraint graph more directly in our approach.
Instances of the FAP have a geographical nature, since each antenna is placed in
a two-dimensional map. Moreover, this geography influences interference, since
pairs of antennae have no interference if their distance is far enough. Finally,
concentrations of antennae are found in densely populated areas. These areas
are connected with one another with a limited number of edges. This led us to
believe that many instances have a constraint graph with a tree-like structure,
and thus may be solved using a tree decomposition of the constraint graph with
small treewidth. The theory on tree decompositions and tree-width has been
developed by Robertson and Seymour [8]. Problems on graphs with small tree-
width can usually be solved using dynamic programming (see Bodlaender [2]).
We used these ideas, together with sophisticated processing techniques, on a set
of instances for which the previous techniques generated only few significant re-
sults, i.e., for a small set of instances reasonable lower bounds were computed.
We are now able to solve many of these instances to optimality, and we found
that the instances with known lower bounds are in fact the ones with (after
preprocessing) a very small treewidth. Moreover, in an iterative version of our
algorithm we are able to generate good lower bounds on the very difficult in-
stances fairly quickly. The algorithm is applicable on all instances with limited
tree-width. Finally, the FAP is a partial constraint satisfaction problem with
binary relations (PCSP). It seems likely due to the generic nature of the FAP,
that our techniques are also applicable to other PCSPs.

In Section 2 and 3 we respectively model the FAP in detail, and introduce the
notions tree decomposition and treewidth of a graph. In Section 4 we propose the
dynamic programming algorithm based on the tree decomposition of the con-
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straint graph. We present an iterative extension of the algorithm that provides
lower bounds for the original problem in Section 5. The computational results
obtained with these methods are the topic of Section 6. For reasons of brevity,
additional reduction techniques and a heuristic for the tree decomposition of a
graph are omitted. For a complete presentation, we refer to [7].

2 Problem Description

The FAP can be formulated in a mathematical form by a quadruple (G, D, p, q).
Here, G = (V, E) is the so-called constraint graph. All n vertices v ∈ V in this
graph correspond to an antenna to which we have to assign a frequency. The
set D = {Dv : v ∈ V } consists of a collection of sets of frequencies Dv for every
vertex v ∈ V . The set Dv is also called the domain of vertex v ∈ V . The last two
components of a FAP are given by the functions p and q. The function p gives
the level of interference, given an edge {v, w} ∈ E and two domain elements
dv ∈ Dv, dw ∈ Dw for the vertices incident to that edge, whereas the function q
gives the level of preference, given a domain element dv ∈ Dv for a vertex v ∈ V .
The function p is also called the edge-penalty function, whereas the function q is
also called the vertex-penalty function. Now, the problem is to select from every
domain Dv exactly one domain element in such a way that the total sum of both
the edge- and vertex-penalties is minimized.

The above described FAP can be formulated as a binary linear programming
problem using the following binary variables for all v ∈ V , dv ∈ Dv

y(v, dv) =
{

1 if dv ∈ Dv is selected
0 otherwise

and for all {v, w} ∈ E, dv ∈ Dv, dw ∈ Dw

z(v, dv, w, dw) =
{

1 if (dv, dw) ∈ Dv ×Dw is selected
0 otherwise

Now, if q(v, dv) and p(v, dv, w, dw) denote the vertex- and edge penalties, re-
spectively, a {0, 1} linear programming formulation of the frequency assignment
problem is given by

min
∑

{v,w}∈E

∑
dv∈Dv

∑
dw∈Dw

p(v, dv, w, dw)z(v, dv, w, dw)

+
∑
v∈V

∑
dv∈Dv

q(v, dv)y(v, dv) (1)

s.t.
∑

dv∈Dv

y(v, dv) = 1 ∀v ∈ V (2)

∑
dw∈Dw

z(v, dv, w, dw) = y(v, dv) ∀{v, w} ∈ E, dv ∈ Dv (3)

z(v, dv, w, dw) ∈ {0, 1} ∀{v, w} ∈ E, dv ∈ Dv, dw ∈ Dw (4)
y(v, dv) ∈ {0, 1} ∀v ∈ V, dv ∈ Dv (5)
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Constraints (2) model the fact that exactly one value in the domain of a vertex
should be selected. Constraints (3) enforce that the combination of values se-
lected for an edge should be consistent with the values selected for the vertices
of that edge. In Koster, van Hoesel and Kolen [6] it is proved with a reduction
from Maximum Satisfiability that the FAP is NP-hard, even if all domains have
size 2.

Finally, we introduce some additional notation which we will use in the sequel
of this paper. Let N(v) = {w ∈ V |{v, w} ∈ E} denote the set of vertices adjacent
to v ∈ V , whereas N(S) = {w ∈ V \ S|∃v ∈ S : {v, w} ∈ E} denotes the
neighbors of the vertices in the subset S ⊆ V . Let E(S, T ) denote the set of all
edges between the vertices in S ⊆ V and T ⊆ V , i.e., E(S, T ) = {{v, w} ∈ E :
v ∈ S, w ∈ T }. With E[S] we denote all edges between the vertices in S ⊆ V , i.e.,
E[S] = E(S, S). By G[W ] = (W, E[W ]) we denote the subgraph of G = (V, E)
induced by W .

3 The Tree Decomposition of a Graph

In the early 1980s Robertson and Seymour introduced the notions tree decom-
position and treewidth:

Definition 1 (Robertson and Seymour [8]). Let G = (V, E) be a graph.
A tree-decomposition is a pair (T,X ), where T = (I, F ) is a tree, and X =
{Xi|i ∈ I} is a family of subsets of V , one for each node of T , such that

(i).
⋃

i∈I Xi = V ,
(ii). for every edge {v, w} ∈ E, there is an i ∈ I with v ∈ Xi and w ∈ Xi,

and
(iii). for all i, j, k ∈ I, if j is on the path from i to k in T , then Xi∩Xk ⊆ Xj.

The width of a tree decomposition is maxi∈I |Xi| − 1. The treewidth of a
graph G, denoted by tw(G), is the minimum width over all possible tree decom-
positions of G.

The problem ‘Given a graph G = (V, E) and an integer k, is the treewidth of
G at most k’ is NP-complete. However, if the integer k is a constant that is not
part of the input of the problem, the problem can be solved in polynomial time.
These results are due to Arnborg, Corneil and Proskurowski [1]. An algorithm
that solves the problem in linear time for constant k is given by Bodlaender [3].
However, this algorithm is exponential in k, and is therefore impractical for
graphs with larger treewidth. Therefore, we use a heuristic to construct a tree
decomposition with small treewidth (see [7]).

4 Dynamic Programming Algorithm

The algorithm that solves the FAP in polynomial time (given that the treewidth
is at most a constant k) is based on the following idea. Suppose the optimal
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solution is given for all vertices except for one, let say v. Then, the optimal
choice for v only depends on the domain elements assigned to the neighbors of
v, N(v). In other words, the solution does not depend on the assignment for
the vertices not in the neighborhood of v. In general, let S ⊂ V be a vertex
separating set of G with G[V \S] = G[V1]∪G[V2]. Then the optimal assignment
in both V1 and V2 only depends on the assignment in S. So, given an assignment
S the problem decomposes in two FAPs on G[V1] and G[V2]. Thus, the FAP can
be solved by solving the two FAPs on G[V1] and G[V2] for all Πv∈S |Dv| different
assignments in S. The problems on G[V1] and G[V2] can be solved in the same
way.

The idea described above can be formulated as a dynamic programming
algorithm using a tree decomposition of the graph. Without loss of generality
we assume that the tree decomposition is rooted, and binary. Moreover, we
assume that every non-leaf node i ∈ I, Xi is a separating set, which implies
that given an assignment for Xi, the FAP decomposes in smaller FAPs for every
branch in the tree. First, we introduce some additional notation. Let Yi = {v ∈
V : ∃j ∈ I, j descendant of i and v ∈ Xj} denote the set of vertices that is
represented by the subtree rooted at node i. Given a subset S ⊆ V , we denote
with dS = (dv)v∈S an assignment of domain elements dv ∈ Dv for every vertex
v ∈ S. The total penalty involved by this assignment in the induced subgraph
G[S] is given by

q(S, dS) =
∑
v∈S

q(v, dv) +
∑

{v,w}∈E[S]

p(v, dv, w, dw)

This value is a lower bound on the total penalty involved in any complete assign-
ment based on the partial assignment dS . So, if q(S, dS) > u, where u is the best
known value, then this partial assignment cannot be extended to an optimal com-
plete assignment. An assignment will be called non-redundant if q(S, dS) < u.
Finally, let DS denote the complete set of all non-redundant assignments for a
set S.

Now, we can describe the dynamic programming algorithm as follows. In a
bottom-up way we compute for every node i ∈ I all non-redundant assignments
for the subset Yi, DYi . Starting with a leaf i ∈ I of the tree, the algorithm
stores all non-redundant assignments for the vertices in Xi. The computation
of all non-redundant assignments takes O(Πv∈Xi |Dv|) = O(d|Xi|) time, where
d = maxv∈V |Dv|. Next, given all non-redundant assignments for two nodes
j, k ∈ I with common predecessor i ∈ I, we can compute all non-redundant
assignments Yi by combining every assignment of Yj , every assignment of Yk

that has the same assignment for the vertices in Xj ∩Xk, and every assignment
of domain elements to the vertices in Xi \ (Xj ∪ Xk). However, since Xi is a
vertex separating set in the graph, we do not have to store all non-redundant
assignments for the vertices in Yi, but only the assignments that differ for the
vertices in Xi. Given an assignment for the vertices in Xi, we only have to
store the best assignment for the vertices in Yi \ Xi. In other words, we have
to store at most Πv∈Xi |Dv| assignments for node i ∈ I instead of Πv∈Yi |Dv|
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assignments to obtain the overall optimal solution. The computation of these
assignments can be done in O(Πv∈Xi∪Xj∪Xk

|Dv|) = O(d|Xi|+|Xj |+|Xk|). Finally,
for the root node r ∈ I of the tree T , Yr = V , and so we only have to store one
solution which gives the desired optimal solution for the problem. The overall
computation time of this algorithm is given by O(nd3k), where k is the width of
the tree decomposition (T,X ) of G that is used. So, for graphs with treewidth
bounded by a constant k, this algorithm solves the FAP in polynomial time, but
is exponential in k.

In Figure 1 the above described algorithm is represented in a flowchart, where
we assume that the nodes are numbered 1, . . . , |I| in a topological order from
top to bottom. The performance of the algorithm highly rely on the exact order
in which the nodes are numbered and additional techniques to reduce the size
of the sets of non-redundant assignments DYi (see [7]).

INPUT:

Problem P = (G = (V;E);D; p; q)

Tree-decomposition (T;X )

i := jIj

Node i is a leaf ?
yes

Compute all assignments for Xi

no

Let i be the predecessor of j; k 2 I

Compute all assignments for Yi

from assignments for Yj and Yk

i := i� 1

i > 0 ?

no

P solved

yes

Fig. 1. Dynamic programming algorithm
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5 Iterative Version of the Dynamic Programming
Algorithm

Both time and memory are insufficient to solve large instances by the dynamic
programming algorithm described in Section 4, even if we use several reduction
techniques. Therefore, we present in this section an iterative version of the dy-
namic programming algorithm which provides lower bounds for these instances.
The dynamic programming algorithm is used as a subroutine to solve FAPs with
substantially smaller domains. Contrary to the original FAP, time and memory
are sufficient to solve these FAPs. The consecutive FAPs are constructed in
such a way that they provide a sequence of non-decreasing lower bounds for the
original problem.

The idea of this iterative method is based on the special structure of the
edge-penalties. For example, consider the matrix of edge-penalties given in Fig-
ure 2(a). The level of interference on this edge is 10 if the difference between the
frequencies is less than the value 2. If we divide the frequencies in two groups
{1, 2}, and {3, 4}, we obtain 4 blocks in the table of edge-penalties with the
same or almost the same values. In most cases there is no difference between the
penalties as long as the pairs of frequencies are in the same block. Therefore,
let us relax the FAP to a new FAP in which we have to assign either the subset
{1, 2} or the subset {3, 4} to the vertices. The edge-penalties in this new FAP
are given by the minimum of the values in each block (see Figure 2(b)). Solving
this substantially smaller problem provides a lower bound for the optimal value
of the original problem. The quality of the lower bound depends on the size of
the blocks: many small blocks will provide a better lower bound than a small
number of large blocks. In most real-life instances the block structure of the
penalty matrices arises naturally by the fact that the available frequencies for
an antenna can be divided in groups of frequencies that are in the same part of
the spectrum.

dv, dw 1 2 3 4

1 10 10 0 0
2 10 10 10 0

3 0 10 10 10
4 0 0 10 10

(a) original penalty matrix

dv, dw {1, 2} {3, 4}
{1, 2} 10 0

{3, 4} 0 10

(b) new penalty matrix

Fig. 2. Example to illustrate the idea behind the iterative algorithm
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We can extend this idea to the following algorithm which provides a sequence
of non-decreasing lower bounds for the original FAP. We start with the original
problem P = (G, D, p, q) and we partition for every vertex v ∈ V the domain Dv

in an initial number of nv subsets D1
v, . . . , D

nv
v . This partition is, for example,

based on a natural partition of the frequencies in groups of frequencies that are
in the same part of the spectrum.

Next, we construct a new FAP P ′ = (G′, D′, p′, q′), with

– graph G′ = G = (V, E),
– domains D′

v = {1, . . . , nv} for all vertices v ∈ V ,
– vertex-penalties q′(v, i) = mindv∈Di

v
q(v, dv) for every vertex v ∈ V , i ∈ D′

v,
and

– edge-penalties p′(v, i, w, j) = mindv∈Di
v
mindw∈Dj

w
p(v, dv, w, dw) for every

edge {v, w} ∈ E, i ∈ D′
v, j ∈ D′

w.

So, P ′ is defined on the same graph as P , and the domains of P ′ correspond
with the subsets Di

v, i = 1, . . . , nv. Since the vertex and edge-penalties in P ′ are
the minimum of the penalties in the corresponding subset(s), the optimal value
of the problem P ′ provides a lower bound for the optimal value of the original
problem P . Moreover, if this lower bound is equal to the value of the best known
solution for the original problem, we have proved that the best known solution
for the original problem is optimal. If there is still a gap between the bounds,
several ways exist to reduce this gap. On the one hand, the optimal solution
of P ′ can be used to obtain a new upper bound for P . On the other hand, a
refinement of the domain-subsets may result in a better lower bound.

Given the optimal solution of P ′, a new upper bound for the original problem
P can be obtained in the following way. The optimal solution corresponds to the
assignment of a domain-subset to every vertex. As the vertex and edge-penalties
within these subsets do not differ that much, an assignment of frequencies in
these subsets may lead to an improved upper bound for the original instance. In
other words, in order to obtain a new upper bound, we apply either a heuristic
or an exact approach to the restricted problem in which the domain of every
vertex is restricted to the domain-subset that is assigned in the optimal solution
of P ′.

Our way to obtain better lower bounds is based on a refinement of the
domain-subsets. A partition D̃1

v, . . . , D̃
m
v of a domain Dv is called a refinement

of another partition D̄1
v, . . . , D̄n

v , if for every subset D̃i
v, i = 1, . . . , m, there exists

a subset D̄j
v, j ∈ {1, . . . , n} in the second partition for which Di

v ⊆ Dj
v. Simi-

larly, a partition of all domains is called a refinement of another partition of all
domains, if for all vertices the former partition of its domain is a refinement of
the latter partition of its domain. If P̃ and P̄ are FAPs corresponding to these
partitions, then the value of the optimal solution of P̃ will be at least as high
as the value of the optimal solution of P̄ , which implies that P̃ provides a lower
bound that is greater or equal than the lower bound provided by P̄ .

So, the lower bound given by P ′ can be improved by a refinement of the par-
tition of the domains. For the refined partition we again construct a FAP which
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hopefully provides us with a better lower bound. We can repeat the refinement
of the partition and solving a new FAP as long as the lower bounds are smaller
than the upper bound for P and the efforts to solve P ′ are reasonable in both
time and memory. The way we refine the partition of the subsets is described
in [7]. The problems P ′ can be solved with any exact algorithm. However, the
use of the dynamic programming algorithm of Section 4 has an important ad-
vantage that reduce the computational effort. With the dynamic programming
algorithm information of the previous problem P ′ can be used to solve the new
problem P ′. More specific, during the computation of the optimal solution of a
previous problem P ′, we obtain for all i ∈ I a lower bound l+i for the penalty
involved by the induced subgraph G[Yi] and the edges E(Yi, V \Yi). These values
are also lower bounds on the penalty in the new problem P ′, which implies that
we can compute upper bounds u(V \ Yi) = u′ − l+i for all i ∈ I. Here, u′ is a
general upper bound for the new problem P ′ which can be computed by one of
the heuristics available for the FAP, and u(V \ Yi) is an upper bound for the
penalty involved by the induced subgraph G[V \ Yi]. If the increase of u′ is not
too large for two consecutive problems P ′, then the upper bounds for the subsets
are often relatively strong compared with other more difficult to compute upper
bounds. Figure 3 shows a flowchart of the above described algorithm.

INPUT:

Problem P = (G = (V;E); D; p; q)

Tree-decomposition (T;X ), tree T = (I; F )

Lower bounds l+
i
, i 2 I, upper bound: u

Subsets Di
v, 8v 2 V , i 2 f1; : : : ; nvg

Construct new instance P 0 = (G;D0; p0; q0)

Apply Heuristic on P 0: upper bound u0

Apply Dynamic Programming Algorithm on P 0: l0

l0 < u
no Best-known solution

is optimal

yes

Re�ne the partition of the domains

Fig. 3. Iterative version of the algorithm
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6 Computational Results

In this section we report on the results we have obtained using the approach
described in the previous sections. We tested the methods described in this pa-
per on real-life instances obtained from the CALMA-project. In the CALMA
(Combinatorial ALgorithms for Military Applications)-project researchers from
England, France, and the Netherlands tested different combinatorial algorithms
on the same set of frequency assignment problems. The set consists of two parts.
The CELAR instances are real-life problems from a military application. The
GRAPH instances are randomly generated problems by Delft University of Tech-
nology and have the same characteristics (size of the graphs, size of the do-
mains and structure of penalty-matrices) as the CELAR instances. Results of
the CALMA-project as well as all test problems are available by anonymous ftp
from ftp.win.tue.nl in the directory /pub/techreports/CALMA. In this sec-
tion we prove for 7 out of the 11 penalty-instances that the best known solution
is optimal, whereas we obtain very good lower bounds for the other instances.
Before this study non-trivial lower bounds were only available for 4 of the in-
stances. All implementations have been carried out in C++. The programs were
running on a DEC 2100 A500MP workstation with 128Mb internal memory.

The solution procedure can be divided in three parts. First of all, we apply
several preprocessing rules that reduce both the constraint graph and the size of
the domains. Secondly, we apply a heuristic to construct a tree decomposition
of the preprocessed graph. Next, we apply the dynamic programming algorithm
of Section 4.

Tables 1 and 2 show the results for a number of instances. Several instances
can already be solved by preprocessing. The instances CELAR 09, GRAPH 06 and
GRAPH 12 can be solved very efficiently with the dynamic programming algo-
rithm. The optimal value for all these instances is equal to the best known
value. The instance CELAR 06 is more difficult to solve. After more than 7.5
hours the algorithm was able to prove that the best known solution was optimal
for this instance as well. Mainly due to the large treewidth we obtained with our
heuristic and the limitations in computer memory, we are not able to solve the
other instances.

Table 2 shows the results of the heuristic for a tree-decomposition and the
results for the dynamic programming algorithm. A lower bound on the treewidth
is given by the maximum clique number minus one. For the smaller instances,
the gap between lower bound and heuristicly computed width is small; for the
larger instances, the gap is substantially larger. The dynamic programming al-
gorithm is not able to solve several CALMA instances. For these problems we
apply the iterative version of the algorithm described in Section 5. Before we
start our computations we have to partition all domains in an initial number of
subsets. In our experiments we start with either 2 or 4 subsets for every vertex.
The partition of the subsets is based on a natural partition of the frequencies in
the radio spectrum. In each iteration of the algorithm, first a heuristic have to
be applied to obtain an upper bound for the new instance P ′. In our computa-
tional experiments we used the genetic algorithm developed by Kolen [5]. After
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before preprocessing after preprocessing best
instance |V | |E| |Dv | |V | |E| |Dv | fixed known

CELAR 06 100 350 39.9 82 327 39.9 0 3389
CELAR 07 200 817 39.9 162 764 34.6 0 343592
CELAR 08 458 1655 39.5 365 1539 39.4 0 262
CELAR 09 340 1130 39.5 67 165 35.6 11391 15571
CELAR 10 340 1130 39.5 0 0 - 31516 31516

GRAPH 05 100 416 37.1 0 0 - 221 221
GRAPH 06 200 843 37.7 119 348 16.2 4112 4123
GRAPH 07 200 843 36.7 0 0 - 4324 4324
GRAPH 11 340 1425 37.7 340 1425 32.6 2553 3080
GRAPH 12 340 1255 37.6 61 123 15.3 11496 11827
GRAPH 13 458 1877 38.4 456 1874 38.1 8676 10110

Table 1. Statistics and pre-processing.

tree decomposition optimal value cpu-time
instance width max clique - 1 tree decomposition (sec)

CELAR 06 11 10 3389 27102
CELAR 07 17 10 - -
CELAR 08 18 10 - -
CELAR 09 7 7 15571 23
CELAR 10 solved by preprocessing

GRAPH 05 solved by preprocessing
GRAPH 06 17 5 4123 29
GRAPH 07 solved by preprocessing
GRAPH 11 104 7 - -
GRAPH 12 4 4 11827 11
GRAPH 13 133 6 - -

Table 2. Treewidth heuristic and dynamic programming algorithm

the calculation of an upper bound for the new instance, we apply the dynamic
programming algorithm in the same way as in the previous subsection. If the
optimal value obtained by the dynamic programming algorithm is equal to the
general upper bound, then we have proved that this upper bound is optimal.
Otherwise, the next step is to find a new (better) upper bound via the restricted
problem, that can be constructed from the optimal solution of P ′. We skip this
step in our implementation of the algorithm, because experiments show that it
is very difficult to improve the best known value. As last step in an iteration, we
refine the partition of the subsets.

In Table 3 we report the results obtained in this way for the instances that
we could not solve with the original dynamic programming algorithm. We also
applied the iterative version to the instance CELAR 06. If we either start with
an initial number of subsets of 2 (or 4), we obtain a lower bound that is one
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instance initial |Dv | lower bound percentage upper bound CPU-time (sec)

CELAR 06 2 3388 99.9 3389 13733.9
CELAR 06 4 3388 99.9 3389 9429.0
CELAR 07 4 290000 84.4 343592 231328.0
CELAR 08 4 87 33.2 262 313168.0
GRAPH 11 4 2553 82.9 3080 0
GRAPH 13 4 8676 85.8 10110 0

Table 3. Computational results iterative version of the algorithm

away from optimal in third the time (or half the time) that was needed to solve
the problem to optimality with the original dynamic programming algorithm.
In case we start with 2 subsets per vertex we need 38 iterations to achieve the
lower bound of 3388, whereas if we start with 4 subsets per vertex we need 35
iterations.
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Abstract. A λ-labeling of a graph G is an assignment of labels from the
set {0, . . . , λ} to the vertices of a graph G such that vertices at distance
at most two get different labels and adjacent vertices get labels which
are at least two apart. We study the minimum value λ = λ(G) such
that G admits a λ-labeling. We show that for every fixed value k ≥ 4 it
is NP-complete to determine whether λ(G) ≤ k. We further investigate
this problem for sparse graphs (k-almost trees), extending the already
known result for ordinary trees.
In a generalization of this problem we wish to find a labeling such that
vertices at distance two are assigned labels that differ by at least q and
the labels of adjacent vertices differ by at least p (where p and q are
given positive integers). We denote the minimum number of labels by
L(G; p, q) (hence λ(G) = L(G; 2, 1)). We show several hardness results
for L(G; p, q) including that for any p > q ≥ 1 there is a λ = λ(p, q) such
that deciding if L(G; p, q) ≤ λ(p, q) is NP-complete.

1 Introduction

In many practical cases one wishes to assign frequencies such that the differ-
ence between frequencies assigned to two transmitters depends on the distance
between the transmitters. In this paper we assume that the distances between
pairs of transmitters can be modeled by the distance between the corresponding
vertices of a graph. In this framework the problem is to find a non-negative
real-valued function f on vertices of a graph such that if u and v are vertices at
distance i, the values f(u) and f(v) should differ by at least a prescribed integer
pi. The smallest possible maximal value of such a function f over all vertices of
the graph G is denoted by L(G; p1, p2, ..., pk).

In [4,10] it was shown that determining λ(G) is an NP-complete problem even
for graphs G with diameter two. In this paper we study the fixed parameter
tractability. Answering a question of [10], we show that it is NP-complete to
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determine if λ(G) ≤ k for every fixed integer k ≥ 4. A fortiori, the problem is
not fixed parameter tractable. It is easy to see that λ(G) ≤ 3 if and only if G is
a disjoint union of paths of length at most 3. Much less is known for the more
general L(p, q)-problem. Special instances such as the L(0, 1)-problem and the
L(1, 1)-problem were already considered in [10]. We show the first complexity
results for this problem.

2 Preliminaries

Definition 1. Let G be a graph and let d1, . . . , dk be a collection of integers. A
λ-labeling is an assignment of labels from the set {0, . . . , λ} to the vertices of G.
We say that the labeling satisfies constraints (d1, . . . , dk) if each pair of vertices
at distance i in the graph gets labels that differ by at least di. In such a case
we talk about λ(d1,...,dk)-labelings. The minimum value λ for which G admits
a λ(d1,...,dk)-labeling is denoted by L(G; d1, . . . , dk). We refer to the problem of
deciding the existence a λ(d1,...,dk)-labeling as the L(d1, . . . , dk)-problem.

For the sake of history (and also for convenience) we write λ(G) instead of
L(G; 2, 1).

Definition 2. A λ-labeling is called consecutive if the labels that are used are
consecutive.

Clearly, a consecutive λ-labeling does not always exist. Consecutive label-
ings were studied in [9]. In general, it can be shown [9] that G = (V,E) has
a Hamiltonian path if and only if G (the complement of G) has a consecutive
λ(2,1)-labeling with λ ≤ |V | − 1. In this paper we show that the fixed parame-
ter variant with λ ≥ 4 is equally difficult. Most of our NP-hardness results are
obtained via graph covers.

Definition 3. Let G be a graph and H be a multigraph. The H-COVER problem
asks for a local isomorphism f : G→ H, i.e., a homomorphism that maps edges
incident with every vertex x isomorphically to edges incident with f(x).

The study of the complexity of the H-COVER problem for particular pa-
rameter multigraphs H was initiated in [1] and carried on in a series of papers
[5,6,7,8]. In particular, the Kt-COVER problem is shown NP-complete for every
fixed t ≥ 4 in [5]. Note that a (t− 1)-regular graph G covers the complete graph
Kt if and only if the vertices of G can be assigned t different colors in such a
way that closed neighborhood of each vertex is assigned all t colors, i.e., if and
only if L(G, 1, 1) = t− 1. The immediate consequence for the complexity of the
L(1, 1) problem follows: The problem if L(G; 1, 1) ≤ λ is NP-complete for every
fixed λ ≥ 3.

Note also that this problem asks for the chromatic number of the square G2

of G.

We find convenient to reformulate in terms of graph coloring a class of par-
ticular graph covering problems which will be used several times in the hardness
proofs:
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Definition 4. Let k ≥ 3 be an integer. The BW (k)–problem is the following
’black and white coloring’ problem:

Instance: A k-regular graph G.
Question: Is there a coloring of the vertices of G with labels black and
white such that every vertex has exactly two neighbors with the same
color and k − 2 neighbors with opposite colors.

(The BW (k)–problem is equivalent to the H-COVER problem for H being the
multigraph with two vertices of degree k, joined by k − 2 parallel edges and
having a loop at each of the two vertices.) The following theorem was proved
in [7].

Proposition 1. The BW (k)–problem is NP-complete for every k ≥ 3.

The paper is organized as follows. In Section 3 we present the positive result,
namely a polynomial algorithm for sparse graphs (k-almost trees). The algorithm
is polynomial both in λ and the size of the input graph, i.e., the maximum label
bound λ is regarded as part of the input. In Section 4 we present the hardness
results for fixed λ. Section 5 is devoted to the general L(p, q) problem. Here we
only state our results and the proofs are postponed to the Appendix.

3 L(2, 1) for Sparse Graphs

For trees T , λ(T ) can be computed efficiently [3]. We show how this algorithm
can be used to solve the problem for a slightly wider class of graphs, namely
k-almost trees for fixed values of k. (A k-almost tree is a connected graph G
with n+k−1 edges. Clearly, k-almost trees can be recognized in linear time, cf.
e.g., [2]. Let us remark in this connection that the L(2, 1) problem seems to be
harder than many other graph-theoretical problems, at least as concerns tree-like
graphs. Many generally difficult problems can be solved in polynomial time for
graphs of bounded tree-width, whereas the complexity of L(2, 1) for such graphs
is unknown (when λ is part of the input, as assumed in this section).

Theorem 1. Let G be a k-almost tree with n vertices. Then L(G; 2, 1) ≤ λ can
be tested in O(λ2k+ 9

2 n) time.

Proof. Let G be a k-almost tree. Choose a spanning tree of G and let e1, e2, ..., ek

be the edges of G that do not belong to the spanning tree.
In order to use the tree algorithm of Chang and Kuo, we build a new tree

T by modifying the spanning tree. For each edge ei = (ui, vi), add two leaves
e′i = (ui, xi) and e′′i = (vi, yi) to the spanning tree, so that xi and yi are new
leaves, and denote the new tree by T . Note that identifying vertices ui with yi

and vi with xi gives the original graph G. Clearly T has a λ(2,1)-labeling such
that the labels of ui and yi and of vi and xi are equal for all i = 1, . . . , k, if and
only if the original graph G has a proper λ(2,1)-labeling.
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To test whether T has a λ(2,1)-labeling we use the following procedure: Fix a
pre-labeling on the endvertices of all the edges of {e′i, e′′i | 1 ≤ i ≤ k} such that
ui and yi and also vi and xi have the same labels and test whether there exists a
λ(2,1)-labeling of the tree T compatible with this pre-labeling. Repeat this step
for all possible pre-labelings. (Note that there are O(λ2k) different pre-labelings.)

It is easy to see that the algorithm of [3] works also in case some nodes are
pre-labeled. �	

4 Fixed Parameter λ-Labeling is NP-Complete

Griggs and Yeh showed in [4] that it is NP-complete to determine whether
λ(G) ≤ |V (G)| for a general graph G. In this section we focus on the fixed
parameter case.

Theorem 2. For each λ ≥ 4, it is NP-complete to decide if the input graph
allows a λ(2,1)-labeling.

Proof. We prove our result by induction on λ. The base cases are λ = 4 and
λ = 5. For these cases we use a reduction from the H-cover problem for multi-
graphs H1 and H2 respectively (see Fig. 2 in the Appendix), which are equiv-
alent to the BW (3) and BW (4) coloring problems and are both NP-complete
(Prop. 1).

λ = 4: We use a reduction from BW (3). Let G be a 3-regular graph for which
we want to find a black and white coloring such that every white vertex has
exactly two white and one black neighbor and every black vertex has one white
and two black neighbors.

We claim that the graph G′ obtained by subdividing each edge of G by two
new vertices of degree 2, has a 4(2,1)-labeling if and only if G covers H1 (cf. an
illustrative picture in Fig. 3 in the Appendix).

First assume that G′ has a 4(2,1)-labeling. The original vertices of G have
degree 3, so they must be labeled either by number 0 or by 4. An easy case
analysis shows that the only possible labelings of the paths of length 3 replacing
the edges of G are (0, 2, 4, 0), (0, 3, 1, 4), (4, 0, 2, 4) and the reverse 4-tuples.

Consider a vertex u of G in G′. Say u is labeled 0. Its neighbors (in G′)
have to be assigned different labels, hence each of the labels 2, 3, 4 is used on
exactly one of the neighbors. Therefore, the three paths leaving u are labeled
(0, 2, 4, 0), (0, 3, 1, 4) and (0, 4, 2, 0), and two of them lead to vertices labeled 0
and the third one to a vertex labeled 4. Similarly, if u is labeled 4 then two of
the paths starting in u lead to vertices labeled 4 and one to a vertex labeled 0.
Thus coloring every vertex labeled 0 with white color (in G), and coloring every
vertex labeled 4 with black color translates the given 4-labeling into a black and
white coloring of the original graph, satisfying BW (3).

Now assume that a black and white coloring ofG is given (satisfying BW (3)).
We can partition the edges ofG into three sets: edges with two white end-vertices,
edges with two black end-vertices and ”black-white edges”. In G′, we assign label
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Fig. 1. Replacement for λ = 5 case and its 5-labeling

0 to every white vertex of G, and label 4 to every black vertex of G. It remains
to label the intermediate vertices on the paths replacing edges of G. Each path
corresponding to a black-white edge in G, will be labeled by (0, 3, 1, 4). The
paths corresponding to white edges in G induce a disjoint union of cycles in G′

(every white vertex has two white neighbors in G). On each of these cycles, we
use consecutively the scheme (0, 2, 4, 0). Thus every vertex labeled 0 has exactly
one neighbor labeled 2, one neighbor labeled 3 and one neighbor labeled 4, i.e.,
common neighbors of a vertex are assigned different labels. Similarly, the paths
corresponding to the black edges of G induce a disjoint union of cycles, and as
such will be consecutively labeled (4, 0, 2, 4). Since adjacent vertices (in G′) are
always assigned labels which are at least 2 apart, this gives a 4(2,1)-labeling of G′.

λ = 5: We reduce from the BW (4)–coloring problem.
Let G = (V,E) be a 4-regular graph. Replace each edge in E by the graph

depicted in Figure 1 a). An easy case analysis shows that this auxiliary graph
allows 6 combinations depicted in Figure 1 b), subject to the condition that
vertices u and v are labeled 0 or 5 (this must be the case in any 5(2, 1)-labeling
of G′ since these vertices have degree 4).

Call the new graph G′. We claim that G′ has a 5(2,1)-labeling if and only if
G has an H2-cover.

Consider a 5(2,1)-labeling of G′. The four neighbors of a vertex labeled 0
must be labeled 2, 3, 4, 5, and so the paths starting in such a vertex are labeled
(0, 2, 5, 0), (0, 3, 1, 5), (0, 4, x, 5) and (0, 5, 2, 0) (here x is either 1 or 2). Hence two
of these paths lead to vertices labeled 0 and the other two lead to vertices labeled
5. Regarding label 0 as white color and label 5 as black color, we see that the
restriction of the labeling to the original vertices of G solves the BW (4)–problem
for G in the affirmative way.

Now assume G covers H2-cover, i.e., we assume a black-white coloring of G
which satisfies BW (4). The edges of G can be partitioned into edges with two
white end-vertices, edges with two black end-vertices, and black-white edges.
Similarly as in the case λ = 4, the white-white edges induce a disjoint union of



Fixed-Parameter Complexity of λ-Labelings 355

cycles and the corresponding paths can be labeled consecutively (0, 5, 2, 0). The
paths corresponding to black-black edges will be labeled (5, 0, 3, 5). The black-
white edges induce a 2-regular bipartite graph, whose edges can be partitioned
into two perfect matchings. Label the paths corresponding to edges of one of the
matchings by (0, 3, 1, 5), and the paths corresponding to the other matching by
(0, 4, 2, 5). (Note that the two rightmost labelings of the Figure 1 are not used.)
In this way we obtain a 5(2,1)-labeling for G′.

Induction step: Assume that G = (V,E) is a graph whose λ(2,1)-labeling is
the question. We construct a graph G′ which can be (λ + 2)(2,1)-labeled if and
only if G can be λ(2,1)-labeled.

First construct a complete binary tree T with at least |V (G)| leaves, all of
them in the bottom layer. Call the layers, from the bottom to the top, L1, . . . , Lk.

Add a layer L0 with |L1| vertices, and connect these vertices by a perfect
matching to the vertices of L1. Subdivide each edge of T (including the edges
between L0 and L1) by a new extra vertex. Connect each vertex of G to a unique
vertex in L0. Finally, add leaves to vertices in layers Li so that their degrees add
up to λ+ 1. This completes the construction of G′.

Assume that G′ is (λ + 2)(2,1)-labeled. Vertices from layers Li have degree
λ+1 and therefore each of them is labeled either by 0 or by λ+2. Furthermore all
vertices in the same layer have the same label. Assume without loss of generality
that the vertices of L0 are labeled with label λ+ 2. Then all vertices of G have
labels in {0, . . . , λ} and we obtain a λ(2,1)-labeling of G.

Now assume that G can be λ(2,1)-labeled. Color the vertices from layers Li

with an even index i with λ+ 2 and those from layer with an odd index with 0.
Color the vertices between layers Li and Li+1, i ≥ 1 arbitrary (but feasible). A
vertex between layers L0 and L1 has at most 6 forbidden labels: 0, 1, λ+1, λ+2,
and two more labels of vertices at distance two: of the vertex in G and of the
vertex between L1 and L2 (see Fig. 4 in appendix). Since λ ≥ 4 at least one label
is available. Finally, label the leaves at the vertices from layers Li. Since such a
vertex is labeled with 0 or with λ+ 2 and since such a vertex has degree λ+ 1,
there is always an available label for every leaf. This gives a (λ + 2)-labeling
of G′. �	

As we mentioned in Section 2, sometimes it is important to require that the
labels actually used in a labeling are consecutive. An easy argument shows that
consecutive λ2,1-labelings are not easier.

Corollary 1. The problem whether there exists a consecutive λ(2,1)-labeling for
a given graph G is NP-complete.

Proof. Let Hλ be the tree containing two vertices of degree λ − 1 and with
2(λ− 2) leaves.

For a graph G, consider the disjoint union G′ = G+Hλ. Obviously G′ admits
a consecutive λ(2,1)-labeling if and only if G admits a λ(2,1)-labeling. Hence, the
existence of consecutive λ(2,1)-labeling is also NP-complete for every fixed λ ≥ 4.

�	
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5 Complexity of the Generalized Distance Two Labeling

Recall that the L(p, q) problem asks for a λ-labeling such that adjacent vertices
receive labels which are at least p apart, and vertices at distance 2 receive labels
which differ by at least q. This is already the general frequency assignment prob-
lem restricted to relevant distance 2 (in the (p1, p2, . . . , pk) condition). Nobody
would expect the L(p, q)-labeling problem for p > q ≥ 1 to be easier than L(2, 1),
however, the actual NP-hardness proofs seem tedious and not easily achievable
in full generality. We conjecture:

Conjecture 1. For any p ≥ q ≥ 1 there is a λ(p, q) such that deciding if
L(G; p, q) ≤ λ is NP-complete for every fixed λ ≥ λ(p, q).

In this section we gather results which support our conjecture, the proofs are
mostly technical and left to the Appendix. We also discuss the complexity of
L(p, q) for trees and almost trees.

We first aim at restricting the range of parameters p, q. The following easy
generalization of the special case p = 2, q = 1 proven in [4] shows that we may
restrict our attention to the case of p, q being relatively prime.

Observation 3 Let p, q, and k be integers. Then L(G; kp, kq) = kL(G; p, q).
Hence L(p, q) and L(kp, kq) are polynomially equivalent.

The case p = q is thus fully understood (NP-complete for λ ≥ 3p and poly-
nomial for λ < 3p. So is now the case p = 2q (NP-complete for λ ≥ 4q and
polynomial for λ < 4q).

For general p, q, we can prove that there is at least one NP-complete fixed
parameter instance:

Theorem 4. For all fixed p > q ≥ 1, it is NP-complete to decide whether
L(G; p, q) ≤ p+ q
p

q � .

And under slightly less general conditions we can prove that there are in-
finitely many hard instances:

Theorem 5. The problem whether L(G; p, q) ≤ p+ kq is NP-complete for any
fixed k ≥ p

q and p > 2q.

It follows that for q = 1 (and more generally p divisible by q), there are only
finitely many polynomial instances (unless of course P=NP), namely if p > 2
then the L(p, 1)-problem is NP-complete for every fixed λ ≥ 2p. In this case we
are able to prove a little more:

Theorem 6. For every p > 2, the L(p, 1)-problem is NP-complete for λ ≥ p+5
and polynomially solvable for λ ≤ p+ 2.
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For p ≥ 5, this result leaves the cases λ = p+3 and λ = p+4 as the last open
cases for the fixed parameter complexity of L(p, 1) (for p ≤ 4 the bound λ ≥ 2p
is better than λ ≥ p+5, and λ = 7 is the only open case for p = 4, while L(3, 1)
is fully understood being polynomial for λ ≤ 5 and NP-complete for λ ≥ 6).

Finally we comment on the complexity of the L(p, q)-problem on trees. Ob-
viously, for fixed λ, the problem is solvable in linear time. When λ is part of
the input and q = 1, then the same algorithm as we described in Section 3 can
be applied to trees and k-almost trees (in the recursive step we only consider
labelings (a, b) of the currently processed edge xy such that |a− b| ≥ p). Hence
we get:

Corollary 2. The L(p, 1)-problem is polynomially solvable for k-almost trees
for every fixed k.

However, this algorithm is not of immediate help in case of q > 1. In this case
we would need to be able to decide the existence of a system of distant (rather
than distinct) representatives (in the language of the proof of Theorem 1, we
would need to decide if the set system Mz, z children of y, allows representatives
a(z) ∈ Mz such that |a(z) − a(z′)| ≥ q for any two distinct children z, z′ of y).
Unfortunately, this variant of bipartite matching is NP-complete (easy reduction
from SAT ). Therefore the complexity of L(p, q) for trees remains (for q > 1)
open.
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A Appendix

H1 H2

Fig. 2. Multigraphs H1 and H2.
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Fig. 3. BW (3)-coloring of the prism and labeling of its prime-graph.

Proof of Theorem 4

Theorem: It is NP-complete to decide whether L(G; p, q) ≤ p + q
p
q � for all

p > q ≥ 1.

Proof. We use a reduction from the BW (k + 2)–problem, i.e., that of finding
a black and white coloring of the vertices of a (k + 2)-regular graph, such that
every vertex has two neighbors with the same color and k neighbors with opposite
color.

Let k = 
p
q � − 1 and let G be a (k + 2)-regular graph for which we want

to find a black and white coloring. Replace each edge of G with a P4. Call this
new graph G′. Assume we have a λ(p,q)-labeling for G′ with λ = p + (k + 1)q.
Notice that λ < 2p+ q. The original vertices must be labeled by 0 or λ and their
neighbors have labels p, p+ q, . . . , p+ kq, λ or 0, q, 2q, . . . , λ− p.

We show that a P4 starting at a vertex with label 0 and ending in vertex la-
beled by 0 or by λ can be labeled only by one of the following schemes (0, p, λ, 0),
(0, p+ iq, jq, λ) for 1 ≤ i ≤ k and 1 ≤ j ≤ i, and (0, λ, p, 0).

Suppose the path has vertices w, x, y, z and suppose f(w) = 0, where f
denotes the labeling function. Clearly f(x) ≥ p and f(y) ≥ q.
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G L0 L1

u v′

colors:

v

c(v′)c(v) 0λ + 2

Fig. 4. Induction step of the L(G, 2, 1)-problem. Labeling the vertex u, forbidden
labels are {0, 1, c(v), c(v′), λ+ 1, λ+ 2}

First assume f(x) = p. Then f(y) ≥ 2p. If f(z) = λ then f(y) ≤ λ − p <
p+q < 2p which is a contradiction. Hence f(z) = 0. Now f(y) ∈ {p, p+q, . . . , p+
kq, λ} and f(y) ≥ 2p imply f(y) = λ.

Now assume that f(x) = p + iq for some 1 ≤ i ≤ k. Then q ≤ f(y) ≤ iq.
Now, f(z) = 0 would imply f(y) = p + jq for some 0 ≤ j ≤ k + 1. But then
|f(x)− f(y)| = |i− j| q ≤ kq < p which is a contradiction. Hence f(z) = λ and
f(y) = jq for some 1 ≤ j ≤ i.

Because the degree of an original vertex is k+2, two of the above mentioned
paths lead to a vertex with the same label and the other paths to vertices with
complementary label.

Now assume a black and white coloring of G is given. This coloring can be
easily extended to an λ(p,q)-labeling of G′. The subgraph induced by white ver-
tices is a set of cycles and the corresponding P4’s can be colored by (0, p, λ, 0)
consecutively along the cycles. Similarly for the subgraph induced by black ver-
tices. Edges joining black and white vertices form a bipartite k-regular graph.
Hence this graph is k-edge colorable. Fix a coloring by colors 1, 2, . . . , k and use
the sequence (0, p+ iq, iq, λ) on the path corresponding to an edge labeled by i.

�	

Proof of Theorem 5

Theorem: The problem whether L(G; p, q) ≤ p + kq is NP-complete for all
p > 2q and any integer k ≥ p

q .

Proof. We consider two cases.

Case 2q < p ≤ 3q We use reduction from the BW (3)–problem.
Let G be an input graph for the black and white coloring problem. Replace

each edge by the graph H in Figure 5 and add leaves to the original vertices to
add up their degree to k + 1.

The case analysis shows that on the path (z, a, b, x) only the following se-
quences of colors can appear: (0, p, λ, 0), (0, λ, p, 0), (0, λ− q, q, λ), (λ, 0, λ−p, λ)
and (λ, λ − p, 0, λ).
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Fig. 5. Edge gadget for the L(p, q)-labeling problem

Similarly as in the proof of Theorem 2, it follows that a proper black and
white coloring exists if and only if the modified graph allows a λ(p,q)-labeling.

Case p > 3q In this case we use a reduction from BW (4).
Let G be a 4-regular graph. Use the same edge replacement as in the above

case, also add leaves to the original vertices to degrees k + 1.
In this case a case analysis gives more possible label schemes of (z, a, b, x),

namely (0, p, λ, 0), (0, p + iq, q, λ), (0, λ − q, iq, λ), (0, λ, p, 0) and their rever-
sals with vertex z labeled by λ. In the above schemes i belongs to the interval
[1, 
p

q � − 1].
Suppose that a λ(p,q)-labeling of G′ exists. Let the original vertices labeled

by 0 have white color and those with label λ be colored black.
W.l.o.g. we suppose that the white vertices form a partition of bigger or

equal size, compared to set of black vertices. Each white vertex has at most two
white neighbors, so it has at least two black neighbors, at most one edge to the
black neighbor corresponds to the path labeled (0, λ−q, iq, λ) and the remaining
edges (at least one) correspond to the scheme (0, p+ iq, q, λ). But the number of
paths labeled (∗, ∗, q, λ), cannot be greater then number of black vertices, so the
number of white vertices is exactly same as the number of black ones. Hence,
the given λ(p,q)-labeling of G′ gives a proper BW (4)-coloring.

On the other hand BW (4)-coloring divides the edges of the graph G into the
sets of white cycles, black cycles and cycles with alternating black and white
label. By using patterns (0, p, λ, 0), (λ, 0, λ− p, λ) and (0, λ− 2q, q, λ)(λ, 2q, λ−
q, 0) consecutively on these cycles followed by completing colors of added leaves
we obtain a proper λ(p,q)-labeling of the modified graph G′. �	

The Case Analysis for the Labeling of Fig. 5

Here we describe the case study for the theorem 5. We show that under assump-
tion 2q < p only schemes (0, p, λ, 0), (0, p + iq, q, λ), (0, λ − q, iq, λ), (0, λ, p, 0)
and their mirrors are applicable to the path (z, a, b, x) on the graph H .

Let us investigate properties of the graph H in Figure. 5.
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Sets A and B have the size |A| = |B| = k − 
p
q �.

If k = 0 we obtain exactly result of the theorem 4 so no case analysis is
needed.

The vertices z, x, y, y′ and y′′ have full degree, so they can be labeled by 0 or
λ. W.l.o.g we suppose that z is labeled by 0. It implies that c(a) ∈ {p, p+ q, p+
2q, ..., λ− q, λ}.

If the vertices y and y′ have different labels there is no way to label the
vertex y′′, so c(y) = c(y′). If the part of H over the dashed line is pre-labeled
with respect to above mentioned condition, the labeling is always extendible to
the bottom part of H .

We divide the proof into several cases.

Case A: c(z) = 0, c(a) = p Then labels of the set A ∪ {b} could be chosen
from the interval [2p, λ] which contains at most |A| + 1 numbers at distance q.
Maximum label of A is greater than λ−2q > λ−p⇒ c(y) = c(y′) = 0. If the label
of b belongs to the interval [2p, λ− q] then the size of the set of possible labels
of B is 
λ−2p−q−1

q �+ 1 < |B|. So c(b) ∈ [λ− q + 1, λ]⇒ c(x) = 0⇒ c(b) = λ.

Case B: c(z) = 0, c(a) = p + iq, 1 ≤ i < k, c(y) = 0 If 1 < i < k − 1 then
in the intervals [p, iq] ∪ [2p+ iq, λ] there are not enough numbers at distance q
to label the set A.

Subcase Ba: i = 1 ⇒ c(b) = q ⇒ c(x) = λ. The set B can be easily labeled
from the interval [p+ 2q, λ− q].

Subcase Bb: i = k− 1 then all possible labels at distance q from the interval
[p, (k − 1)q] are used in the set A. It gives that c(b) < p⇒ c(x) = λ and c(b) is
multiple of q. The labels of the set B are chosen from the interval [c(b)+p, λ−2q]
which has sufficient size if c(b) ≤ (
p

q � − 1)q.

Case C: c(z) = 0, c(a) = p + iq, 1 ≤ i < k, c(y) = λ For b we have
c(b) ≥ q and labels of B belong to the interval [q + p, λ − p]. In the case that
c(b) ≥ 2q there are not enough points to label the set B. Thus c(b) < 2q < p⇒
c(x) = λ ⇒ c(b) = q. The rest of this case should be reduced to the mirror of
the case B. (By interchanging the roles of z, a, A and x, b, B.)

Case D: c(z) = 0, c(a) = λ ⇒ c(x) = 0 The only solution is described in
the case A.

Proof of Theorem 6

Theorem: The L(G; p, 1) ≤ λ is an NP-complete problem for p + 5 ≤ λ < 2p
and polynomially solvable for λ ≤ p+ 2.

Proof. We prove the polynomial and NP-complete parts separately.
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The NP-complete cases We are proving that L(G; p, q) ≤ λ is NP complete
for p + 5 ≤ λ < 2p. Note that in these cases the input graph is bipartite and
(assuming the input graph is connected) labels in one class of the bipartition are
less than or equal to λ − p, and labels in the other class greater than or equal
to p.

We reduce the 3-colorability of a (λ− p− 1)-regular (λ− p− 1)-edge colored
graph to our L(p, 1) ≤ λ-problem and then prove that this special coloring
problem is also NP-complete.

Let G be the graph which is to be 3-colored. Subdivide each edge by one new
extra vertex and ask for a λ(p,1)-labeling of this graph G′.

The graph G′ is bipartite and the newly introduced vertices form one class
of the bipartition. W.l.o.g we assume that labels from the interval [p, λ] in this
class are used. We claim that the original vertex has label at most 2, since all
its neighbors have distinct labels and one of them should be less than or equal
to p+ 2. Using these labels as colors for the original graph we obtain a proper
coloring, since adjacent vertices in G are at distance two in G′ and thus have
different labels.

In the opposite way a vertex 3-coloring of G together with an edge (λ−p−1)-
coloring gives us a proper λ(p,1)-labeling of G′ by using the same label from the
interval [p+ 2, λ] for the vertices added to edges with the same color.

The NP-completeness of the special 3-colorability We reduce the 3-SAT
problem where each variable has at most two positive and at most two negative
occurences.

We give a modification of the classical reduction from 3-SAT. Let F be the
given formula with n variables and m clauses. Construct the graph G as follows:
For each variable xi put into G vertices xi and x̄i and join them by an edge.
Construct a gadget as on the Fig. 6 a) with 2n+ 1 vertices u and join vertices
u2i−1 and u2i to vertices xi and x̄i. (This step replaces the vertex of high degree
in the original proof.)

For each clause (l ∧ l′ ∧ l′′) of F add into G the ”clause” gadget depicted in
the Fig. 6 b) where edges e0, e1 and e2 lead to the vertices corresponding to the
literals l, l′ and l′′.

Construct a gadget with m+ 1 vertices u′ and identify m of them with the
lowest vertices of ”clause” gadgets. Finally connect vertices u2n+1 and u′

m+1 by
an edge.

Assume that G is 3-colored. All vertices u have the same color hence on
vertices xi and x̄i both of two remaining colors are used. All vertices u′ have
also the same color different to the color of vertices u. Let this color be viewed
as the ”false” assignment. The ”clause” gadgets guarantee that in each clause at
least one literal has ”truth” assignment, hence if a 3-coloring exists, the formula
F has an satisfying assignment. In vice versa any satisfying assignment can be
extended to a 3-coloring of G.

As depicted on the Figures 6 a) and b) the graph G is 4-edge colorable and
contains vertices of degree 3 or 4. To have the four-regular graph use two copies
of G and join corresponding vertices of degree 3 by a matching. Now the graph
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Fig. 6. 4-edge-colorability for 3-SAT

is four-regular, 4-edge-colorable and any coloring of one copy can be extended
to a coloring of whole graph by cyclic exchange of colors on the other copy.

Finally we prove by induction the NP-completeness of the 3-coloring of a
k-regular k-edge-colorable graph for k ≥ 5. Two copies of a (k − 1)-regular
(k− 1)-edge-colorable graph joined by the matching gives us the hardness result
similarly as in the above case.

The polynomially solvable cases In the case that a λ(p,1)-labeling of G
exists and λ < p then the input graph G has no edges. Similarly concerning a
p(p,1)-labeling and a (p + 1)(p,1)-labeling respectively the input graph contains
the disjoint set of paths of length at most 3.

Only subgraphs of a (infinite) path (v0, v1, . . .) with leaves added to vertices
v4k and v4k+1 allows a (p+ 2)(p,1)-labeling. Such a graph is recognizable in the
linear time. �	
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Abstract. We prove that claw-free graphs, containing an induced dom-
inating path, have a Hamiltonian path, and that two-connected claw-free
graphs, containing an induced doubly dominating cycle or a pair of ver-
tices such that there exist two internally disjoint induced dominating
paths connecting them, have a Hamiltonian cycle. As a consequence, we
obtain linear time algorithms for both problems if the input is restricted
to (claw,net)-free graphs. These graphs enjoy those interesting structural
properties.

1 Introduction

Hamiltonian properties of claw-free graphs have been studied extensively in the
last couple of years. Different approaches have been made and a couple of inter-
esting properties of claw-free graphs have been established (see
[1,2,3,4,11,12,13,14,19,20,22,23]). The purpose of this work is to consider the
algorithmic problem of finding a Hamiltonian path or a Hamiltonian cycle effi-
ciently. It is not hard to show that both the Hamiltonian path problem and the
Hamiltonian cycle problem are NP-complete, even when restricted to line graphs
[25]. Hence, it is quite reasonable to ask whether one can find interesting sub-
classes of claw-free graphs for which efficient algorithms for the above problems
exist.

Already in the eighties, Duffus et al. [10] defined the class of CN-free graphs,
i.e. graphs that contain neither an induced claw nor an induced net (see Figure 1).
Although this definition seems to be rather restrictive, the family of CN-free
graphs contains a couple of graph families, that are of interest in their own right.
Examples of those families are unit interval graphs, claw-free AT-free graphs
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� Research of the second author supported by the DFG. Research of the third author

supported by the graduate program ‘Algorithmic Discrete Mathematics’, grant GRK
219/2-97 of the German National Science Foundation (DFG).

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 364–376, 1999.
c© Springer-Verlag Berlin Heidelberg 1999



Linear Time Algorithms for Hamiltonian Problems 365

this class of graphs has the nice property that every connected CN-free graph
contains a Hamiltonian path and every two-connected CN-free graph contains a
Hamiltonian cycle. Later, Shepherd [24] proved that there is an O(n6) algorithm
for finding such a Hamiltonian path/cycle in CN-free graphs. Note also that CN-
free graphs are exactly the Hamiltonian-hereditary graphs [8], i.e. the graphs for
which every connected induced subgraph contains a Hamiltonian path.

In this paper we give a constructive existence proof and present linear time
algorithms for the Hamiltonian path and Hamiltonian cycle problems on CN-
free graphs. The important structural property that we exploit for this, is the
existence of an induced dominating path in every CN-free graph (Theorem 1).
The concept of a dominating path was first used by Corneil et al. [6] in the
context of AT-free graphs. They also developed a simple linear time algorithm
for finding such a path in every AT-free graph [5]. As we show in Theorem 1,
for the class of CN-free graphs, a linear time algorithm for finding an induced
dominating path exists as well. This property is of interest for our considerations
since we prove that all claw-free graphs that contain an induced dominating
path have a Hamiltonian path (Theorem 2). The proof implies that, given a
dominating path, one can construct a Hamiltonian path for a claw-free graph in
linear time.

For two-connected claw-free graphs we show, that the existence of a domi-
nating pair is sufficient for the existence of a Hamiltonian cycle (a dominating
pair is a pair of vertices, such that every induced path connecting them is a
dominating path). Again, given a dominating pair, one can construct a Hamilto-
nian cycle in linear time (Theorem 8). This already implies, for example, a linear
time algorithm for finding a Hamiltonian cycle in claw-free AT-free graphs, since
every AT-free graph contains a dominating pair and it can be found in linear
time [7]. Unfortunately, CN-free graphs do not always have a dominating pair.
For example, an induced cycle with more than six vertices is CN-free but does
not have such a pair of vertices. Nevertheless, two-connected CN-free graphs
have another nice property: they have a good pair or an induced doubly domi-
nating cycle. An induced doubly dominating cycle is an induced cycle such that
every vertex of the graph is adjacent to at least two vertices of the cycle. A good
pair is a pair of vertices, such that there exist two internally disjoint induced
dominating paths connecting these vertices. We prove that the existence of an
induced doubly dominating cycle or a good pair in a claw-free graph is suffi-
cient for the existence of a Hamiltonian cycle (Theorems 6 and 7). Moreover,
given an induced doubly dominating cycle or a good pair of a claw-free graph, a
Hamiltonian cycle can be constructed in linear time. In Section 4 we present an
O(m + n) time algorithm which, for a given CN-free graph, finds either a good
pair or an induced doubly dominating cycle.

For terms not defined here, we refer to [9,15]. In this paper we consider finite
connected undirected graphs G = (V, E) without loops and multiple edges. The
cardinality of the vertex set is denoted by n, whereas the cardinality of the edge
set is denoted by m.
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✉

✉

✉

✉

✉

✉

✉

✉

✉

✉

y

a

z

cb

x

d c

a

b

�
�

�❝
❝

❝ �
�

��❏
❏

❏❏
❧

❧❧✱
✱✱

Fig. 1. The claw K(a; b, c, d) and the net N(a, b, c;x, y, z).

A path is a sequence of vertices (v0, . . . , vl) such that all vi are distinct and
vivi+1 ∈ E for i = 0, . . . , l − 1; its length is l. An induced path is a path where
vivj ∈ E iff i = j − 1 and j = 1, . . . , l. A cycle (k-cycle) is a path (v0, . . . , vk)
(k ≥ 3) such that v0 = vk; its length is k. An induced cycle is a cycle where
vivj ∈ E iff |i − j| = 1 (modulo k). A hole Hk is an induced cycle of length
k ≥ 5.

The distance dist(v, u) between vertices v and u is the smallest number of
edges in a path joining v and u. The eccentricity ecc(v) of a vertex v is the
maximum distance from v to any vertex in G. The diameter diam(G) of G is
the maximum eccentricity of a vertex in G. A pair v, u of vertices of G with
dist(v, u) = diam(G) is called a diametral pair.

For every vertex we denote by N(v) the set of all neighbors of v, N(v) = {u ∈
V : dist(u, v) = 1}. The closed neighborhood of v is defined by N[v] = N(v)∪{v}.
For a vertex v and a set of vertices S ⊆ V , the minimum distance between v
and vertices of S is denoted by dist(v, S). The closed neighborhood N[S] of a set
S ⊆ V is defined by N[S] = {v ∈ V : dist(v, S) ≤ 1}.

We say that a set S ⊆ V dominates G if N[S] = V , and S doubly dominates
G if every vertex of G has at least two neighbors in S. An induced path of G
which dominates G is called an induced dominating path. A shortest path of G
which dominates G is called a dominating shortest path. Analogously one can
define an induced dominating cycle of G. A dominating pair of G is a pair of
vertices v, u ∈ V such that every induced path between v and u dominates G. A
good pair of G is a pair of vertices v, u ∈ V , such that there exist two internally
disjoint induced dominating paths connecting v and u.

The claw is the induced complete bipartite graph K1,3 and for simplicity, we
refer to it by K(a; b, c, d) (see Figure 1). The net is the induced six-vertex graph
N(a, b, c;x, y, z) shown in Figure 1. A graph is called CN-free, or equivalently
(claw, net)–free if it contains neither a claw nor a net. An asteroidal triple of
G is a triple of pairwise nonadjacent vertices, such that for each pair of them
there exists a path in G that does not contain any vertex in the neighborhood
of the third one. A graph is called AT-free if it does not contain an asteroidal
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triple. Finally, a Hamiltonian path or Hamiltonian cycle of G is a path or cycle,
respectively, containing all vertices of G.

2 Induced Dominating Path

In this section we give a constructive proof for the property that every CN-free
graph contains an induced dominating path. In fact, we show that there is an
algorithm that finds such a path in linear time. To prove the main theorem of
this section we will need the following two lemmas (proofs are omitted).

Lemma 1. Let P = (x1, . . . , xk) be an induced path of a CN-free graph G and
v be a vertex of G such that dist(v, P ) = 2. Then any neighbor y of v with
dist(y, P ) = 1 is adjacent to x1 or to xk.

Lemma 2. Let P be an induced path connecting vertices v and u of a CN-free
graph G. Let also s be a vertex of G such that s /∈ N[P ] and dist(v, s) ≤ dist(v, u).
Then

1. for every shortest path P ′ connecting v and s, P ′ ⋂ P = {v} holds, and
2. if there is an edge xy of G such that x ∈ P \ {v} and y ∈ P ′ \ {v}, then both

x and y are neighbors of v.

Theorem 1. Every CN-free graph G has an induced dominating path and such
a path can be found in O(n +m) time.

Proof. Let G be a CN-free graph. One can construct an induced dominating
path in G as follows. Take an arbitrary vertex v of G. Using Breadth First
Search (BFS), find a vertex u with the largest distance from v and a shortest
path P connecting u with v. Check whether this path P dominates G. If so, we
are done. Now, assume that the set S = V \ N[P ] is not empty. Again, using
BFS find a vertex s in S with largest distance from v and a shortest path P ′

connecting v with s. Create a new path P ∗ by joining P and P ′ in the following
way: P ∗ = (P \ {v}, P ′ \ {v}), if there is a chord xy between the paths P and P ′

(see Lemma 2), and P ∗ = (P \ {v}, P ′), otherwise. By Lemma 2, the path P ∗ is
induced. It remains to show that this path dominates G.

Assume there exists a vertex t ∈ V \N[P ∗]. First we claim that t is dominated
neither by P nor by P ′. Indeed, if t ∈ (N[P ]

⋃
N[P ′]) \ N[P ∗], then necessarily

tv ∈ E and v /∈ P ∗, i.e. neighbors x ∈ P and y ∈ P ′ of v are adjacent. Therefore,
we get a net N(v, y, x; t, s′, u′), where s′ and u′ are the vertices at distance two
from v on paths P ′ and P , respectively. Note that vertices s′, u′ exist because
dist(v, s) ≥ 2.

Thus, t is dominated neither by P nor by P ′. Moreover, from the choice
of u and s we have 2 ≤ dist(v, t) ≤ dist(v, s) ≤ dist(v, u). Now let P ′′ be
a shortest path, connecting t with v, and z be a neighbor of v on this path.
Applying Lemma 2 twice (to P, P ′′ and to P ′, P ′′), we obtain a subgraph of G
depicted in Figure 2. We have three shortest paths P, P ′, P ′′, each of length at
least 2 and with only one common vertex v. These paths can have only chords
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of type zx, zy, xy. Any combination of them leads to a forbidden claw or net.
This contradiction completes the proof of the theorem. Evidently, the method
described above can be implemented to run in linear time. ��

✇ ✇✇✇ ✇

✇

✇

t uxz

y

v

s

Fig. 2.

It is not clear whether CN-free graphs can be recognized efficiently. But, to
apply our method for finding an induced dominating path in these graphs, we
do not need to know in advance that a given graph G is CN-free. Actually, our
method can be applied to any graph G. It either finds an induced dominating
path or returns either a claw or a net of G, showing that G is not CN-free.

Corollary 1. There is a linear time algorithm that for a given (arbitrary) graph
G either finds an induced dominating path or outputs a claw or a net of G.

Proof is omitted.

3 Hamiltonian Path

In what follows we show that for claw-free graphs the existence of an induced
dominating path is a sufficient condition for the existence of a Hamiltonian
path. The proof for this result is constructive, implying that, given an induced
dominating path, one can find a Hamiltonian path efficiently.

Theorem 2. Every connected claw-free graph G containing an induced dom-
inating path has a Hamiltonian path. Moreover, given an induced dominating
path, a Hamiltonian path of G can be constructed in linear time.

Proof. Let G = (V, E) be a connected claw-free graph and let P = (x1, . . . , xk),
(k ≥ 1) be an induced dominating path of G. If k = 1, vertex x1 dominates G
and, since G is claw-free, there are no three independent vertices in G − {x1}
(by G − {x1} we denote a subgraph of G induced by vertices V \ {x1}). If
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G − {x1} is not connected then, again because G is claw-free, it consists of
two cliques C0, C1 and a Hamiltonian path of G can easily be constructed. If
G−{x1} is connected we can construct a Hamiltonian path as follows. First we
construct a maximal path P1 = (y1, . . . , yl), i.e. all vertices that are not in P1

are neither connected to y1 nor to yl. Let R be the set of all remaining vertices.
If R = ∅ we are done. If there is any vertex in R, it follows that y1yl ∈ E
since otherwise there are three independent vertices in G − {x1}. Furthermore,
any two vertices of R are joined by an edge, since otherwise they would form
an independent triple with y1 (and with yl as well). Hence, R induces a clique.
Since G − {x1} is connected, there has to be an edge from a vertex vR ∈ R to
some vertex yi ∈ P1 (1 < i < l). Now we can construct a Hamiltonian path
P of G: P = (x1, yi+1, yi+2, . . . , yl, y1, y2, . . . , yi, vR, R̃), where R̃ stands for an
arbitrary permutation of the vertices of R \ {vR}.

For k ≥ 2 we first construct a Hamiltonian path P2 for G′ = G(N[x1] \ {x2})
as described above, using x1 as the dominating vertex. At least one endpoint of
P2 is adjacent to x2 since if G′−{x1} is not connected, x2 has to be adjacent to
all vertices of either C0 or C1 (otherwise there is a claw in G) and if G′ − {x1}
is connected the construction gives a path ending in x1 which is, of course,
adjacent to x2. To construct a Hamiltonian path for the rest of the graph we
define for each vertex xi (i ≥ 2) of P a set of vertices Ci = N(xi) \

⋃i−1
j=1 N[xj ].

Each set Ci forms a clique of G since if two vertices u, v ∈ Ci are not adja-
cent then the set u, v, xi, xi−1 induces a claw. Hence we can construct a path
P ∗ = (P2, x2, P

C
2 , x3, P

C
3 , x4, . . . , xk−1, P

C
k−1, xk, PC

k ), where PC
i stands for an

arbitrary permutation of the vertices of Ci \ {xi+1}. This path P ∗ is a Hamilto-
nian path of G because it obviously is a path and, since P is a dominating path,
each vertex of G has to be either on P , P2 or in one of the sets Ci.

For the case k = 1 both finding the connected components of G− {x1} and
constructing the path P1 can easily be done in linear time. For k ≥ 2 we just
have to make sure that the construction of the sets Ci can be done in O(n+m)
and this can be realized easily within the required time bound. ��

Theorem 3. Every CN-free graph G has a Hamiltonian path and such a path
can be found in O(n +m) time.

Corollary 2. There is a linear time algorithm that for a given (arbitrary)
graph G either finds a Hamiltonian path or outputs a claw or a net of G.

4 Induced Dominating Cycle, Dominating Shortest Path,
or Good Pair

In this section we show that every two-connected CN-free graph G has an in-
duced doubly dominating cycle or a good pair. Moreover, we present an efficient
algorithm that, for a given two-connected CN-free graph G, finds either a good
pair or an induced doubly dominating cycle. Proofs of the following three lemmas
are omitted.
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Lemma 3. Every hole of a CN-free graph G dominates G.

Corollary 3. Let H be a hole of a CN-free graph G. Every vertex of V \H is
adjacent to at least two vertices of H.

A subgraph G′ of G (doubly) dominates G if the vertex set of G′ (doubly)
dominates G.

Lemma 4. Every induced subgraph of a CN-free graph G which is isomorphic
to S3 or S−

3 (see Figure 3) dominates G.
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Fig. 3.

Lemma 5. Let P be an induced path connecting vertices v and u of a CN-free
graph G. Let s be a vertex of G such that s /∈ N[P ] and dist(v, s) ≤ dist(v, u),
dist(u, s) ≤ dist(v, u). Then G has an induced doubly dominating cycle and such
a cycle can be found in linear time.

Theorem 4. There is a linear time algorithm that, for a given CN-free graph G,
either finds an induced doubly dominating cycle or gives a dominating shortest
path of G.

Proof. Let G be a CN-free graph. One can construct an induced doubly dom-
inating cycle or a dominating shortest path of G as follows (compare with the
proof of Theorem 1). Take an arbitrary vertex v of G. Find a vertex u with
the largest distance from v and a shortest path P connecting u with v. Check
whether P dominates G. If so, we are done; P is a dominating shortest path
of G. Assume now that the set S = V \ N[P ] is not empty. Find a vertex
s in S with the largest distance from v and a shortest path Pv connecting v
with s. Create again a new path P ∗ by ’joining’ shortest paths P and Pv as
in the proof of Theorem 1. We have proven there that P ∗ dominates G. Let
now Pu be a shortest path between s and u. If dist(s, u) ≤ dist(v, u) or both
dist(s, u) > dist(v, u) and v /∈ N[Pu], then Lemma 5 can be applied to get an
induced doubly dominating cycle of G in linear time. Therefore, we may assume
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that dist(s, u) > dist(v, u) ≥ dist(v, s) and v ∈ N[Pu]. Now we show that the
shortest path Pu dominates G. If v lies on the path Pu, then P ∗ = Pu and we
are done. Otherwise, let x be a neighbor of v in Pu. Note that dist(v, s) > 1
and so x �= s, u. Since G is claw-free v is adjacent to a neighbor y ∈ Pu of
x. Assume, without loss of generality, that x is closer to s than y. If we show
that dist(v, s) = 1 + dist(x, s) and dist(v, u) = 1 + dist(y, u), then again, by
the proof of Theorem 1, the path Pu will dominate G (as a path obtained by
’joining’ two shortest paths that connect v with u and v with s, respectively). By
the triangle condition, we have dist(u, s) < dist(v, u)+ dist(v, s) (strict inequal-
ity because v /∈ Pu) and dist(v, s) ≤ 1 + dist(x, s), dist(u, v) ≤ 1 + dist(y, u).
Consequently, dist(v, u) + dist(v, s) > dist(u, s) = dist(u, y) + 1 + dist(x, s) ≥
dist(v, u)−1+1+dist(v, s)−1 = dist(v, u)+dist(v, s)−1. That is, dist(u, s) =
dist(v, u)+dist(v, s)−1 and dist(v, s) = 1+dist(x, s), dist(u, v) = 1+dist(y, u).

��

Corollary 4. There is a linear time algorithm that, for a given (arbitrary) graph
G, either finds an induced doubly dominating cycle, or gives a dominating short-
est path, or outputs a claw or a net of G.

Lemma 6. Let P = (v, x2, . . . , xk−1, u) be a dominating shortest path of a graph
G. Then max{ecc(v), ecc(u)} ≥ diam(G)− 1.

A pair of vertices u, v of G with dist(u, v) = ecc(u) = ecc(v) is called a pair
of mutually furthest vertices.

Corollary 5. For a graph G with a given dominating shortest path, a pair of
mutually furthest vertices can be found in linear time.

In what follows we will use the fact, that in a two-connected graph, every
pair of vertices is joint by two internally disjoint paths. In order to actually find
such a pair of paths, one can use Tarjan’s linear time DFS-algorithm for finding
the blocks of a given graph. For the proof of Lemma 7 we refer to [18].

Lemma 7. Let G be a two-connected graph and let x, y be two different nonadja-
cent vertices of G. Then one can construct in linear time two induced, internally
disjoint paths, both joining x and y.

Theorem 5. There is a linear time algorithm that, for a given two-connected
CN-free graph G, either finds an induced doubly dominating cycle or gives a good
pair of G.

Proof. By Theorem 4, we get either an induced doubly dominating cycle or a
dominating shortest path of G in linear time. We show that, having a dominating
shortest path of a two-connected graph G, one can find in linear time a good
pair or an induced doubly dominating cycle. By Corollary 5, we may assume
that a pair x, y of mutually furthest vertices of G is given. Let also P1, P2 be two
induced internally disjoint paths connecting x and y in G. They exist and can be
found in linear time by Lemma 7 (clearly, we may assume that xy /∈ E, because
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otherwise N[x] = V = N[y] and x, y together with a vertex z ∈ V \{x, y} will form
a doubly dominating triangle). If one of these paths, say P1, is not dominating,
then there must be a vertex s ∈ V \ N[P1] . Since x, y are mutually furthest
vertices of G we have dist(s, x) ≤ dist(x, y), dist(s, y) ≤ dist(x, y). Hence, we
are in the conditions of Lemma 5 and can find an induced doubly dominating
cycle of G in linear time. ��

Corollary 6. There is a linear time algorithm that, for a given (arbitrary) two-
connected graph G, either finds an induced doubly dominating cycle, or gives a
good pair, or outputs a claw or a net of G.

5 Hamiltonian Cycle

In this section we prove that, for claw-free graphs, the existence of an induced
doubly dominating cycle or a good pair is sufficient for the existence of a Hamil-
tonian cycle. The proofs are also constructive and imply linear time algorithms
for finding a Hamiltonian cycle.

Theorem 6. Every claw-free graph G, that contains an induced doubly domi-
nating cycle, has a Hamiltonian cycle. Moreover, given an induced doubly dom-
inating cycle, a Hamiltonian cycle of G can be constructed in linear time.

Proof is omitted.

Corollary 7. Every claw-free graph, containing an induced dominating cycle of
length at least 4, has a Hamiltonian cycle and, given that induced dominating
cycle, one can construct a Hamiltonian cycle in linear time.

Let G = (V, E) be a graph and let P = (x1, . . . , xk) be an induced dominating
path of G. P is called enlargeable path if there is some vertex v in V \P that is
either adjacent to x1 or to xk but not to both of them and, additionally, to no
other vertex in P . Consequently, an induced dominating path P is called non-
enlargeable if such a vertex does not exist. Obviously, every graph G that has
an induced dominating path, has a non-enlargeable induced dominating path as
well. Furthermore, given an induced dominating path P , one can find in linear
time a non-enlargeable induced dominating path P ′ by simply scanning the
neighborhood of both x1 and xk. For the next theorem we will need an auxiliary
result (proof is omitted).

Lemma 8. Let G be a claw-free graph and P = (x1, x2, . . . , xk) (k > 2) be an
induced non-enlargeable dominating path of G such that there is no vertex y in
G with N(y) ∩ P = {x1, xk}. Then there is a Hamiltonian path in G that starts
in x1 and ends in xk and, given the path P , one can construct this Hamiltonian
path in linear time.

Theorem 7. Let G be a two-connected claw-free graph with a good pair u, v.
Then G has a Hamiltonian cycle and, given the corresponding induced dominat-
ing paths, one can construct a Hamiltonian cycle in linear time.
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Proof. Let P1 = (u = x1, . . . , v = xk), P2 = (u = y1, . . . , v = yl) be the induced
dominating paths, corresponding to the good pair u, v. By the definition of a
good pair both k and l are greater than 2. We may also assume that, for any
induced dominating path P = (a1, . . . , as) of G with s > 2, no vertex y ∈ V \ P
exists such that N(y)

⋂
P = {a1, as}. Otherwise, P together with y would form

an induced dominating cycle of length at least 4, and we can apply Corollary 7
to construct a Hamiltonian cycle of G in linear time.

Let A1 be the set of vertices a1 that are adjacent to x1 but to no other vertex
of P1; let B1 be the set of vertices b1 that are adjacent to xk but to no other
vertex of P1. A2 and B2 are defined accordingly for P2. Of course, each of the
sets A1, A2, B1, B2 forms a clique of G.

First we assume that one of these paths, say P1, is non-enlargeable, i.e.
A1 = ∅, B1 = ∅. In this case we do the following. We remove the inner vertices
of P2 from G and get the graph G− (P2), where (P2) denotes the inner vertices
of P2. Then, using P1, we create a Hamiltonian path in G− (P2), that starts at
u and ends at v (Lemma 8) and add (P2) to this path to create a Hamiltonian
cycle of G.

We can use this method for creating a Hamiltonian cycle of G, whenever we
have two internally disjoint paths P, P ′ of G both connecting u with v, such that
one of them is an induced dominating and non-enlargeable path of the graph
obtained from G by removing the inner vertices of the other path.

Now we suppose that both paths P1, P2 are enlargeable. Because of symmetry
we have to consider the following three cases.

Case 1. There exist a vertex a1 ∈ A1 \A2 and a vertex b1 ∈ B1 \B2.
In this case there must be edges from a1, b1 to inner vertices yi, yj of P2.
Consequently, we can form a new path P ′

2 by starting in u and traversing through
A1, yi, . . . , yj , B1, v, where (yi, . . . , yj) is the subpath of P2 between yi and yj .
Evidently, P ′

2 contains all vertices of B1, A1 and is internally disjoint from P1,
which is non-enlargeable in G− (P ′

2).

Case 2. B1 = B2 and either A1 = A2 or there exists a vertex a1 ∈ A1 \A2.
In this case none of the vertices of B := B1 = B2 (if B �= ∅) has a neighbor in
P1

⋃
P2, other than v. As G is two-connected, for some vertex b ∈ B there has

to be a vertex z ∈ V \ (P1

⋃
P2

⋃
B) with zb ∈ E. Since P2 dominates G and

z /∈ B, vertex z must be adjacent to a vertex y ∈ P2 \{v}. If z is only adjacent to
y1 = u but to no other vertex of P2, then z necessarily belongs to A2 and we can
form a new path P ′

1 by starting in u, using all vertices of A2, B and ending in v.
Again, P ′

1 is internally disjoint from P2 and P2 is non-enlargeable in G − (P ′
1).

If N(z)
⋂

P2 = {u, v} then we can apply Corollary 7.
Therefore, we may assume that z is adjacent to an inner vertex y of P2. Now,

if there exists a vertex a1 ∈ A1 \A2, then a1 is adjacent to some vertex y′ of (P2)
and we can construct a new path P ′

2 by using u, A1, y′, . . . , y, z, B, v (if B was
empty, then P ′

2 ends at . . . , y′, . . . , yl−1, v). This path is internally disjoint from
P1, which is non-enlargeable in G − (P ′

2). If A1 = A2 then from the discussion
above we may assume that either A := A1 = A2 is empty or there is a vertex
z′ ∈ V \ (P1

⋃
P2

⋃
A) which is adjacent to a vertex of A and has a neighbor y′
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in (P2). Hence, we can construct a path P ′
2 by using u, A, z′, y′, . . . , y, z, B, v,

which is internally disjoint from P1 (if z′ = z then P ′
2 is constructed by using u,

A, z, B, v).

Case 3. A2 is strictly contained in A1 and B1 is strictly contained in B2.
Proof for this case is omitted.

It is not hard to see that the above described method can be implemented
to run in linear time. ��

Theorem 8. Every two-connected claw-free graph G that contains a dominating
pair, has a Hamiltonian cycle and, given a dominating pair, a Hamiltonian cycle
can be constructed in linear time.

Proof is omitted.

Theorem 9. Every two-connected CN-free graph G has a Hamiltonian cycle
and such a cycle can be found in O(n +m) time.

Corollary 8. There is a linear time algorithm that for a given (arbitrary) two-
connected graph G either finds a Hamiltonian cycle or outputs a claw or a net
of G.

Corollary 9. A Hamiltonian cycle of a two-connected (claw,AT)-free graph can
be found in O(n +m) time.

Remark 1. Corollary 8 implies that every two-connected unit interval graph has
a Hamiltonian cycle, which is, of course, well known (see [21,17]). The interesting
difference of the above algorithm compared to the existing algorithms for this
problem on unit interval graphs, is, that it does not require the creation of an
interval model. It also follows from Corollaries 2 and 8 that both the Hamiltonian
path problem and the Hamiltonian cycle problem are linear time solvable on
proper circular arc graphs. Note that previously known algorithms for these
problems had time bounds O(m + nlogn) [16].

It should also be mentioned that Theorem 2 and Theorem 7 do cover a class
of graphs, that is not contained in the class of CN-free graphs, Figure 4 shows a
graph, that is claw-free, does contain a dominating/good pair, and, consequently,
a dominating path but obviously, it is neither AT-free nor net-free.
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3. S. Brandt, O. Favaron and Z. Ryjáček, Closure and stable hamiltonian proper-
ties in claw–free graphs, Tech. Rep. No 97, University of West Bohemia, November,
1996. 364



Linear Time Algorithms for Hamiltonian Problems 375

✇

✇

✇

✇

✇

✇

✇

✇

✇

✇

✇

✇

✇

✇

Fig. 4. Claw-free graph, containing a dominating pair and a net.
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Abstract. We present an O(n2.376) algorithm for recognizing claw-free
AT-free graphs and a linear-time algorithm for computing the set of all
central vertices of a claw-free AT-free graph. In addition, we give efficient
algorithms that solve the problems Independent set, Dominating set,
and Coloring. We argue that all running times achieved are optimal
unless better algorithms for a number of famous graph problems such
as triangle recognition and bipartite matching have been found. Our
algorithms exploit the structure of 2LexBFS schemes.

1 Introduction

In this paper we study claw-free AT-free graphs and show that a large number
of combinatorial problems can be efficiently solved. Moreover, we give strong
arguments that the algorithms we present are optimal. In particular, we consider
the following:
1. RECOGNITION: We present an O(n2.376) recognition algorithm for claw-free
AT-free graphs. We show that this is optimal unless one finds an algorithm for
triangle recognition that runs faster than O(n2.376).
2. RADIUS: We prove that there exists a linear-time algorithm for computing
the radius of a claw-free AT-free graph.
3. ALL CENTRAL VERTICES: Though no linear-time algorithm for finding
just one central vertex for AT-free graphs is known we give a linear-time algo-
rithm that computes the set of all central vertices of a claw-free AT-free graph.
4. INDEPENDENT SET: A linear-time algorithm for claw-free AT-free graphs
exists.
5. DOMINATING SET: There is a linear-time algorithm for claw-free AT-free
graphs.
6. COLORING: We prove that computing an optimal coloring for claw-free AT-
free graphs is related to both computing a maximum matching on bipartite
graphs and on general graphs. There is an O(

√
nm) coloring algorithm for claw-

free AT-free graphs. Any improvement of this time bound implies the existence
of an algorithm for computing a maximum matching of bipartite graphs that
runs in time less than O(n2 +

√
nm).

Claw-free AT-free graphs, the class of all graphs neither containing a claw as
an induced subgraph nor an asteroidal triple, form a subclass of AT-free graphs
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and contain all complements of bipartite graphs. A claw is a graph on four
vertices such that one of them is adjacent to the other three which themselves
are pairwise non-adjacent. An asteroidal triple is a triple of vertices such that
for every pair of two of those vertices there exists a path joining them that does
not contain any vertex of the closed neighborhood of the third vertex.

With respect to the combinatorial problems listed above the following is
known for AT-free graphs. The straightforward and currently the best known
upper bound for recognizing (dense) AT-free graphs is O(n3). We mention in
passing that O(nm + n2.82) and O(m1.5 + n2)1 algorithms can be obtained [4]
that are faster than the straightforward algorithm on sparse graphs and com-
plements of sparse graphs, respectively. The best (conditional) lower bound for
recognizing AT-free graphs is closely related to the upper bound of triangle
recognition which is currently O(nα) [23], where O(nα) is the time to multiply
two binary n × n matrices. (At present α = 2.376...) It has been shown that
the diameter of AT-free graphs can be computed in linear time with an abso-
lute error of 1 by 2LexBFS (see [6]). However, for both computing the diameter
and the radius no linear-time algorithm is known for AT-free graphs. To the
best of our knowledge there exists no algorithm for computing even one central
vertex of an AT-free graph. COLORING is one of the most interesting open
problems for AT-free graphs, still waiting for a polynomial-time algorithm or a
proof of NP-completeness. The best algorithms for INDEPENDENT SET and
DOMINATING SET for AT-free graphs have running times of O(n4) [5] and
O(n6) [17], respectively.

Claw-free AT-free graphs have been considered in the literature before [16,20].
As a consequence of a theorem in [6], the diameter of a claw-free AT-free graph
can be computed in linear time. HAMILTON PATH and HAMILTON CIRCUIT
can be solved in linear time on claw-free AT-free graphs [4]. Kloks et al. have
given a characterization of claw-free AT-free graphs. For each connected graph
G holds: G is claw-free AT-free if and only if either α(G) ≤ 2 or G is a claw-free
cocomparability graph [16].

Since that characterization does not offer a general tool for solving many of
the combinatorial problems we address our approach is mainly based on struc-
tural properties of 2LexBFS schemes for claw-free AT-free graphs. 2LexBFS
schemes have played a major role in showing that a dominating pair for AT-free
graphs can be computed in linear time [8]. Among others we show that almost
all levels of a 2LexBFS scheme of a claw-free AT-free graph are cliques, and that
the union of any two consecutive levels does not contain three vertices forming
an independent set.

1 As is standard in graph theory, n and m denote the number of vertices and edges
of the input graph, respectively. Similarly, m denotes the number of edges in the
complement of the input graph.
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2 Preliminaries

We consider only finite, undirected, simple, and connected graphs. For a graph
G = (V, E) and W ⊆ V , G[W ] denotes the subgraph of G induced by the
vertices of W . For a vertex x of G = (V, E), N(x) = {y ∈ V : {x, y} ∈ E} is
the neighborhood of x and N [x] = N(x) ∪ {x} is the closed neighborhood of
x. We denote the maximum cardinality of an independent set of G by α(G) .
We refer the reader to [24] for standard graph theory notations and to [3,14] for
definitions and properties of special graph classes not listed here.

Definition 1. A claw is a graph on four vertices such that one of them, called
the center, is adjacent to the other three vertices which themselves are pairwise
non-adjacent. A graph G is called claw-free if it has no claw as an induced
subgraph.

A triple {x, y, z} of vertices of a graph is an asteroidal triple (AT) if for
every two of these vertices there is a path between them avoiding the closed
neighborhood of the third. A graph G is called asteroidal triple-free (AT-free) if
it has no asteroidal triple.

An AT-free graph is claw-free AT-free if it does not contain a claw as an
induced subgraph.

Corneil, Olariu, and Stewart initiated and contributed substantially to the ex-
tensive research on structural and algorithmic properties of AT-free graphs [7,8].
One of their major discoveries is the relation between an old graph search proce-
dure, called Lexicographic Breadth-First Search (LexBFS), and so-called
dominating pairs [8]. A pair (x, y) of vertices of a graph G is a dominating pair
(short DP) if for every path P between x and y, the vertex set of P is a domi-
nating set of G.

Theorem 1 ([7]). Every connected AT-free graph has a dominating pair.

In [8] a linear-time algorithm for computing a dominating pair of a given
connected AT-free graph was established. The main idea of this algorithm is
the use of LexBFS. LexBFS is a variant of Breadth-First Search that has
been introduced by Rose, Tarjan, and Lueker in 1976 [21]. It has been used
as a subroutine in a variety of efficient (often linear-time) graph algorithms.
We reproduce the details of the linear-time algorithms LexBFS and 2LexBFS
from [21,8].
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Fig. 1. A claw-free AT-free graph G and one of its 2LexBFS schemes.

Procedure LexBFS(G,x);
Input: a connected graph G = (V, E) and a distinguished vertex x of G
Output: a numbering σ of the vertices of G

begin
label(x) := |V |;
for each vertex v in V \ {x} do
label(v) := Λ;
for i := |V | downto 1 do
begin

pick an unnumbered vertex v with (lexicographically) largest label;
σ(v) := i; {assign to v number i}
for each unnumbered vertex u in N(v) do

append i to label(u)
end

return σ
end; {LexBFS}
Procedure 2LexBFS(G);
Input: a connected graph G = (V, E)
Output: a numbering σ2 of the vertices of G

begin
choose a vertex w of G;
LexBFS(G, w);
let σ1 be the output of LexBFS(G, w) and let x be the vertex with σ1(x) = 1;
LexBFS(G, x);
let σ2 be the output of LexBFS(G, x);

return σ2

end; {2LexBFS}
A vertex ordering xn, xn−1, . . . , x1 is called a 2LexBFS ordering of G if some

2LexBFS(G) returns σ2 such that σ2(xj) = j for all j. A 2LexBFS ordering
and the levels L0 = {xn}, L1 = N(xn), . . . , Li = {xj : d(xj , xn) = i}, . . . , Lr

are called a 2LexBFS scheme of G. Observe that for all 0 ≤ i ≤ r, Li =
{xt, xt−1, . . . , xt′} for suitable t ≥ t′. For convenience let the vertices of Li be
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linearly ordered on a horizontal line according to the 2LexBFS ordering such
that xt is the leftmost vertex (see Fig. 1).

Theorem 2 ([8]). Every 2LexBFS ordering xn, xn−1, . . . , x1 of a connected AT-
free graph has the dominating pair-property (DP-property), i.e., for all i ∈
{1, 2, . . . , n}, (xn, xi) is a dominating pair of G[{xi, xi+1, . . . , xn}].

Consequently, for every 2LexBFS ordering xn, xn−1, . . . , x1 of an AT-free
graph G, (x1, xn) is a DP. Thus a DP can be computed in linear time by
2LexBFS [8]. A 2LexBFS scheme of an AT-free graph and its DP-property has
also been used in [16] to establish a bandwidth approximation algorithm for AT-
free graphs. The following characterization of claw-free AT-free graphs is given
in the same paper.

Theorem 3 ([16]). Let G = (V, E) be a connected graph. Then G is claw-free
AT-free if and only if G is a claw-free cocomparability graph or α(G) ≤ 2.

Note that cocomparability graphs (complements of comparability graphs) can
be defined as those graphs that admit a cocomparability ordering, i.e., a vertex
ordering x1, x2, . . . , xn such that for all i < j < k: {xi, xk} ∈ E implies {xi, xj} ∈
E or {xj , xk} ∈ E (see [3]).

3 Recognizing Claw-Free Asteroidal Triple-Free Graphs

The work of Corneil, Olariu, and Stewart on AT-free graphs led to a variety of in-
teresting questions. A challenging one asks for an efficient recognition algorithm
for AT-free graphs and it seemed natural to expect a dramatic improvement over
the O(n3) running time of the straightforward algorithm [7]. However, recently
Spinrad revealed a surprising connection to triangle recognition [23]. Triangle
recognition is a well-studied fundamental graph algorithms problem and thus is
sometimes even used as a lower bound for the complexity of other graph prob-
lems.

Theorem 4 ([23]). If there is an O(nc) algorithm for recognizing AT-free
graphs then there is an O(nmax(2,c)) algorithm for recognizing triangle-free graphs.

The best known algorithm for recognizing a triangle in dense graphs, here
called Triangle(G), uses matrix multiplication and has running time O(nα)
(see [1]). Thus any O(nc) algorithm for recognizing AT-free graphs with c < α
would not only significantly improve the best known running time of a recogni-
tion algorithm for AT-free graphs, it would also improve the best known time
bound for triangle recognition.

A deeper look into the reduction of Spinrad provides a (conditional) lower
bound for the time to recognize claw-free AT-free graphs.

Theorem 5. If there is an O(nc) algorithm for recognizing claw-free AT-free
graphs (of diameter 2) then there is an O(nmax(2,c)) algorithm for recognizing
triangle-free graphs.
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Proof. We take the opportunity to present the nice construction of Spinrad [23].
Let G = (V, E) be any graph. Assume V = {v1, v2, . . . , vn}. A new graph

HG is constructed as follows. Take the graph G, add vertices v′1, v
′
2, . . . , v

′
n, and

edges {v′i, v′j} for all 1 ≤ i, j ≤ n and {v′k, v`} for all 1 ≤ k, ` ≤ n such that
k 6= `. Note that {v′1, v′2, . . . , v′n} is a clique in HG. (Observe that the diameter
of HG is 2.)

Claim: G has three pairwise non-adjacent vertices, called an independent triple,
if and only if HG has a claw or an AT.
Suppose {vi, vj , vk} is an independent triple in G. Then {vi, vj , vk} is an AT
in HG which can be seen by inspecting the paths (vi, v

′
k, vj), (vi, v

′
j , vk), and

(vj , v
′
i, vk) in HG. For the inverse direction of the claim to be shown suppose

HG has an AT {x, y, z} or a claw {c, x, y, z} with center vertex c. In each
case {x, y, z} is an independent triple in HG and by the construction of HG

it follows immediately that {x, y, z} is also an independent triple in G.
Now suppose that we have a t(n) algorithm for recognizing claw-free AT-free
graphs. The following algorithm then recognizes triangle-free graphs in time
O(n2)+t(2n): On input G compute G and HG in time O(n2). Then test whether
HG is claw-free AT-free. By assumption this can be done in time t(2n). The
correctness of the algorithm follows immediately from the above proven claim.

ut
In the following we present an O(nα) algorithm for recognizing claw-free AT-
free graphs. According to Theorem 5 this is the best possible running time of an
algorithm for recognizing claw-free AT-free graphs without strong consequences,
i.e., without an improvement over the best known running time for triangle
recognition.

Lemma 1. Let G = (V, E) be a claw-free AT-free graph. Let L0 = {x}, L1 =
N(x), L2, . . . , Li = {w ∈ V : d(w, x) = i}, . . . , Lr be the levels of a 2LexBFS
scheme of G. Then the following statements hold:
1. Li is a clique for all i = 0, 2, 3, . . . , r. (L1 might not be a clique.)
2. α(G[L1]) ≤ 2.

Proof. Clearly L0 is a clique. Consider Li with i ≥ 2. Suppose u, v ∈ Li and
{u, v} /∈ E. Then u and v have a common neighbor w in Li−1 due to the DP-
property of any 2LexBFS ordering of an AT-free graph. Clearly, w has a neighbor
z ∈ Li−2 and hence {w, u, v, z} induces a claw in G, a contradiction.

Suppose α(G[L1]) ≥ 3. Let {a, b, c} be an independent set of G[L1]. Then
the set {x, a, b, c} induces a claw in G, a contradiction. ut
Our recognition algorithm for claw-free AT-free graphs works as follows.

Algorithm Recognition

1.Let G = (V, E) be the input graph and let V = {v1, v2, . . . , vn}. Compute the binary
adjacency matrix A = (aij)i,j=1,...,n of G (i.e., aij = 1 if and only if {vi, vj} ∈ E,
thus aii = 0 for all i ∈ {1, 2, . . . , n}). Compute A2.
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2.If all off diagonal entries of A2 are equal to 1 (i.e., if diam(G) ≤ 2) call Triangle(G). If
the subroutine reports a triangle then reject G. Otherwise accept G. {This completes
the test of input graphs G with diam(G) ≤ 2.}

3.Let a2
ij = 0 for some i and j, i 6= j, so diam(G) ≥ 3. Call 2LexBFS(G) such

that first LexBFS(G,vi) is performed. Let S be the resulting 2LexBFS scheme,
xn, xn−1, . . . , x1 be the 2LexBFS ordering, and L0, L1, . . . , Lr be the levels of S .

4.Compute another 2LexBFS scheme S ′ by calling LexBFS(G,x1). Let
x1 = yn, yn−1, . . . , y1 be the resulting 2LexBFS ordering and L′

0, L
′
1, . . . , L

′
r′ be the

corresponding levels.

5.If some level Li or L′
i, i 6= 1, is not a clique then reject G.

6.If either Triangle(G[L1]) or Triangle(G[L′
1]) reports a triangle then reject G.

7.Compute the gentle squares GS and GS′
of G with respect to S and S ′ in the following

way. Make L1 (respectively L′
1) a clique and add all those edges {u, w} ∈ E(G2)\E(G)

to G for which u ∈ Li and w ∈ Li+2 (respectively u ∈ L′
i and w ∈ L′

i+2) for some i.

8.If xn, xn−1, . . . , x1 is not a cocomparability ordering of GS or yn, yn−1, . . . , y1 is not
a cocomparability ordering of GS′

then reject G.

9.Otherwise accept G.

Theorem 6. Recognition recognizes claw-free AT-free graphs in time O(nα).

Proof. First consider the correctness. Suppose diam(G) ≤ 2. We will argue that
then G has an independent triple if and only if G has an AT or a claw. Since both
AT and claw contain independent triples one direction of that claim is trivial. For
the other direction let {a, b, c} be an independent set of G. If N(a)∩N(b)∩N(c) 6=
∅ then {w, a, b, c} induces a claw for each vertex w ∈ N(a) ∩ N(b) ∩ N(c).
Otherwise there are pairwise different vertices u, v, w such that u ∈ N(a)∩N(b),
v ∈ N(a) ∩N(c), and w ∈ N(b) ∩N(c) since G has diameter 2. Thus {a, b, c} is
an AT of G. This proves the correctness of step 2 of our algorithm.

Assume diam(G) ≥ 3. Consider the two 2LexBFS schemes S and S ′ computed
by the algorithm. Assume both have the properties of Lemma 1. Note that
Lemma 1 establishes the correctness of steps 5 and 6. We claim that then G is
AT-free and any claw in G is a standard claw in S or S′. A standard claw in
S (resp. S′) is a claw {w, a, b, c} with center w such that w, b ∈ Li, a ∈ Li−1,
c ∈ Li+1 (resp. w, b ∈ L′i, a ∈ L′i−1, c ∈ L′i+1) for some i ∈ {2, 3, . . . , r − 1}.

Suppose {a, b, c} is an AT in G. Then the construction of S and S′, in par-
ticular r, r′ ≥ 3, guarantees that either |L1 ∩ {a, b, c}| ≤ 1 or |L′1 ∩ {a, b, c}| ≤ 1.
Without loss of generality assume |L1 ∩ {a, b, c}| ≤ 1. Thus no two vertices of
{a, b, c} are in one level of S. Hence, if a ∈ Li, b ∈ Lj and c ∈ Lk with i < j < k
then there is no path between vertices a and c avoiding N(b) ⊇ Lj . Thus {a, b, c}
is no AT. Consequently G is AT-free. Now assume that {w, x, y, z} induces a claw
with center w in G. Notice that the construction of S and S′ guarantees that
either |L1 ∩ {x, y, z}| ≤ 1 or |L′1 ∩ {x, y, z}| ≤ 1. Without loss of generality as-
sume |L1 ∩ {x, y, z}| ≤ 1. Then {w, x, y, z} is a standard claw in S since every
Li, i 6= 1, is a clique.

The standard claw test is done in steps 7 and 8. A standard claw {w, a, b, c}
in S (S ′) with w, b ∈ Li, a ∈ Li−1 and c ∈ Li+1 is transformed into a forbidden
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configuration for which {a, c} is an edge in the gentle square of G while {a, b} and
{b, c} remain non-edges, and b is sandwiched between a and c in the 2LexBFS
ordering. If the 2LexBFS ordering is not a cocomparability ordering of the gentle
square then any violating triple {a, b, c} must be from pairwise different levels,
since all levels of the gentle square are cliques. Hence a ∈ Li−1, b ∈ Li and
c ∈ Li+1. The fact that {a, c} is an edge of the gentle square implies the existence
of a common neighbor w of a and c in Li. Since i ≥ 2 we have that {w, b} ∈ E
and hence {w, a, b, c} induces a standard claw in G.

Finally, consider the running time. All parts of the algorithm can obviously
be done in time O(nα) using triangle recognition or matrix multiplication, except
the test for standard claws. The gentle square of G can be computed in time
O(nα) by using A2. The test whether a 2LexBFS ordering is a cocomparability
ordering for the gentle square can be done in O(nα) by checking whether the
digraph obtained by orienting the edges of the gentle square according to the
2LexBFS ordering (i.e., orient the edges from the smaller to the larger vertex)
is transitive. Notice that testing whether a digraph is transitive is equivalent to
matrix multiplication [11]. ut

4 All Central Vertices

In this section we consider distance properties of claw-free AT-free graphs. Dis-
tances in graphs and related graph theoretic parameters such as diameter and
radius play an important role in the design and analysis of networks in a va-
riety of networking environments like communication networks, electric power
networks, and transportation networks. Until now no fast algorithms for comput-
ing the diameter of an arbitrary graph, avoiding the computation of the whole
distance matrix, have been designed. There is a collection of work on distance
problems for graphs of some special graph class. We refer to [9,10] for additional
references.

Let G = (V, E) be a graph. The distance d(u, v) between vertices u and v is
the length of a shortest path from u to v. The eccentricity e(v) of a vertex v is
defined as e(v) := maxu∈V d(u, v). The radius r(G) and the diameter diam(G)
are defined as r(G) := minv∈V e(v) and diam(G) := max{d(u, v) : u, v ∈ V },
respectively. Thus diam(G) = maxv∈V e(v). Finally, a vertex v is a central vertex
of G if e(v) = r(G). We will show that all these parameters and the set of all
central vertices can be computed in linear time.

We start with another property of 2LexBFS schemes of claw-free AT-free
graphs.

Lemma 2. Let L0 = {x}, L1 = N(x), . . . , Lr be the levels of a 2LexBFS scheme
of a claw-free AT-free graph G. Then α(G[Li ∪ Li+1]) ≤ 2 for all i ≥ 0. Each
vertex v ∈ L1 has a neighbor in L2 unless L1 ⊆ N [v].

Proof. By Lemma 1, each level Li, i 6= 1, is a clique of G and α(G[L1]) ≤ 2.
Thus we obtain α(G[Li ∪ Li+1]) ≤ 2 for all i 6= 1 and α(G[L1 ∪ L2]) ≤ 3.
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Suppose that G[L1 ∪ L2] contains an independent set {a, b, c}. Since L2 is a
clique we get |L2 ∩ {a, b, c}| = 1. Suppose a, b ∈ L1 and c ∈ L2. Clearly c has a
neighbor w ∈ L1. Thus α(G[L1]) ≤ 2 implies either {w, a} ∈ E or {w, b} ∈ E but
not both, since otherwise {w, a, b, c} would induce a claw. Suppose both a and
b have a neighbor in L2, called a′ and b′ (possibly a′ = b′), respectively. Since
L2 is a clique we obtain that G[{a, b, c, x, w, a′, b′}] is a graph of diameter 2.
But graphs of diameter 2 containing an independent triple, {a, b, c} in our case,
always contain either a claw or an AT, a contradiction.

Hence the only remaining case to consider is, without loss of generality, that
a has no neighbor in L2. Thus a ∈ L1, N [a] ⊂ L1 and b ∈ L1 \ N [a]. Thus
N [a] ⊂ N [x]. Therefore for all vertices w of G, each execution of LexBFS(G, w)
either assigns a label to x before it assigns one to a, or after LexBFS(G, w) assigns
a label to a the set label(x) is lexicographically larger than label(b). Hence in
both cases x can not be the last vertex of the execution of LexBFS(G, w) and thus
no 2LexBFS ordering σ2 of G yields σ2(x) = n. Hence L0 6= {x}, a contradiction.

ut
From now on let G be a claw-free AT-free graph. Let L0 = {x}, L1 =N(x), . . . , Lr

be the levels of a 2LexBFS scheme of G.

Definition 2. We call v a predecessor of w if there is a path v = ui, ui+1, . . . , uk

= w such that uj ∈ Lj for j = i, i + 1, . . . , k and i < k. For every vertex
w ∈ Li, 1 ≤ i ≤ r, we define N↑(w) = N(w) ∩ Li−1. For every vertex w ∈ Li,
0 ≤ i ≤ r − 1, we define N↓(w) = N(w) ∩ Li+1. Consequently, d↑(w) = |N↑(w)|
and d↓(w) = |N↓(w)|. We call v ∈ Li, 0 ≤ i ≤ r, a good vertex if d(v, u) = r− i
for all u ∈ Lr. Note in particular, that x is a good vertex.

Define A = {u ∈ Lr−1 : d↓(u) = |Lr|} and B = Lr−1 \ A. Let Bmax be the
set of vertices v from B that have a maximal down-neighborhood N↓(v) (with
respect to set inclusion) among all vertices in B.

Before turning to the main results of this section we state some helpful lemmas.

Lemma 3. Let u, v ∈ Li, i ∈ {1, . . . , r − 1}, such that N↓(u) and N↓(v) are
incomparable (with respect to set inclusion). Then N↑(u) = N↑(v).

Lemma 4. Let u ∈ Li and v ∈ Lj with i, j ∈ {0, 1, . . . , r} and i 6= j. Then
d(u, v) ∈ {|i− j|, |i− j|+ 1}. Furthermore, diam(G) = r.

We now turn to the good vertices in a 2LexBFS scheme. The notion of a
good vertex will be a useful tool to characterize the central vertices in a claw-
free AT-free graph.

Lemma 5. Let r ≥ 2. Let u ∈ Bmax and let a ∈ Lr−2 such that a /∈ N↑(u) and
a /∈ N↑(v) for all v ∈ A. Then a is not a good vertex.

The next theorem gives a characterization of all good vertices of a 2LexBFS
scheme of G. We will later show that essentially only the good vertices from
certain levels of a 2LexBFS scheme of a claw-free AT-free graph are central
vertices.
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Theorem 7. A vertex v ∈ Li, 0 ≤ i ≤ r, is good if and only if one of the
following holds:
1. i = r and Lr = {v}.
2. i = r − 1 and v ∈ A.
3. i = r− 2 and v ∈ N↑(u) for a vertex u ∈ A, or i = r− 2,

⋃
u∈Bmax

N↓(u) =
Lr, and v ∈ N↑(u) for some u ∈ Bmax.

4. i ≤ r − 3 and v is predecessor of a good vertex u ∈ Lr−2.

Proof. Let v ∈ Li, i ≥ 0. The claim is immediate for i ∈ {r − 1, r}. Suppose
i = r − 2. It is obvious that every v ∈ N↑(u) for a vertex u ∈ A is a good
vertex. Let

⋃
u∈Bmax

N↓(u) = Lr and v ∈ N↑(u) for a vertex u ∈ Bmax. Observe
that in light of Lemma 3 it holds that for all vertices u, u′ ∈ Bmax, N↑(u) =
N↑(u′). Thus v is not only a predecessor of u but of all u′ ∈ Bmax. Hence, if⋃

u∈Bmax
N↓(u) = Lr then v is a good vertex. It remains to show that no other

good vertices exist in Lr−2. So suppose that a ∈ Lr−2 is a good vertex and
a /∈ N↑(u) for all u ∈ A ∪ Bmax. Hence a satisfies the assumptions of Lemma 5
and thus can not be a good vertex, a contradiction.

Suppose i ≤ r − 3. Clearly, each predecessor of a good vertex in Lr−2 is a
good vertex. It remains to show that there are no other good vertices. Suppose
that a is a good vertex in Li, i ≤ r − 3, and a is not a predecessor of a good
vertex u ∈ Lr−2. There are two cases to be distinguished. The first case is that
the only good vertices in Lr−2 are predecessors of vertices in A. In that case there
exists a vertex b ∈ Lr satisfying N↑(b) = A. But then for any vertex a ∈ Li,
d(a, b) = r− i if and only if a is a predecessor of a vertex u ∈ A. The second case
is that there are good vertices in Lr−2 not being predecessors of vertices in A. We
have already shown that such good vertices in Lr−2 have to be predecessors of
some vertex u ∈ Bmax. Let umax ∈ Bmax be a vertex with maximal down-degree
among all vertices in Bmax. Since Bmax ⊆ B = Lr−1 \ A there exists a vertex
b ∈ Lr such that b /∈ N↓(umax). Now suppose that a is a good vertex but a is
not a predecessor of any u ∈ A ∪ Bmax. Hence a is not a predecessor of umax,
yet, since a is good, d(a, b) = r − i. It follows that there have to exist vertices
a′ ∈ Lr−2 and a′′ ∈ Lr−1 such that d(a, a′) = r− i−2, {a′, a′′}, {a′′, b} ∈ E, and
neither a′ nor a′′ are good vertices (since otherwise a would be a predecessor of
a good vertex from Lr−2). In particular, {a′, umax} /∈ E. Hence {a′′, a′, umax, b}
induces a claw with center vertex a′′, a contradiction. ut

Corollary 1. Let G be a connected claw-free AT-free graph.
Then either r(G) = diam(G) = 2 or r(G) = ddiam(G)/2e. Hence the radius

of a claw-free AT-free graph can be computed in linear-time by 2LexBFS.

Theorem 8. There exists a linear-time algorithm that given a 2LexBFS scheme
of a claw-free AT-free graph computes all good vertices.

The algorithm exploits the characterization of good vertices given in Theorem 7.
Now we are prepared to state a characterization of all central vertices in a claw-
free AT-free graph.
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Theorem 9. Let G be a claw-free AT-free graph. Let L0 = {x}, L1 =
N(x), . . . , Lr be the levels of a 2LexBFS scheme of G. Then v is a central vertex
of G if and only if one of the following holds:
1. r = 0 or r = 1.
2. r = 2 and d(v) = n− 1, or r = 2 and d(u) < n− 1 for all u ∈ V .
3. r = 2k, for some integer k ≥ 2, v ∈ Lk, and v is a good vertex.
4. r = 2k + 1, for some k ≥ 1, v ∈ Lk and v is a good vertex, or v ∈ Lk+1.

The main idea of our linear-time algorithm for computing all central vertices is
to determine all good vertices in those levels that potentially (see Theorem 9)
contain central vertices.

Theorem 10. There exists a linear-time algorithm for computing all central
vertices of a claw-free AT-free graph.

5 Independence, Domination, and Coloring

5.1 Independent Set

As mentioned earlier there exists an O(n4) algorithm for computing a maximum
independent set for AT-free graphs [5]. There is also a polynomial-time algorithm
for computing a maximum independent set for claw-free graphs [19]. Notice that
the latter problem contains the well-known Matching problem as a subproblem.

Let G = (V, E) be a claw-free AT-free graph and L0, L1, . . . , Lr be the levels
of a 2LexBFS scheme of G. Let I be any independent set of G. Then Lemma 1 and
Lemma 2 imply |Li∩ I| ≤ 1 if i 6= 1, |L1∩ I| ≤ 2 and |(Li−1∪Li)∩ I| ≤ 2. Using
this observation it can be shown that the search for a maximum independent set
can be restricted to independent sets containing at most one vertex per level.
This leads to a reachability type problem on an auxiliary graph G∗ = (V, E∗),
where E∗ is the set of all non-edges between any two consecutive levels in the
2LexBFS scheme of G, that can be solved in time linear in the size of G∗. Showing
|E∗| = O(|E|) we obtain

Theorem 11. There is a linear-time algorithm for computing a maximum in-
dependent set for claw-free AT-free graphs.

5.2 Dominating Set

It has been shown that a minimum dominating set in AT-free graphs can be
computed in time O(n6) [17]. In contrast, computing a minimum dominating
set in claw-free graphs is NP-complete since Edge dominating set which is
equivalent to Dominating set on line graphs is NP-complete (see the comments
to problem [GT2] in [13]).

Lemma 6. Let G = (V, E) be a claw-free AT-free graph and L0, L1, . . . , Lr be
the levels of a 2LexBFS scheme of G. Let u ∈ Li and v ∈ Li+2, i ∈ {0, 1, . . . , r−
2} such that u and v have a common neighbor w ∈ Li+1. Then Li+1 ⊆ (N [u] ∪
N [v]).
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Hence there is a dominating set of G containing one vertex of every level
Li, for i even or i = r. On the other hand, for every dominating set D of G
and for every three consecutive levels Li, Li+1, and Li+2, at least one of these
levels must contain a vertex of D. The only thing left for the algorithm is to
test whether for any two consecutive levels there is a dominating set without a
vertex in these two levels.

Theorem 12. There is a linear-time algorithm for computing a minimum dom-
inating set and a minimum independent dominating set for claw-free AT-free
graphs.

5.3 Coloring

The Coloring problem is NP-complete for claw-free graphs since it remains
NP-complete on line graphs which form a subclass of claw-free graphs [15].
In contrast, the algorithmic complexity of the Coloring problem for AT-free
graphs is still an open problem. Let tmatch(n, m) and tbipmatch(n, m) be the
times needed to compute a maximum matching on general graphs and on bipar-
tite graphs, respectively. Similarly, let tcolor(n, m) denote the time to color a
claw-free AT-free graph.

Theorem 13. 2 There is an O(n2 +
√

nm) coloring algorithm for
claw-free AT-free graphs. Furthermore, tcolor(n, m) ≤ max{tmatch(n, m),
tbipmatch(2n, m)}+ O(n2) and tbipmatch(n, m) ≤ tcolor(n, m) + O(n2).

Proof. Let G be a claw-free AT-free graph. The following algorithm colors G
with a minimum number of colors: Compute a 2LexBFS scheme of G. Let
L0, L1, . . . , Lr be its levels. If r ≤ 2 then by Lemma 2, α(G) ≤ 2 and we
thus exploit the well-known fact that a minimum coloring of a graph G with
α(G) ≤ 2 can be determined by computing a maximum matching M of G and
by coloring G such that two vertices u and v of G obtain the same color if
and only if {u, v} is an edge of the maximum matching M . If r > 2 we either
have that L1 is a clique, in which case the 2LexBFS ordering of G is a cocom-
parability ordering of G since now all levels are cliques, or L1 is not a clique
implying that α(G) ≥ 3 and thus G is cocomparability due to Theorem 3. So
we use an algorithm solving the Coloring problem for cocomparability graphs
by a reduction to Matching on a bipartite auxiliary graph [12] (see also [22,
pp. 232–238]). It is not hard to verify that the just outlined algorithm runs in time
max{tmatch(n, m), tbipmatch(2n, m)}+O(n2) which proves the first inequal-
ity. Due to the fact that the current best algorithm for maximum matching on
graphs has running time O(

√
nm) [18] it follows that there exists a O(

√
nm+n2)

coloring algorithm for claw-free AT-free graphs.
For the other inequality to be proven simply observe that the complement of

a bipartite graph G satisfies α(G) ≤ 2 and thus due to Theorem 3 G is a claw-
free cocomparability graph. So an optimal coloring of G induces a maximum
matching on G. ut
2 A polynomial-time coloring algorithm for claw-free AT-free graphs was indepen-

dently found by E. Köhler.
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Though the above theorem might give the impression that full complementation
of the input graph, and thus an extra O(n2) in the running time, is necessary
in order to apply matching algorithms we emphasize that this is not true. The
authors have found an algorithm for coloring claw-free AT-free graphs that has
running time O(

√
nm).
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3. A. Brandstädt, Special graph classes — a survey, Schriftenreihe des Fachbereichs
Mathematik, SM-DU-199, Universität Gesamthochschule Duisburg, 1993. 379,
381
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Abstract. We study the problem of finding an acyclic orientation of an
undirected graph G such that each path is contained in a limited num-
ber of maximal cliques of G. In general, in an acyclic oriented graph,
each path is contained in more than one maximal cliques. We focus our
attention on crown-free interval graphs, and show how to find an acyclic
orientation of such a graph, which guarantees that each path is con-
tained in at most four maximal cliques. The proposed technique is used
to find approximated solutions for a class of related optimization prob-
lems where a solution corresponds to an acyclic orientation of graphs.

Keywords: Dynamic storage allocation, interval graphs, interval col-
oring, acyclic orientation, approximation algorithm.

1 Introduction

We study the problem of finding an acyclic orientation of a undirected graph
G = (V,E) such that each path is contained in a limited number of maximal
cliques of G. This problem is related to a wide class of optimization problems
(i.e., scheduling, coloring, packing), in which each feasible solution corresponds
to an acyclic orientation of a weighted graph, and the solution value is equal to
the length of the longest weighted path of the oriented graph. Optimal solutions
correspond to acyclic orientations having the length of the longest weighted path
as small as possible; we call these orientations optimal. Any clique of the graph,
once oriented, produces a path of length equal to the weight of the clique, there-
fore the weight of the maximum weighted clique is a valid lower bound on the
optimal solution value. If G is a comparability graph, then it admits a transitive
(and hence acyclic) orientation that can be found in polynomial time (Golu-
mbic [13]), in which, by transitivity, each path is contained in a maximal clique
of G, hence any such orientation is optimal. In all other cases, even for a perfect
graph G, in any acyclic orientation there exists at least a path contained in more
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than one maximal clique, and finding the optimal orientation is a strongly NP-
hard problem (Dell’Olmo et al. [8]). For such graphs, one can attempt to obtain
in polynomial time paths whose length can be limited. This could be achieved,
for example, by providing an orientation for which one can guarantee that any
path is contained in a limited number k of maximal cliques. Therefore, the value
of this orientation would be at most k times the optimum, for any vertex weight
function. In particular, for the class of claw-free chordal graphs, Confessore et
al. [4,6] provided an acyclic orienting algorithm which assures that any path is
contained in at most 2 maximal cliques.

In this paper, we focus our attention on a subclass of interval graphs. Finding
an optimal orientation of an interval graph is polynomially equivalent to find the
optimal solution of a number of optimization problems such as interval coloring
problem on interval graphs [13], ship building problem [13], bandwidth allocation
problem (Habib [14]), and dynamic storage allocation problem (Coffman [2]).
In such problems a feasible solution corresponds to an acyclic orientation of a
weighted interval graph.

In particular, in the dynamic storage allocation problem it is given a set of
items to be stored and, for each item, an arrival time, a departure time, and a
size are known. Two items are in conflict if the arrival time of one of them is
included between the arrival and departure times of the another one. Two in
conflict items have to be stored in different storage intervals. The objective of
the problem is to allocate all items in order to minimize the total used storage
size. Any problem instance can be represented by a conflict graph, namely a
weighted interval graph, in which the vertex set corresponds to the set of items
to be stored, each vertex weight is equal to the size of the corresponding item,
and there is an edge between two vertices if and only if the corresponding items
are in conflict. The objective of the problem, represented by a weighted graph, is
to find an acyclic orientation of the graph where the length of longest weighted
oriented path is as small as possible.

In the general case in which the conflict graph is an interval graph, the dy-
namic storage allocation problem is known to beNP-hard in strong sense (Garey
and Johnson [10]). Approximation results for this problem have been given by
Kierstead [15], with performance ratio 6, and by Gergov [11], with performance
ratio 5. If the conflict graph is a proper interval graph, that is a K1,3-free in-
terval graph, the dynamic storage allocation problem is NP-hard (Confessore
et al. [3,7]). For this special case, Confessore et al. [3,7] and Naor et al. [17] in-
dependently gave 2-approximation algorithms. However, the performance ratio
of the approximated solution in [3,7] holds for any weight function, that is the
algorithm can be applied also (or especially) when weights are dynamic random
variables or are completely unknown. This result is achieved by using a parti-
tioning technique. The same technique has also been used by Confessore et al. [5]
to provide an approximation algorithm for a periodic allocation problem.

In this paper we study the case in which the conflict graph is a K1,1,3-free
interval graph, that is a crown-free interval graph. This graph class properly
contains the class of proper interval graphs, then, by restriction, the dynamic
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storage allocation problem in the case in which the conflict graph is a crown-free
interval graph is NP-hard.

The main contributions of our work are as follows. We show how to partition
the vertex set of a crown-free interval graph into two disjoint subsets, such that
each one induces a proper interval subgraph. Then, we partition the vertex set
of each proper interval subgraph into cliques. Based on this partition, we show
how to acyclically orient the whole graph, such that each path in the oriented
graph is contained in at most four maximal cliques. This latter result allows us
to state that there exists a 4-approximation algorithm for the interval coloring
problem of crown-free interval graphs, and then for the related dynamic storage
allocation problem. Moreover, with respect to previous results in [11,15,17], the
performance ratio of our solution holds even for the case in which vertex weights
are unknown.

2 Basic Notations and Definitions

A graph is a pair G = (V,E), where V is a finite set of n = |V | elements called
vertices, and E ⊆ {(x, y) ∈ V × V | x �= y} is a set of m = |E| unordered vertex
pairs called edges. For two distinct vertices x, y, we say that x is adjacent to y (or
equivalently, y is adjacent to x) if (x, y) ∈ E; otherwise, they are independent.

Given G = (V,E) and a subset X ⊆ V , the graph G(X) = (X,E(X)) is the
subgraph of G induced by X if E(X) = {(x, y) ∈ E | x, y ∈ X}.

A set V ′ ⊆ V of vertices is a clique of G if the subgraph G(V ′) of G induced
by V ′ is a complete graph. A maximal clique is a clique not properly contained in
any other clique. A maximum clique is a (maximal) clique with largest number
of vertices among all cliques.

A weighted graph G is a graph with an associated weight function w : V →
N ∪ {0} which assigns a non negative integer weight to each vertex of V . For
vertex x,w(x) is the weight of x. Vertices of zero weight are irrelevant in this
context, but technically it is convenient to allow their presence in some cases.
The weight w(S) of a set S ⊂ V is defined as

∑
x∈S w(x). A maximum weighted

clique of G is a clique with largest weight among all the (maximal) cliques; let
ωw(G) be the weight of the maximum weighted clique of G.

If we orient an edge (x, y) ∈ E of G = (V,E) from x to y, we write (x→ y),
and the oriented edge is called arc. If all edges in E are oriented, the resulting
graph is called an oriented (or directed) graph.

A path in an oriented graph is a sequence of vertices (x1,x2,. . .,xk) of V such
that (x1 → x2), (x2 → x3), . . ., (xk−1 → xk).

An orientation of a graph G = (V,E) is the set of arcs A (or the oriented
graph H = (V,A)) such that |A| = |E|, and for each (x, y) ∈ E either (x→ y) ∈
A, or (y → x) ∈ A. An orientation H = (V,A) of G = (V,E) is acyclic if there
is no path (x1,x2,. . .,xk) in H such that x1 ≡ xk.

An orientation H = (V,A) of G = (V,E) is transitive if for each (x →
y),(y → z) ∈ A then (x→ z) ∈ A; hence, a transitive orientation is also acyclic.
A graph G = (V,E) which is transitive orientable is called a comparability graph.
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A graph G is chordal if each cycle in G of length at least 4 has a chord.
The intersection graph of a finite family of non-empty sets is a graph where

each vertex represents a set, and two vertices are joined by an edge if and only if
the corresponding sets have a non-empty intersection. The intersection graph of a
family of intervals of a linear ordered set (like the real line) is an interval graph.
Gilmore and Hoffman [12] showed that an undirected graph G is an interval
graph if and only if G is chordal and its complement Ḡ is a comparability graph.

Let K1,3 be the claw graph, that is a graph G = ({a, b, c, d}, E) with E =
{(a, b), (a, c), (a, d)}. The vertex a is called the center of the claw.

A graph G is a proper interval graph if it is interval and claw-free, that is
there is no subgraph of G isomorphic to the claw graph.

Let K1,1,3 be the crown graph (see Faudree et al. [9]), that is the complete
multipartite graph G = ({a} ∪ {e} ∪ {b, c, d}, E) with E = {(a, b), (a, c), (a, d),
(a, e), (e, b), (e, c), (e, d)} (see Figure 1(a)).

A graph G is a crown-free interval graph if it is interval and there is no
subgraph of G isomorphic to the crown graph.

Finally, let S(K1,3) (see [9]) be the graph obtained from a claw K1,3 by
subdividing each edge (see Figure 1(b)).

(a) (b)

Fig. 1. The K1,1,3 (or crown) graph (a), and the S(K1,3) graph (b)

3 Partitioning Crown-Free Interval Graphs

In this section we study how to partition the vertex set V of a crown-free interval
graph G = (V,E) in two disjoint subsets V1, V2, such that the induced subgraphs
G(V1), G(V2) are proper interval graphs.

Let us start studying a property of an interval graph G.

Theorem 1. Given a claw subgraph G({a, b, c, d}), with center a, of an interval
graph G = (V,E), there exists at least one vertex u ∈ {b, c, d}, such that for each
maximal clique C of G, with u ∈ C, it also results that a ∈ C.
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Proof. Given a claw subgraph G({a, b, c, d}), with center a, of an interval graph
G = (V,E), let us suppose, by contradiction, that there exist three maximal
cliques Cb, Cc, Cd for which b ∈ Cb, c ∈ Cc, d ∈ Cd, and a �∈ Cb ∪ Cc ∪
Cd. Since Cb, Cc, Cd are maximal cliques, there will be three vertices x, y, z ∈
(V \{a, b, c, d}) such that x ∈ (Cb\(Cc∪Cd)), y ∈ (Cc\(Cb ∪Cd)), z ∈ (Cd\(Cc ∪
Cb)), and (a, x), (a, y), (a, z) �∈ E. In particular, x, y, z are distinct vertices; in
fact if, by contradiction, x ≡ y, G({a, b, c, x}) is a chordless cycle of length 4, and
this is not possible because G is chordal (in the same way we prove that x �≡ z,
y �≡ z). Moreover, since G is chordal, (b, y), (b, z), (c, x), (c, z), (d, x), (d, y),
(x, y), (x, z), (y, z) �∈ E otherwise G({a, b, c, d, x, y, z}) contains a chordless cycle
of length at least 4. Then, the subgraph G({a, b, c, d, x, y, z}) is a S(K1,3) graph,
but this is not possible because the S(K1,3) graph is a forbidden structure for
an interval graph G (Lekkerkerker and Boland, [16]).

According to the previous theorem, let us give the following definition.

Definition 1. Given a claw subgraph G({a, b, c, d}), with center a, of an interval
graph G = (V,E), an embedded vertex of the claw is a vertex u ∈ {b, c, d} such
that, for each maximal clique C of G containing u, it results also that a belongs
to C.

Then, Theorem 1 states that, for each claw subgraph of an interval graph
G, there exists at least one embedded vertex. By using this property, let us now
consider the following algorithm that partitions the vertex set V of an interval
graph G into two disjoint subsets V1 and V2.

Algorithm 1. Partition

Input: G = (V,E);
Output: V1, V2;
{
let V1 := V , and V2 := ∅;
while there exists a claw subgraph K of G(V1);
{
let b ∈ V1 be an embedded vertex of the claw subgraph K;
let V1 := V1\{b} and V2 := V2 ∪ {b};
}
}

By using Algorithm 1, it results that G(V1) is claw-free, and that, ∀u ∈ V2,
u is an embedded vertex of a claw of G. Note that, even if G is a connected
graph, G(V1) and/or G(V2) could be disconnected. As for time complexity, the
algorithm runs in polynomial time. Roughly speaking, a non optimized version
of the algorithm, running in O(n5) time, can be implemented by using the pro-
cedure for recognizing claw-free graphs, which requires O(n4) time (see Alon and
Boppana [1]), while, given a claw, an its embedded vertex can be found in linear
time. A more efficient algorithm, that makes use of interval graph properties,
might be designed, but this is out of the scope of the paper.
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Lemma 1. Given an interval graph G = (V,E) and a claw subgraph
G({a, b, c, d}) of center a, if a is an embedded vertex of another claw
G({a′, a, c′, d′}) of center a′, it results a′ �∈ {b, c, d}.

Proof. Let G({a′, a, c′, d′}) be a claw, where a is an embedded vertex and a′ is the
center. By contradiction, let us suppose that a′ ≡ b. Since G({a, b, c, d}) is a claw,
we have that c′, d′ �∈ {c, d}. Being (a, c), (a, d) ∈ E, and a an embedded vertex of
the claw G({b, a, c′, d′}) of center b, by Theorem 1 it results that (b, c), (b, d) ∈ E;
but this is not possible because G({a, b, c, d}) is a claw. In the same way we prove
that a′ �∈ {c, d}.

Proposition 1. Given an interval graph G = (V,E), if there exists a claw
G({a, b, c, d}) of center a, and a claw G({e, a, f, g}) of center e and embed-
ded vertex a, then the subgraph G = ({a} ∪ {e} ∪ {b, c, d}) is a crown graph.

Proof. Firstly, let us show that the vertices a, b, c, d, e, f are distinct. By
Lemma 1, the center e of the second claw is not contained in {b, c, d}; more-
over, since G({a, b, c, d}) is a claw of center a, and hence (a, b), (a, c), (a, d) ∈ E,
if there exists another clawG({e, a, f, g}) of center e, it result that g, f �∈ {b, c, d}.

By Theorem 1, since a is an embedded vertex of G({e, a, f, g}), (b, e), (c, e),
(d, e) ∈ E. Since (a, b), (a, c), (a, d) (a, e), (e, b), (e, c), (e, d) ∈ E, and (b, c),
(b, d), (c, d) �∈ E, it results that G = ({a} ∪ {e} ∪ {b, c, d}) is a crown graph.

By Proposition 1 and by applying Algorithm 1, it is possible to prove that:

Theorem 2. Given a crown-free interval graph G = (V,E), it is possible to
partition the vertex set V into two disjoint subsets V1 and V2, such that the
subgraphs G(V1) and G(V2) are proper interval graphs.

Proof. By using Algorithm 1, each vertex b ∈ V2 is an embedded vertex of a
claw K. Since there is no subgraph isomorphic to the crown graph in G, by
Proposition 1, b cannot be the center of any other claw; therefore, there is no
claw in G(V2). Moreover, since by construction G(V1) does not contains claws,
we have that both G(V1) and G(V2) are claw free, i.e. proper interval graphs.

3.1 Partitioning Proper Interval Graphs

In this subsection we analyze a proper interval graph GP = (VP , EP ), and we
show how to partition the vertex set VP into cliques of GP . Then, we study
adjacency properties between partition elements.

It is known that:

Theorem 3. (Gilmore and Hoffman [12]) An undirected graph G is an interval
graph if and only if the maximal cliques of G can be linearly ordered such that,
for every vertex x of G, the maximal cliques containing x occur consecutively.
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Obviously, this also holds for a proper interval graph GP . Let Q =
(C1, . . . , Cq) be the linearly ordered list of all the maximal cliques of GP , ac-
cording to Theorem 3.

Lemma 2. Let GP = (VP , EP ) be an interval graph. GP is proper if and only
if, for any vertex x ∈ VP contained in k + 1 maximal cliques (Ch, . . . , Ch+k) of
GP , with k ≥ 2, any vertex y ∈ Cj, with h < j < (h + k), belongs, at least, to
Ch or to Ch+k.

Proof. Let us consider a vertex x and let (Ch, . . . , Ch+k), with k ≥ 2, be the
ordered list of all the maximal cliques containing it. Let us suppose, by con-
tradiction, that there exists a vertex y ∈ Ch+t, with 0 < t < k, such that
y �∈ Ch∪Ch+k. Being Ch, . . . , Ch+k maximal cliques, there exists a vertex u ∈ VP ,
such that u ∈ Ch and u �∈ Ch+1, and a vertex v ∈ VP , such that v �∈ Ch+k−1 and
v ∈ Ch+k; note that (u, v) �∈ EP , because there is no maximal clique containing
both u and v. For the same reason, (u, y) �∈ EP and (y, v) �∈ EP , hence GP

contains a claw of vertices x, u, y and v, and this contradicts the hypothesis
that GP is proper.

Conversely, let us suppose that GP is not proper, and then there exists in
GP a claw of vertices x, u, y, v. W.l.o.g., let x be the center of the claw, and
let (Ch, . . . , Ch+k) be the ordered list of all the maximal cliques containing x.
As u, y, v are adjacent to x, there exist at least three maximal cliques Ch+i,
Ch+t, Ch+k−j , containing x, which contain u, y, v, respectively. Moreover, since
{u, y, v} is a set of mutually independent vertices, without loss of generality we
can consider 0 ≤ i < t < k− j, where j ≥ 0 and k ≥ 2; hence, as all the maximal
cliques containing y are listed consecutively, y �∈ Ch ∪ Ch+k, contradicting the
statement of the lemma.

W.l.o.g., let GP = (VP , EP ) a connected proper interval graph. Given Q =
(C1, . . ., Cq), the list of all the maximal cliques of GP , rearranged according to
Theorem 3, let P = (X1, . . . , Xr) be a vertex partition of VP obtained as follows:

– X1 = Cj1 , where j1 = 1;
– Xi = Cji\Cji−1 , where ji = maxk>ji−1 [k : ∃x ∈ (Cji−1 ∩ · · · ∩ Ck)], for i =

2, . . . , r − 1;
– Xr = Cjr\Cjr−1 , where jr = q.

Theorem 4. If GP =(VP , EP ) is a proper interval graph then P=(X∞, . . . ,X∇)
is a partition of VP .

Proof. Given Q = (C1, . . . , Cq), by construction it follows that the elements of
P are mutually disjoint. Therefore, we have only to show that P is a covering of
VP . Let us suppose that P is not a covering, that is there exists at least a vertex
y not covered by P . In this case, following the procedure used to obtain P , there
exists at least a maximal clique Ct containing y, such that ji < t < ji+1, and,
being y not covered by P , y �∈ (Cji ∪ Cji+1); moreover, by construction of P ,
there exists a vertex x ∈ (Cji ∩ . . . ∩ Cji+1 ). Hence, by Lemma 2, GP is not
proper.
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Moreover, we can show that:

Theorem 5. Given the partition P = (X1, . . . , Xr) of GP = (VP , EP ), there is
no couple of partition elements (Xi, Xi+k), with k ≥ 2, such that there exist two
vertices x ∈ Xi and y ∈ Xi+k, with (x, y) ∈ EP .

Proof. Given Q = (C1, . . . , Cq), by construction, for k ≥ 2, it results Xi+k ∩
Cji+k−1 = ∅, and it is simple to verify that Cji ∩Cji+k

= ∅, hence Cji ∩Xi+k = ∅.
By contradiction, suppose that there exist two vertices x ∈ Xi and y ∈ Xi+k

such that (x, y) ∈ EP . In this case, since the maximal cliques containing x
occur consecutively, and knowing that both Xi+k ∩ Cji+k−1 and Xi+k ∩ Cji

are empty, there must be a maximal clique Cρ containing both x and y, with
ji < ρ < ji+k−1; but this implies that the maximal cliques containing y are not
consecutively ordered.

Summarizing, given a crown-free interval graph G = (V,E), it is possible to
partition the vertex set V in two disjoint subsets V1, V2, such that G(V1) and
G(V2) are proper interval graphs. Moreover, the subsets V1, V2 can be partitioned
into disjoint cliquesX1

1 , . . . , X
1
r1

, andX2
1 , . . . , X

2
r2

, respectively, such thatX1
i , X

1
j

(X2
i , X

2
j ) are adjacent —that is, there exists an edge (u, v) ∈ E, with u ∈ X1

i

and v ∈ X1
j — if and only if j = i + 1. However, X1

i , X
2
j could be adjacent for

any i, j.
Let G0 = (V0, E0) be a graph, where V0 = {x1

1, . . ., x
1
r1

, x2
1, . . ., x

2
r2
}, and

(xh
i , x

k
j ) ∈ E0 if and only if Xh

i and Xk
j are adjacent, with h, k ∈ {1, 2}, i =

1, . . . , r1, j = 1, . . . , r2.
Then, the vertex set V of a crown-free interval graph G = (V,E) can be

partitioned in such a way that the graph G0 is a 4-partite graph.

4 On the Interval Coloring Problem of Crown-Free
Interval Graphs

As application problem in which feasible solutions can be represented by acyclic
orientations of a crown-free interval graph let us consider the interval color-
ing problem of a weighted crown-free interval graph. The problem is defined
as follows. W.l.o.g., assuming that all vertex weights are positive integers, a
(weighted) interval coloring (or t-coloring) of G is a function c : V → {1, . . . , t}
such that c(x) + w(x) − 1 ≤ t and, if c(x) ≤ c(y) and x is adjacent to y, then
c(x) + w(x) − 1 ≤ c(y). An interval coloring of G can be viewed as the assign-
ment of an interval {c(x), c(x) + 1, . . . , c(x) + w(x) − 1} of w(x) colors to each
vertex x, such that the intervals of colors assigned to two adjacent vertices do
not overlap. The interval coloring problem is finding an interval coloring with
minimum interval coloring number t, and the optimal solution value, i.e. the
minimum interval coloring number, is called interval chromatic number χw(G)
of G.

In general, given an undirected weighted graphG = (V,E), a feasible interval
coloring of G can be obtained by considering any acyclic orientation A of G, and
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visiting the oriented graphH = (V,A) in O(m) time by a breadth-first search, in
the following way. Define the coloring function c : V → {1, . . . , t} as follows. For
each vertex s ∈ V with no ingoing arc, let c(s) = 1. Proceeding recursively, for
each other vertex j ∈ V let c(j) = max(i,j)∈A[c(i) + w(i)]. Assign to each j ∈ V
the coloring interval [c(j), . . . , c(j) + w(j) − 1]. Going back through the arcs by
means of the coloring function above defined, we get a maximum weighted path
π of H = (V,A), whose length l(π) =

∑
i∈π w(i) is equal to t. Vice-versa an

interval coloring of G = (V,E) defines an implicit acyclic orientation A of G,
directing and edge toward the vertex whose coloring interval is to the right of the
other on the real line. Hence, for an undirected weighted graph G, the minimum
interval coloring number χw(G) = minA[maxπ l(π)] [13].

Now, we show how to orient the edge set of a crown-free interval graph G in
order to obtain an acyclic orientation in which each path is contained in at most
four maximal cliques of G.

Since, by Theorem 2, given a crown-free interval graph G = (V,E), it is
possible to partition the vertex set V in two disjoint subsets V1 and V2 such that
subgraphs G(V1) and G(V2) are proper interval graphs, let us start to show how
we can obtain an acyclic orientation HP of a proper interval graph GP .

GivenGP = (VP , EP ), we compute the partition P of VP into cliques (X1, . . . ,
Xr). Let the odd cliques and the even cliques be the cliques of P with odd and
even indices, respectively. First, orient the edges of GP from odd cliques to even
cliques. More precisely, orient all the edges (x, y) ∈ EP , from x to y with x
and y belonging to an odd and to an even clique, respectively. Then, let us
orient the edges between vertices of the same clique Xi, according to any one
of its transitive orientation. In this way we have oriented all edges of GP , the
orientation so obtained is acyclic, and each (maximal) path in the oriented graph
goes from a vertex of an odd clique to a vertex of an even clique and exactly
contains all the vertices of these two cliques. Therefore, each path of the oriented
graph obtained by orienting the proper interval graph GP according to HP , is
contained in at most two maximal cliques of GP . Following this procedure, let
H1 and H2 be the orientation of G(V1) and G(V2), respectively.

Now, in order to complete the acyclic orientation H of the whole crown-free
interval graph G = ((V1 ∪ V2), E), we orient the remaining edges (x, y) ∈ E,
from x to y with x ∈ V1 and y ∈ V2. In this way we have obtained an acyclic
orientation H of G, where each (maximal) oriented path goes from a vertex of
V1 to a vertex of V2, and is contained in at most four maximal cliques of G.
Therefore, it follows that

Theorem 6. Each path of the oriented graph obtained by orienting the crown-
free interval graph G according to H, is contained in at most four maximal cliques
of G.

Then, for any vertex weight function, it results that

Theorem 7. There exists a 4-approximation algorithm for the interval coloring
problem of crown-free interval graph.
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5 Conclusions

In this paper we investigated the problem of finding an acyclic orientation of a
crown-free interval graph G, such that each (oriented) path is contained in at
most four maximal cliques of G. We showed how this approach can be used to
give a 4-approximated solution for NP-hard optimization problems where each
feasible solution can be represented as an acyclic orientation of a crown-free
interval graph. Moreover, the performance ratio of the approximated solution
holds for any weight function.
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Triangulated Neighbourhoods in C4-Free Berge
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Abstract. We call a T-vertex of a graph G = (V, E) a vertex z whose
neighbourhood N(z) in G induces a triangulated graph, and we show
that every C4-free Berge graph either is a clique or contains at least two
non-adjacent T-vertices. An easy consequence of this result is that ev-
ery C4-free Berge graph admits a T-elimination scheme, i.e. an ordering
[v1, v2, . . . , vn] of its vertices such that vi is a T-vertex in the subgraph
induced by vi, . . . , vn in G.

Keywords: lexicographic breadth-first search, triangulated graph, per-
fectness

1 Introduction

A graph is called perfect if, for each of its induced subgraphs, the chromatic
number equals the clique number. Since Berge [1] introduced perfect graphs, a
lot of partial results have been obtained on the Strong Perfect Graph Conjecture
(SPGC) which claims that a graph is perfect if and only if it is a Berge graph, that
is, it contains no chordless cycle on odd number of vertices, and no complement
of such a cycle. Among the particular classes of graphs which have been shown
to satisfy the SPGC we can find every class of H-free graphs, for each graph H
on four vertices but C4 (the chordless cycle on four vertices) and its complement
2K2. It can be noticed that these two exceptions are in fact only one exception,
since a graph is perfect if and only if its complement is (see [3]).

The perfection of C4-free Berge graphs cannot be approached without a good
knowledge of the structure of these graphs, and this knowledge is lacking. Our
aim in this paper is to show that a special vertex exists in every C4-free Berge
graph; the immediate consequence of this is that C4-free Berge graphs (which
form an hereditary family) admit elimination schemes (obtained by considering
a special vertex, removing it from the graph and repeating this operation on the
remaining graph until an empty graph is found).

For us, a special vertex will be a T-vertex, that is, a vertex z whose neigh-
bourhood is triangulated (it contains no chordless cycle on four vertices or more).
To find it, we will use the lexicographic breadth-first search algorithm [4] (ab-
breviated LexBFS), which orders the vertices of the graph such that the last
vertex in the ordering is the T-vertex we are looking for.

Widmayer et al. (Eds.): WG’99, LNCS 1665, pp. 402–412, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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2 Graph Decomposition Using LexBFS

The algorithm LexBFS has been proposed by Rose, Tarjan and Lueker [4] in
order to give a linear recognition algorithm for triangulated graphs. It turned
out that for triangulated graphs, the last vertex in the order found by LexBFS
is always a simplicial vertex, i.e. its neighbourhood induces a clique. Moreover,
it has been shown [5] that for i-triangulated graphs (that is, graphs in which the
vertices of every odd cycle induce a triangulated graph) the last vertex in the
order given by LexBFS is always a multi-partite graph.

To describe LexBFS we attach to every vertex a label which consists of a set of
numbers listed in decreasing order. The labels are compared using lexicographic
order. The input graph G is assumed connected, although the algorithm works
for non-connected graphs too. This is because our results on connected graphs
are easily extended to non-connected graphs (by performing the same reasoning
on each connected component). Then the algorithm is the following:

Algorithm LexBFS

Input: a connected graph G = (V,E) with n vertices
Output: a function σ : {1, 2, . . . , n} → V (an order on V )

assign the label ∅ to each vertex;
for i := n down to 1 do

pick an unnumbered vertex v with a largest label (in lexicographic order);
σ(i) := v; {comment: this assigns to v the number i}
for each unnumbered vertex t ∈ N(v) do

add i to the label of t (at the end)

Notice that in the order σ obtained by this algorithm, the last vertex which
has been chosen in the graph is σ(1) (that we denote z all along the paper). This
is the special vertex both in the case of triangulated graphs, and in the case of
i-triangulated graphs. And this will be the special vertex in the case of C4-free
Berge graphs too.

As it can be easily seen, LexBFS can be applied to every graph. Based on
the order given by LexBFS, a graph decomposition and structural results can
be found, which are also valid for every graph. We give them below, in this
section. In the next section, we will study the particular properties of C4-free
Berge graphs with regard to this decomposition. In Section 4, we will prove the
existence of at least two non-adjacent T-vertices in every C4-free Berge graph
different from a clique.

Let G = (V,E) be a graph with at least two vertices for which LexBFS was
applied. Denote w = σ(n). Define a partition H0, H1, . . . , Hp, H

′
p of V as follows.

Put H0 = {w} and notice that H0 ⊆ V −{z} (recall the notation z = σ(1)). By
induction, assume that Hi ⊆ V −{z} is already defined (for some i ≥ 0) and set
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H ′
i = {h′ ∈ V | for allh ∈ Hi, σ

−1(h) > σ−1(h′)}.
Furthermore, partition Hi into three subsets (the notation NH′

i
(h) designates

the set of neighbours of h which belong to H ′
i):

Ti = Hi ∩N(z)
Ui = {h ∈ Hi − Ti |NH′

i
(h) �= ∅}, and

Vi = Hi − (Ti ∪ Ui).

Now, define Hi+1 = ∪u∈UiNH′
i
(u) (this last set will be denoted NH′

i
(Ui)). As-

sume this construction is repeated p times, so that we have the sets
H0, H1, . . . , Hp (which are all non-empty) and H ′

p. Let us say that a set R ⊆ V
is an interval if every u ∈ V −R either satisfies σ−1(r) > σ−1(u) for every r ∈ R,
or satisfies σ−1(r) < σ−1(u) for every r ∈ R. In [5], two of the authors proved
that (see Fig. 1):

Claim 1. For every graph G = (V,E) we have (under the assumption that
Hi+1 �= ∅):

(P1) for all i (0 ≤ i ≤ p− 1), the set Hi+1 is an interval and Hi+1 ⊆ H ′
i (so

that H ′
i+1 ⊂ H ′

i);
(P2) for all i (0 ≤ i ≤ p− 1), the set Hi ∪Hi+1 is an interval (i.e. no v ∈ V

satisfies σ−1(v) > σ−1(h′) for every h′ ∈ Hi+1, and σ−1(v) < σ−1(h) for every
h ∈ Hi);

(P3) for all i (0 ≤ i ≤ p − 1), every h′ ∈ H ′
i+1 has N(h′) ⊆ H ′

i+1 ∪Hi+1 ∪
Ti ∪ Ti−1 ∪ . . . ∪ T0.

An immediate consequence of (P1) and (P2) is that H0 ∪H1 ∪ . . .∪Hp ∪H ′
p

is a partition of V . Now, since H0 ∪ H1 ∪ . . . ∪ Hp grows when p grows, after
a finite number of steps we will have Hp+1 = ∅, i.e. Up = ∅ (notice that H ′

p is
never empty, since z ∈ H ′

p). This is the value of p we will consider in the rest of
the paper.

Now, calling a module of G an induced subgraph H of G such that every
vertex in G−H is either adjacent to all H or to no vertex in H , we prove that:

H i

iH’
σ : 1

HH’p p

. . .

H H 01H i+1

T

V

U

i

i

iz w

n

V

T

U

p

p

p =  Φ . . .

Fig. 1. The sets Hi, H
′
i (i = 0, 1, . . . , p)
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Claim 2. For every graph G = (V,E) and every starting vertex w, the partition
H0 ∪H1 ∪ . . . ∪Hp ∪H ′

p has the properties:
(P4) for all i (0 ≤ i ≤ p− 1), every vertex in Ti is adjacent to every vertex

of H ′
i+1;

(P5) every vertex in Tp is adjacent to every vertex of H ′
p;

(P6) H ′
p is a module of G, and its neighbourhood in G−H ′

p is T0∪T1∪. . .∪Tp.

Proof. If (P4) is not true, then take a vertex y ∈ H ′
i+1 non-adjacent to some

t ∈ Ti and recall that, during the execution of LexBFS, y has been chosen before
z; that is, the label of y was larger (in lexicographic order) than the label of z
at the precise moment when y was chosen. Now, by (P3), N(y) ⊆ H ′

i+1 ∪Hi+1 ∪
Ti ∪ Ti−1 ∪ . . .∪ T0 which implies N(y)− (H ′

i+1 ∪Hi+1) ⊆ Ti ∪ Ti−1 ∪ . . .∪ T0 =
N(z)−(H ′

i+1∪Hi+1) and the inclusion is strict because of t. But then the label of
y was smaller (in lexicographic order) than the label of z at the precise moment
when y was chosen, because of t. So z should have been chosen instead of y, a
contradiction.

If (P5) is not true, then take y ∈ H ′
p and notice that, since Up = ∅, N(y) ⊆

H ′
p∪Tp∪Tp−1∪. . .∪T0. As before, N(y)−H ′

p ⊂ Tp∪Tp−1∪. . .∪T0 = N(z)−H ′
p,

so z should have been chosen before y by LexBFS, a contradiction.
Statement (P6) is now easy to deduce: every vertex x in G−H ′

p is either in
some Ti (0 ≤ i ≤ p) or in no such set. In the first case, x is adjacent to all H ′

p by
(P4) and (P5). In the second one, x ∈ (H0−T0)∪(H1−T1)∪. . .∪(Hp−1−Tp−1)∪Vp

(since Up = ∅) and, by (P3) for every vertex in H ′
p, x has no neighbour in H ′

p. ��

Finally, we can add these two very useful properties:

Claim 3. For every graph G = (V,E) we have:
(P7) if x and y are distinct vertices in Hi, there exists a chordless path joining

x, y whose internal vertices are in H0 ∪H1 ∪ . . . ∪Hi−1 −N(H ′
i) (1 ≤ i ≤ p);

(P8) if G is a Berge graph and x, y are distinct vertices in Hi (1 ≤ i ≤ p),
then all the chordless paths of length at least three joining x, y in G−xy (i.e. the
graph obtained by removing, if it exists, the edge xy) and whose internal vertices
are in Hi+1 ∪ . . . ∪Hp ∪H ′

p have the same parity.

Proof. Statement (P7) is easy to prove by induction. Obviously, if x, y ∈ H1

then either they are adjacent (and we have a path with only one edge and no
internal vertices) or they are not adjacent and then the path of length 2 given
by x,w, y is the one we need. Now, if we assume this is true for i − 1, then,
as before, only the case where xy �∈ E is interesting. Each of x, y ∈ Hi has a
neighbour x1, respectively y1 in Hi−1. If x1y ∈ E or y1x ∈ E, then we have a
chordless path of length 2 joining x, y; otherwise, we apply induction hypothesis
for x1, y1 ∈ Hi−1 to find a path joining them, and then add x, y to this path.

To deduce statement (P8), it is sufficient to notice that if two paths with the
indicated property and different parities exist, then two chordless cycles with
different parities and cardinality at least four may be found by putting together
each of these two paths and the path given by (P7). ��
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Remark 1. Obviously, if in (P8) the vertices x, y are non-adjacent, then the
condition on the length of the paths (at least three) can be dropped.

In the next section, we investigate C4-free Berge graphs using these general
properties of the decomposition given by LexBFS.

3 Preliminary Results

Let G be a connected C4-free Berge graph and assume we applied to G the
decomposition above. The entire notation (for w and z included) is preserved.

In the aim to prove that z is a T-vertex, we notice that N(z) −H ′
p = T0 ∪

. . .∪Tp and recall that H ′
p is a module. Our approach is the following one: in this

section, we prove particular properties of the sets Ti (0 ≤ i ≤ p), with regard
to the P4 (chordless paths on four vertices). Then, in the next section, we prove
that z is a T-vertex.

An important role is played in our reasoning (see next section) by the chord-
less paths on four vertices. We show below that the distribution of their vertices
in the non-empty sets Ti obeys to some constraints.

For that, we need some supplementary notation. In the proofs below, we
will define sets A1, B1, C1, D1 which are always non-empty. The notation a1

(respectively b1, c1, d1) will then concern an arbitrary vertex in A1 (respectively
B1, C1, D1). The notation (ab)1 will concern an arbitrary vertex in A1 ∩ B1,
whenever this set is (or is supposed) non-empty (and similarly for the other
intersections). The notation (a.b)1 will concern an arbitrary vertex in A1 − B1,
whenever this set is (or is supposed) non-empty (and similarly for the other set
differences).

A path will be denoted by [v1, v2, . . . , vk] and a cycle by [v1, v2, . . . , vk, v1].
We use the classical notation Pk (respectively Ck) to denote a chordless path
(respectively cycle) on k ≥ 4 vertices.

Lemma 1. For every i (0 ≤ i ≤ p), Ti is P4-free.

Proof. Assuming the contrary, let Ti be a set which contains a P4 denoted
[a, b, c, d]. Since T0 contains at most one vertex, we have i ≥ 1. Define

A1 = NUi−1(a),
B1 = NUi−1(b),
C1 = NUi−1(c) and
D1 = NUi−1(d).

These sets are non empty since Hi = NH′
i−1

(Ui−1) (by definition). We have that:
• A1 ∩ C1 = ∅; otherwise [a, (ac)1, c, z, a] is a C4.
• A1 ∩D1 = ∅; otherwise [a, (ad)1, d, z, a] is a C4.
• B1 ∩D1 = ∅; otherwise [b, (bd)1, d, z, b] is a C4.
• A1 ⊆ B1 or D1 ⊆ C1; otherwise the paths [(a.b)1, a, z, d, (d.c)1] and

[(a.b)1, a, b, c, d, (d.c)1] contradict (P8).
•A1 ⊆ B1 can be assumed without loss of generality, because of the preceding

affirmation (since edges ab, cd are symmetrical with respect to the P4 [a, b, c, d]).
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v)iv)

i) ii) iii)

Ti

Ti+1

Ti+1

Ti

Fig. 2. Forbidden P4.

• C1 ⊆ B1, otherwise [a1, a, z, c, (c.b)1] and [a1, b, c, (c.b)1] are paths which
contradict (P8).
• C1 ∩D1 = ∅ because of C1 ⊆ B1 and B1 ∩D1 = ∅.

Then the chordless paths [c1, c, d, d1] and [c1, b, z, d, d1] contradict (P8). ��

Lemma 2. For every i (0 ≤ i ≤ p− 1), a P4 [a, b, c, d] with a, b, c, d ∈ Ti ∪ Ti+1

satisfies none of the properties below (see Fig. 2):
i) a, b, c ∈ Ti and d ∈ Ti+1;
ii) a ∈ Ti and b, c, d ∈ Ti+1;
iii) a, c ∈ Ti and b, d ∈ Ti+1;
iv) a, d ∈ Ti and b, c ∈ Ti+1;
v) b, c ∈ Ti and a, d ∈ Ti+1.

Proof. By contradiction, we assume that a P4 satisfying i), ii), iii), iv) or v) exists,
and we consider each case separately in the aim to obtain a contradiction. It is
not difficult to see that in each case we have i ≥ 1. As a general observation,
recall that no vertex in Hi+1 has neighbours in Hi−1 − Ti−1 (because of (P3)).
This observation will be often used in the sequel without any specification.

Case i) : a, b, c ∈ Ti and d ∈ Ti+1.
Because of Hi+1 = NH′

i
(Ui), there exists d′ ∈ Ui such that d′d ∈ E. Denote

A1 = NUi−1(a),
B1 = NUi−1(b),
C1 = NUi−1(c) and
D1 = NUi−1(d′).

Because of Hi = NH′
i−1

(Ui−1), these sets are non-empty. We have:
• d′b �∈ E; otherwise [b, d′, d, z, b] is a C4.
• d′a �∈ E; otherwise [a, d′, d, z, a] is a C4.
• A1 ∩ C1 = ∅; otherwise [a, (ac)1, c, z, a] is a C4.
• A1 ∩D1 = ∅; otherwise [a, (ad)1, d′, d, z, a] is a C5.
• B1 ∩D1 = ∅; otherwise [b, (bd)1, d′, d, z, b] is a C5.
• d′c ∈ E, since in the contrary case we successively have: D1∩C1 = ∅ (other-

wise [c, (cd)1, d′, d, c] is a C4), A1 ⊆ B1 (otherwise the paths [(a.b)1, a, z, d, d′, d1]
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and [(a.b)1, a, b, c, d, d′, d1] contradict (P8)), C1 ⊆ B1 (otherwise the paths
[a1, b, c, (c.b)1] and [a1, a, z, c, (c.b)1] contradict (P8)) and consequently the paths
[c1, b, z, d, d′, d1] and [c1, c, d, d′, d1] give again a contradiction with (P8).
• D1 ⊆ C1, since in the contrary case we successively have: B1 ⊆ C1 (other-

wise the paths [(d.c)1, d′, c, b, (b.c)1] and [(d.c)1, d′, d, z, b, (b.c)1] contradict (P8)),
A1 ∩B1 = ∅ (because of B1 ⊆ C1 and A1 ∩C1 = ∅) and consequently the paths
[a1, a, b, b1] and [a1, a, z, c, b1] contradict (P8).
• A1 ⊆ B1; otherwise the paths [(a.b)1, a, b, c, d1] and [(a.b)1, a, z, d, d′, d1]

contradict (P8).
Then the chordless paths [a1, b, c, d1] and [a1, a, z, c, d1] contradict (P8).

Case ii) : a ∈ Ti and b, c, d ∈ Ti+1.
Because of Hi+1 = NH′

i
(Ui), there exist b′, d′ ∈ Ui such that b′b, d′d ∈ E (so

b′ �= d′ otherwise a C4 is induced with b, z, d). Define
A1 = NUi−1(a),
B1 = NUi−1(b′) and
D1 = NUi−1(d′).
As usual, these sets are non-empty. We have:
• d′b �∈ E; otherwise [d′, b, z, d, d′] is a C4.
• d′c ∈ E; otherwise the paths [d′, d, z, a] and [d′, d, c, b, a] contradict (P8).
• d′a �∈ E; otherwise [d′, a, z, d, d′] is a C4.
• b′d �∈ E; otherwise [b, b′, d, z, b] is a C4.
• b′d′ �∈ E; otherwise [b, b′, d′, d, z, b] is a C5.
• A1 ∩D1 = ∅; otherwise [d′, (ad)1, a, b, c, d′] is a C5.
• B1 ∩ D1 = ∅; otherwise [d′, (bd)1, b′, b, c, d′] is a C5 or contains a C4 (de-

pending on whether b′c ∈ E or not).
• b′c ∈ E; otherwise the paths [b1, b′, b, c, d′, d1] and [b1, b′, b, z, d, d′, d1] con-

tradict (P8).
• A1∩B1 = ∅; otherwise the paths [(ab)1, b′, c, d′, d1] and [(ab)1, a, z, d, d′, d1]

contradict (P8).
• ab′ ∈ E; otherwise the paths [a1, a, b, b

′, b1] and [a1, a, z, c, b
′, b1]) contradict

(P8).
Then [b′, a, z, c, b′] is a C4, a contradiction.

Case iii) : a, c ∈ Ti and b, d ∈ Ti+1.
Because of Hi+1 = NH′

i
(Ui), there exist b′, d′ ∈ Ui such that b′b, d′d ∈ E (so

b′ �= d′ otherwise a C4 is induced with b, z, d). Define
A1 = NUi−1(a),
B1 = NUi−1(b′),
C1 = NUi−1(c) and
D1 = NUi−1(d′).
As usual, these sets are non-empty. Then we have:
• d′a �∈ E; otherwise [d′, a, z, d, d′] is a C4.
• d′b �∈ E; otherwise [d′, b, z, d, d′] is a C4.
• b′d �∈ E; otherwise [b′, d, z, b, b′] is a C4.
• b′d′ �∈ E; otherwise [b′, d′, d, z, b, b′] is a C5.
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• A1 ∩ C1 = ∅; otherwise [c, (ac)1, a, z, c] is a C4.
• A1 ∩D1 = ∅; otherwise [d′, (ad)1, a, z, d, d′] is a C5.
• d′c ∈ E, since in the contrary case we have D1 ∩ C1 = ∅ (otherwise

[c, (dc)1, d′, d, c] is a C4) and then the paths [d1, d
′, d, c, b, a, a1] and

[d1, d
′, d, z, a, a1] contradict (P8).
• C1∩D1 = ∅; otherwise, [(cd)1, c, b, a, a1] and [(cd)1, d′, d, z, a, a1] contradict

(P8).
• b′c ∈ E, since in the contrary case we have B1 ∩ C1 = ∅ (otherwise

[c, (bc)1, b′, b, c] is a C4) and then the paths [b1, b′, b, c, d′, d1] and
[b1, b′, b, z, d, d′, d1] contradict (P8).
• b′a �∈ E; otherwise [b′, a, z, c, b′] is a C4.
• A1 ∩B1 = ∅; otherwise [a, (ab)1, b′, b, a] is a C4.
• B1 ∩D1 = ∅; otherwise the paths [(bd)1, b′, b, a, a1] and [(bd)1, d′, d, z, a, a1]

contradict (P8).
• B1 ∩C1 = ∅; otherwise the paths [(bc)1, c, d′, d1] and [(bc)1, b′, b, z, d, d′, d1]

contradict (P8).
Then the paths [a1, a, b, b

′, b1] and [a1, a, z, c, b
′, b1] contradict (P8).

Case iv) : a, d ∈ Ti and b, c ∈ Ti+1.
Denote A1 = NUi−1(a) and D1 = NUi−1(d) (non-empty sets of vertices). Then

A1 ∩D1 = ∅ (otherwise [d, (ad)1, a, b, c, d] is a C5) and the paths [a1, a, b, c, d, d1]
and [a1, a, z, d, d1] contradict (P8).

Case v) : b, c ∈ Ti and a, d ∈ Ti+1.
Because of Hi+1 = NH′

i
(Ui), there exist a′, d′ ∈ Ui such that a′a, d′d ∈ E (so

a′ �= d′ otherwise a C4 is induced with a, z, d). Define
A1 = NUi−1(a′),
B1 = NUi−1(b),
C1 = NUi−1(c) and
D1 = NUi−1(d′).
As usual, these sets are non-empty and we have:
• a′d /∈ E; otherwise [a′, a, z, d, a′] is a C4.
• d′a /∈ E; otherwise [d′, a, z, d, d′] is a C4.
• a′d′ �∈ E; otherwise [a′, a, z, d, d′, a′] is a C5.
• a′c �∈ E; otherwise [a′, a, z, c, a′] is a C4.
• d′b �∈ E; otherwise [d′, d, z, b, d′] is a C4.
• A1 ∩ C1 = ∅; otherwise [c, (ac)1, a′, a, z, c] is a C5.
• B1 ∩D1 = ∅; otherwise [(bd)1, d′, d, z, b, (bd)1]) is a C5.
• a′b ∈ E or d′c ∈ E, since in the contrary case we successively have:

A1 ∩ B1 = ∅ (otherwise [b, (ab)1, a′, a, b] is a C4), C1 ∩ D1 = ∅ (otherwise
[c, (cd)1, d′, d, c] induces a C4) and then the paths [a1, a

′, a, z, d, d′, d1] and
[a1, a

′, a, b, c, d, d′, d1] contradict (P8).
• d′c ∈ E can be assumed without loss of generality, because of the preceding

affirmation (since edges ab, cd are symmetrical with respect to the P4 [a, b, c, d]).
• a′b �∈ E, since in the contrary case we successively have: a1b ∈ E or d1c ∈ E

(otherwise the paths [a1, a
′, b, c, d′, d1] and [a1, a

′, a, z, d, d′, d1] contradict (P8)),
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and we assume without loss of generality (for symmetry reasons) that a1b ∈ E;
d1c �∈ E (otherwise the paths [a1, b, c, d1] and [a1, a

′, a, z, d′, d, d1] contradict
(P8)) and then the paths [a1, b, c, d

′, d1] and [a1, b, z, d, d
′, d1] contradict (P8).

• A1 ∩B1 = ∅; otherwise [b, (ab)1, a′, a, b] is a C4.
• D1 ∩ C1 = ∅ since in the contrary case we have (cd)1a′ /∈ E (because of

A1 ∩ C1 = ∅) and then the paths [(cd)1, d′, d, z, a, a′, a1] and [(cd)1, c, b, a, a′, a1]
contradict (P8).
• b1c ∈ E; otherwise the paths [b1, b, c, d′, d1] and [b1, b, z, d, d′, d1] contradict

(P8).
Then the paths [b1, c, z, a, a′, a1] and [b1, b, a, a′, a1] contradict (P8). ��

4 Main Result

This section is devoted to the result we announced, that we state here:

Theorem 1. Let G be a C4-free Berge graph and z be the last vertex numbered
by LexBFS. Then z is a T-vertex.

Proof. We use induction on the number of vertices of the graph. The theorem is
obviously true for a graph with two vertices. Now, assume the theorem is true
for all graphs with strictly less than n vertices, and let us prove it for G = (V,E)
which has n vertices. We can assume G is connected, otherwise the conclusion
follows by induction (for the last connected component which is numbered by
LexBFS). Recall that H ′

p is a module of G, whose neighbourhood in G −H ′
p is

T0 ∪ T1 ∪ . . . ∪ Tp.

Claim 4. The theorem is true if H ′
p has at least two vertices.

Proof. Consider the precise moment where the first vertex in H ′
p (i.e. the vertex

y with σ−1(y) = max{σ−1(x) |x ∈ H ′
p}) has been chosen by the algorithm

LexBFS. As H ′
p is a module, and T0 ∪ . . . ∪ Tp contains only vertices that have

been numbered before every vertex in H ′
p, all the vertices in H ′

p have the same
label as y at the indicated moment. Therefore, the execution of LexBFS restricted
to the subgraph G[H ′

p] (induced by H ′
p in G) is exactly the one we would have if

G[H ′
p] was considered as a separate, entire graph and LexBFS was applied to it.

Then, we can apply the induction hypothesis to deduce that the neighbourhood
of z in G[H ′

p] is triangulated.
We consider V ′ = V −H ′

p∪{z} and observe that the execution of LexBFS on
G restricted to the subgraph G[V ′] is identical to the one we would have if G[V ′]
was considered as a separate, entire graph and LexBFS was applied to it (since
the vertices of H ′

p−{z} are chosen at the end of the execution on G, so they do
not influence the numbering of the vertices in G−H ′

p). Moreover, since H ′
p has at

least two vertices, V ′ has at most n− 1 vertices and we can apply the induction
hypothesis for G[V ′] to deduce that T0∪ . . .∪Tp (i.e. N(z)−H ′

p) is triangulated.
As H ′

p ∩N(z) is triangulated (see above) and T0 ∪ . . . ∪ Tp is triangulated too,
N(z) (which is the complete join of these two sets) is triangulated too (no cycle
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is created, except possibly for some C4; but G contains no C4). In fact, we can
notice that at least one of the two sets is a clique, otherwise a C4 can be found
by taking a pair of non-adjacent vertices in each set. ��

Claim 5. The theorem is true if H ′
p = {z}.

Proof. Suppose by contradiction that z is not a T-vertex. Then there exists a
chordless cycle C = [v1, v2, ..., vk, v1] in N(z) with at least four vertices. More-
over, the fact that G is a C4-free Berge graph implies that C contains at least
six vertices. Now, call i the minimum index such that C has at least one vertex
in Ti, and assume without loss of generality that v1 ∈ Ti. So, for every v ∈ C,
we have v ∈ Tj with j ≥ i.

By (P4), if tj ∈ Tj, tk ∈ Tk with |j − k| ≥ 2, then tjtk ∈ E. Now, since
v3, v4 and v5 are non-adjacent to v1, these three vertices belong necessarily to
Ti ∪ Ti+1. The vertex v2 is in Ti ∪ Ti+1 ∪ Ti+2, since it is non-adjacent to v4 and
v5. Now we distinguish three cases :

1. v2 belongs to Ti+2.
In this case, v4 and v5 must be in Ti+1 (in the contrary case they are adjacent
to v2). Thus, v3 ∈ Ti, otherwise the P4 [v2, v3, v4, v5] verifies the property i)
in Lemma 2, a contradiction. Now, v6 is not adjacent to v3 and v2, and must
be (by (P4)) in Ti+1. But [v3, v4, v5, v6] is a P4 which verifies the property
ii) in Lemma 2, a contradiction.

2. v2 belongs to Ti+1.
Since the P4 [v1, v2, v3, v4] cannot verify the property ii), iii) or iv) in Lemma
2, the two vertices v3 and v4 must be in Ti. If v5 ∈ Ti (resp. v5 ∈ Ti+1) then
the P4 [v2, v3, v4, v5] verifies the property ii) (respectively the property v))
in Lemma 2, a contradiction.

3. v2 belongs to Ti.
One of v3 or v4 belongs to Ti+1, otherwise [v1, v2, v3, v4] is a P4 of Ti, a
contradiction with Lemma 1. As [v1, v2, v3, v4] cannot verify the property i)
in Lemma 2, v3 must be in Ti+1. Now, we can perform a change of notation
as follows: for every 1 < i ≤ p, v′i−1 = vi; moreover, v′k = v1. Then for v′1
and v′2 we have the situation in case 2 (with v′1 instead of v1 and v′2 instead
of v2), so we can conclude as in case 2. ��

Claim 4 and Claim 5 prove the theorem. ��

Theorem 1 has the following easy corollaries:

Corollary 1. Every C4-free Berge graph G which is not a clique has at least
two non-adjacent T-vertices.

Proof. Since G is not a clique, there exists at least one non-universal vertex w
in G. Perform LexBFS by choosing firstly the vertex w (so that σ(n) = w).
Then z = σ(1) is a T-vertex, by Theorem 1. Moreover, z is not universal, since
zw �∈ E. Perform again LexBFS, this time by choosing z as the first vertex (i.e.
σ′(n) = z) and denote x = σ′(1). Then z, x are two non-adjacent T-vertices. ��
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Corollary 2. The order [σ(1), σ(2), . . . , σ(n)] given by LexBFS is a T-
elimination scheme, i.e. for every j ∈ {1, 2, . . . , n}, the vertex σ(j) is a T-vertex
in the graph G[σ(j), σ(j + 1), . . . , σ(n)].

Proof. It is sufficient to apply Theorem 1 for G[σ(j), σ(j + 1), . . . , σ(n)]. ��

5 Conclusion

In Theorem 1 and its corollaries, we presented a structure of Berge C4-free
graphs which could be a starting point for the proof of their perfection, and
we confirmed Rose, Tarjan and Lueker’s feeling that LexBFS can be a good
algorithm for many other classes than triangulated graphs.

However, the question arises on whether Theorem 1 is the best result of this
kind we can obtain, or the class which is involved (of triangulated graphs) can be
reduced, in order to have more constraints on the neighbourhood of the special
vertex.
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Johansson, Öjvind . . . . . . . . . . . . . 110

Kanj, Iyad A. . . . . . . . . . . . . . . . . . .313
Kim, Hee-Chul . . . . . . . . . . . . . . . . 240
Kloks, Ton . . . . . . . . . . . . . . . . . . . . 350
Kolen, Antoon W.J. . . . . . . . . . . . 338
Koster, Arie M.C.A. . . . . . . . . . . . 338
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